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Preface

Mathematics is a key area of study in any engineering course. A sound knowledge
of this subject will help engineering students develop analytical skills, and thus
enable them to solve numerical problems encountered in real life, as well as apply
mathematical principles to physical problems, particularly in the field of engineering.

Users

This book is designed for the first year GTU engineering students pursuing the course
Mathematics-1, SUBJECT CODE: 3110014 in their first year I* Semester. It covers
the complete GTU syllabus for the course on Mathematics-1, which is common to all
the engineering branches.

Objective

The crisp and complete explanation of topics will help students easily understand the
basic concepts. The tutorial approach (i.e., teach by example) followed in the text will
enable students develop a logical perspective to solving problems.

Features

Each topic has been explained from the examination point of view, wherein the theory
is presented in an easy-to-understand student-friendly style. Full coverage of concepts
is supported by numerous solved examples with varied complexity levels, which is
aligned to the latest GTU syllabus. Fundamental and sequential explanation of topics
are well aided by examples and exercises. The solutions of examples are set following a
‘tutorial’ approach, which will make it easy for students from any background to easily
grasp the concepts. Exercises with answers immediately follow the solved examples
enforcing a practice-based approach. We hope that the students will gain logical
understanding from solved problems and then reiterate it through solving similar
exercise problems themselves. The unique blend of theory and application caters to
the requirements of both the students and the faculty. Solutions of GTU examination
questions are incorporated within the text appropriately.



xii Preface

Highlights

e Crisp content strictly as per the latest GTU syllabus of Mathematics-1
(Regulation 2018)

e Comprehensive coverage with lucid presentation style

e Each section concludes with an exercise to test understanding of topics

e Solutions of GTU examination questions included appropriately within the
chapters

e Rich exam-oriented pedagogy:
> Solved examples within chapters: 850+
> Unsolved exercises: 500+
> MCQs at the end of chapters: 300+

Chapter Organization

The content spans the following 10 chapters which wholly and sequentially cover each
module of the syllabus.

(4 Chapter 1 introduces Indeterminate Forms.

[ Chapter 2 discusses Improper Integrals.

(4 Chapter 3 presents Gamma and Beta Functions.

[ Chapter 4 covers Applications of Definite Integrals.
[ Chapter 5 deals with Sequences and Series.

([ Chapter 6 presents Taylor’s and Maclaurin’s Series.
(A Chapter 7 discusses Fourier Series.

[ Chapter 8 presents Partial Derivatives.

(1 Chapter 9 covers Multiple Integrals.

(1 Chapter 10 deals with Matrices.
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CHAPTER

Indeterminate
Forms

Chapter Outline

1.1 Introduction
1.2 L’Hospital’s Rule

1.3 Typel :%Form

14 Type?2: 2 Form

1.5 Type 3 :0 x o Form
1.6 Type 4 : oo — co Form
1.7 Type5:1%, ", 0° Forms

1.1 INTRODUCTION

We have studied certain rules to evaluate the limits. But some limits cannot be evalu-
ated by using these rules. These limits are known as indeterminate forms. There are
seven types of indeterminate forms:

(i) % (i) = (iil) 0xeo (iv) co—oo

W) I i) 0° (vii) oo°

These limits can be evaluated by using L’Hospital’s rule.

1.2 L’HOSPITAL’S RULE

Statement 1ff(x)and g(x) are two functions of x which can be expanded by Taylor’s
series in the neighbourhood of x =a and if lim f(x) = f(a)=0, limg(x)=g(a)=0,
then x—a X—a



1.2 Chapter 1 Indeterminate Forms

@ )
e g
Proof Let x=a+h
i L@ _ o Sath)
= g(x) 10 g(a+h)

2 Y. hz ”
f(a)+hf'(a)+ —,f (a)+.......
= lim 4 [By Taylor’s theorem]

"™ g(a)+hg’ (a)+h—g @

hf’(a)+—f”(a)+ .......
= lim h’ [ f(a)=0, g(a)=0]
hg’ (a)+—g ‘(a)+.......

f(a)+ —f”(a) o
=lim

h=0

g (a)+ g “(a)+.......

_ /@
g'(a)
=lim /’(v)’ provided g’(a) # 0.
a4 g ( )
Note
The following standard limits can be used to solve the problems:
O HmEE g i) 1im2% _q (i) lim%—" =loga
=0 x =0 x x=0 x
X _ 1 X
(iv) lin(}e 1 =1 ) 1ing(l+x)" =e (vi) 11m(1+ 1) =@
x— X x— X—yo0
.o . sin'x .. . sinhx . . tan'x
(vil) lim =1 (vil) lim =1 (ix) lim =1
x=0 X x—0 X PEY)) X

1.3 TYPE1: % FORM

Problems under this type are solved by using L’Hospital’s rule considering the fact
that



im L i L

1.3 Type 1: % Form 1.3

if lim /(x) =0 and lim g(x) = 0.

X—a g('r) X—a g, (x) X—a xX—a
Example 1
. (1+x)" -1
Prove that llm(—)— =n
x—0 X
Solution
Let = limM [9 form:|
x—0 X 0
n—1
= ljng @ [Applying L’Hospital’s rule]
=n
Example 2

Evaluate 1im X o+ x).

x—0 x2
Solution
Let /= limw [9 form]
x=0 7 0
e +xe"t ———
= lim 1+x 9 form
x—0 2x 0
[Applying L’Hospital’s rule]
e'+e +xe' + ! >
L (I+x)”
- 1\133 2 [Applying L’Hospital’s rule]
_2
\/
Example 3
xlogx—(x-1)

Evaluate lim
valuate 1im TR






1.4 Chapter 1 Indeterminate Forms

Solution
xlogx—(x—1
Let [ =lim 2 logx—(x=1) |-
-1 (x—1)logx 0
1
x-—+logx—1
=lim——— [Applying L’Hospital’s rule]
x—l 1
logx+(x—1)-—
X
=lim Lxl {9 form]
s logx+1—— 0
x
1
= lim [Applying L Hospital’s rule]
x—1 1 1
7,,
X X
b
2
Example 4

Y —e* =2log(1+
Evaluate lime 2 og( x)'

x—0 xsin x
Solution
Let [ =lim S —.Zlog(1+x) {9 fonn}
x—0 xsinx 0
. 0 . o s
= lim — form [Applying L Hospital’s rule]
x—=0 0

= lim ——
x—0 COS X + COS X — X 8In X

_2 (f;,,_\
Oy 2P

[Applying L’Hospital’s rule]








1.3 Type 1: % Form 1.5

Example 5

Evaluate lim &€ =% =2 [Winter 2016; Summer 2014]

x—0 sin’ x — x° —
Solution Q e 6 —= Z

e +er—-x2-2
[=lim ——
Let x—0 sm’ x— x> Af%‘ Q_L

. —e =2 . .
= lim e.e—x [Applying L’Hospital’s rule]
x—0 28in xcosx —2x

X + —-X _2
= lim ¢ re [Applying L’Hospital’s rule]

x—=02(— smx)smx+2cos x—2

e“+e =2

_;1(1—I>I(1)—251n x+2cos’ x—2 '{ ’_Z ,2 O
CmEte =2 /Q%ﬁ —

x—0 2cos2x—2








1.6 Chapter 1 Indeterminate Forms

Example 7

log (1+ kx*
Evaluate limg(—).
=0 ]—cosx

Solution
Let
Z 7 |
Example 8 | C’f)'d )
A

3
Evaluate lin?) log'(l—:-x) '/r't—"/)(__z———-
x>0 sin” x < -
Solution 2 §/)/l/(</

3
Let [ =1lim IOL:FX) {% form]

x—0 sin” x

I [Applying L'Hospital’s rule]
=lim
+0/55in” x cos x

. X
lim—=1
x—081n x





1.3 Type 1: % Form 1.7

Example 9 p \_“2(4@—7(\§|>
Evaluate Im

=1 1+logx—x
Solution @ t;L\(\ - f
0

x—x"

[=lim———— = form
Let =1 ]1+]logx—x [0 :l

. i e,\'logx
=lim———
=1 ]+]logx—x

1—e™*(1+log x)

= lin? 0 [Applying L’Hospital’s rule]
X— 1 1
X
xlogx
- (1
= Hrn]a, 1 [Applying L’Hospital’s rule]
s
=2

Example 10

o 3
Evaluate limxi;yi_ — (—Q{O\5
XY X _y

Solution

Let = ljm x-_ —X -‘_ l:% form]

=lim——— [Applying L"Hospital’s rule]
=y x*(1+logx)—0

_Y -y'logy
y’(1+logy)

_1-logy

T+ logy

Example 11

sin (xcos x)

Evaluate lim ——. L/
T cos(xsinx) @(/
/





1.8 Chapter 1 Indeterminate Forms

Solution
Let [=lim w 9 form
2 €08 (xsinx) 0
cos(xcos x)(cos x — xsin x) . , 1
= - - - [Applying L’Hospital’s rule]
% —sin(xsinx)(sin x + xcos.x)
T,
Example 12
cos’ Tx

Evaluate 1im = .
)
o= € xe
2

Solution

Let

[Winter 2015]

[9 formjl
0

[Applying L’Hospital’s rule]

[9 fo
0

[Applying L’Hospital’s rule]

Example 13 L/

l—cos(@-—a) 1

Prove that lim ——————~= = —sec’ a..
o-o (sin@-siner)® 2
—_—
. /
Solution
Let [= lim —1 —os(8—-0)

6—a (sin @ —sin o)’

o]





1.3 Type 1: % Form 1.9

<

 lim sin (@ = [Applying L”Hospital’s rule]
6-a) (sm 6 —sina)cos
) sin(@—a 0
= lim — - — form
6~a (sin26 —2sin & cos 6 0
i cos(@ - ) : [Applying L’Hospital’s rule]
0-a 2c0s26 + 251%
N cos0
2cos2a +2sinasina
1

T 2(-2sin’ @)+ 2sin’ @
1

T2-2sina

fcos'a /52

=—sec’a
2

Example 14

5sinx—7sin2x+ 3sin3x

Evaluate lim

x=0 tanx —x
Solution
. Ssinx—7sin2x+3sin3x 0
Let /= 11m orm
=0 tanx —x

[Applying L’Hospital’s rule]

_ i1 SCOS}//I4M+9C X
x—=0 sl"/sec D
x+2 sm2

_ 751“ 3x [ f5 rm] [Applying L’Hospital’s rule]
v—)() 2sec>x tan X

_Ssgx+56.sm2x_8lsm3{/
X X

2
=-15









1.10 Chapter 1 Indeterminate Forms

Example 15

Evaluate lim
x—0 7

Solution

Let /=1lim

x=0

x=0

4-4 (e“'2 +xe" - 2x)—

=lim

3
2x* —2e" +2cos(x2)+sin’ x
- .

g

2x* =2¢" +2cosx? +sin’ x

2 %)
S [9 form:l
x> 0

2x

303 1
4x—2e" (ZW (%ﬁ J+ 3sin’ xcosx
= lim = [9 form]
0

Applying L’Hospital’s rule]

3
1 = . .
\Fsm x2 | +6sinxcos’ x —3sin’ x
%

x=0

[Applying L’Hospital’s rule]
3
sinx® x
4—4—1lim
=0 2Jx x M
2

to | W

- ‘1_rp ER . sinx
) x? .l\-l—m 3 =1
=0 xz
Example 16
smkx k
Evaluate llm— .
0 x% | sinlx l
Solution
Let l—llm— sin kv /
x—0 x5
—Al_irrol - form






1.3 Type 1: g Form 1.11

A .. Isinkx—ksinlx 0 . sinlx
_— 6 form - lim =1

=—lim 5
|7 x>0 X =0 [x
A - 5 ; :
=—lim Ik cos kx ,kl coske 10 form [Appling L’Hospital’s rule]
l x—=0 3x' O
= i; im S gl [Applying L Hospital’s rule]
[ x—0 6x
e By R SO . g B -1]
6/° 0 kx Ix
= A (cw i) [ lim S0 1 = fim M}
£ =0 fox x=0 [y
Ak 2 2
=—("-k"
o\ %)
Example 17
i
x? tan x

Evaluate lim ——-.

x—0 =
(ey
Solution

. \/; tan x 0
Let [=lim —— . o form
X >

; x\/; tan x
=lim =
x—0 = X

(e -1y

=lim( L )2 [ lim tanle]
-1 =0 x

1 . .
[Applying L’Hospital’s rule]

Now, lim

Hence,






1.12 Chapter 1 Indeterminate Forms

Example 18

X
log,... cos 5

Evaluate lim ——=
-0 log  cosx

X
sS€C—
2
Solution
Let
&
Now. lim =lim - / [Applying L’Hospital’s rule]
’ x—0 log CcOS X x—0 1
\/ tan ® /
=lim
x>0 2 tan &






1.3 Type 1: 9 Form 1.13
0
log cos> 2 2
lim | ——2 =(l - [ lim ta“"zl]
=0 | Jog cosx 4 16 =0 x
1
Hence, [=—
16
Example 19
1
. (A+x)*—e e
Prove that llmL =——,
x—0 X 2
Solution
1
x—0 X 0
%Iog(lﬂ-)
=lim B [Applying L’Hospital’s rule]
x—0 X
I .’
e"_log(l ) log LEt—— 1
. x(1+x) 0
=lim — form
x—=0 l 0

[~log (1+x)-(1+x)+x]

= 11m (1+x) 11

=elim

x=0

2+ 6x

=elim

x—0

'—1og(1+x)—1+1]
2x+3x7

x> (1+x)

[9 form]
0

Q

e~

[Applying L Hospital’s rule]

[9 form]
0

[Applying L Hospital’s rule]





1.14 Chapter 1 Indeterminate Forms

Example 20

(V-
Prove that lim ———

=0 (1-cosx)’

= 2—”

Solution
. (m_l)z” (\/EH)M
Let [ =1lim s o
0 (I-cosx)” (Vi—x+1)
=1lim A-x-D"
o (2sin2§) (\[1——)6+1)2"
= lim Lo —
>

o 2" (sin%)zn (m + 1)2"

2n
X

2"
= lim | —2

e sing (\/:+l):”

[ o7 ={or) =]

Example 21

x> +2cosx—2

Evaluate lim

x—0 xsinx
Solution
. x*4+2cosx—2
Let [= llm$
x=0 Xsin x
. 2x-2sinx
=1lim

=0 §in X + X COS X

2—2cosx

=lim -
¥=0 COS X + COS X — X sin x

=0

[9 form]

0

O b4 E) e b

0 form | [Applying L’Hospital’s rule]

[Applying L’Hospital’s rule]
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Example 22

2 % bl

. oe'sinx—x—x"

Evaluate 1im > ¢
-0 x“ 4+ xlog(l1-x)

Solution

Let [ = lilnw [9 form:|
-0 x° + xlog(l —x) 0

— form

. e'sinx+e cosx—1-2x 0
=lim
X

[Applying L’Hospital’s rule]
X
2x+log(1—x)— i

-Xx

. e (sinx+cosx)+e (cosx—sinx)—2
= lim
x—0 1 1 X

2m e
l-x 1-x (Q-x)°

[Applying/L’Hospital’s rule]

— lim 2(e* cosx—1)

.\'—)02(]_#)_#2
l-x) (-x)

2(e" cosx—e* sinx)

= lim [Applying L’Hospital’s rule]
-2*] a-=* a-=y

_ 2

T3

EXERCISE 1.1

2 2
1. Prove that lim> loga—az logx
X—a x —a

2
2. Prove that limlog(1——x) =9
x=0 logcos x

3. Prove that l'mm =%
H§1—\/ismx

4. Prove that limﬂ =1.
x-0 log(1+ x“)

=





1.16

5.

10.

11.

12.

13.

14.

1.4

. Evaluate lim————=—

. Prove that l1m

Chapter 1 Indeterminate Forms

Ja+xtan'va
va-—-x ’

Evaluate l1m

-1 2 2

Hint: lim(x +a) tan _

X—a ;az _ xZ
" [Ans.:24]

asx—>a,a—x—>0j|

1-x
e* +log, ——

. Evaluate im———& . 1
=0 tanx-Xx [Ans.:——]

1- x+logx

x> \2x — x*

xe* —log(1+x) 3

[Ans.: 1]

. Prove that lxlgg— ==,

x2 2
—V1+2x

x>0 log(1+ x?) B

Prove that lim L 1

x—>§—1—\/55inx

N3x-V12-x -J12-x 8
Prove that lim \
x=32x — 3419 —5x T 69

alog X

=2.

P

Prove that lim —8
x-1 log X

\/_\/E+M1
AN g SR 74

Prove that lim2nX =X _ !

x—0 x3 3

=logg.
e

Prove that |

TYPE 2: ~ FORM

Problems under this type are also solved by using L'Hospital’s rule considering the
fact that

lm& lim 6. if lim f(x) = e and lim g(x) =ce.
=ag(x) =egilx) =





(o)
1.4 Type 2: — Form 1.17

4

Example 1

Prove that lim l

X—>o0o

Solution

Let , |:f form]
4
=lim—— [Applying L’Hospital’s rule]
¥
= ll mL”
n e X
=0
Example 2
. logsinx
Evaluate lim ———.
=0  cotx
Solution
Let [ =lim logsiny [i form]
x>0 cotx oo
1
——-C0SX
= lim 30X [Applying L’Hospital’s rule]
0 —cosec x
= lim — (cosxsinx)
=0
Example 3
T
log (x - 5)
Prove that lim ———==0.
H% tan x
Solution
log| x— E)
=i 2 B
Let =T anx .
.\'——)E
1
b4
et
; 2
= lim

w3k S€CTX

[Applying L’ Hospital’s rule]
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cos’ x 0
= lim {— formil
T T 0
\—)7 X——
= 2

[Applying L'Hospital’s rule]

= 1um
i !
=0
Example 4
.1 -
Prove that llmM =]

x—a log (a"' e f®

Solution
Let [/=1lim M [i formJ
x—a log (a“ — a") oo
1
: (x—a) . s s
= lim [Applying L’Hospital’s rule]
x—a : o loga
a* —a“
= lim—— . lim| £—2 [9 form]
X—a a'\ loga X—a x—a 0
1 “log
lim &8¢ [Applying L’Hospital’s rule to second term]

a‘loga e 1

1 a
= -a“ loga

a“loga
=il
Example 5
Prove that limlog tanx =1.
x—=0 )
Solution
Let = lill’(} log tanx
=lim log tan x |:f fonn:l [Change of base property]
x—0 log X )



(o)
1.4 Type 2: — Form 1.19

LR
= lim fanx [Applying L Hospital’s rule]
x
= lim——-limsec” x l: A _ ]:l
=0 tan x x—0 =0 x
=1
Example 6

Evaluate ling log,,  tan2x.

Solution

Let I= lmg log,, . tan2x

log tan 2x

=0 Jog tan x

-2sec’ 2x

=lim tan 2x
x—0 1

”

+S€C™ X

tan x

tan x

.
-sec” 2x
= li X
=lim———
x—0 tan 2x 5
-sec” x

2x

=1

[i form:|

[Applying L’Hospital’s rule]

Example 7

. sinh’'x
Prove that lim ———
x—e= cosh™ x

=1.

Solution

sinh™'x
Let

/=1lim ~
x—>=cosh™ x

= lim

log (x + m)
7 log (x + \/ﬁ)

|

oo

— form

o

]
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1 . (l + 1 ) \'J
(x+\/xz+1) 2 +1
=1lim [Applying L’Hospital’s rule]

X—ro0

1 1
| 1+ "2
(x+\/xl—l) [ 2\/)63—1
VXl +1+x

1
x+\/x2+1)\/x2+l

= lim

x+x? 1)\/)(2—-1

|

[y

—

. A% =1
=lim =
X—0o0 x* +1
L L
= lim Xl-
. 1+ —F
2
=
Example 8
il 2 2 =
5 8T HEF PE* et
Prove that lim =e-1.
X—eo X
Solution
i &8 & e
Let JefipE tete t..ter
X—e0 X
l l X
ex 1—(6“’ J
| | [Sum of GP]
N
' l-e* g
1
= mE .1
xe L X
e* —1
: 1
Putting — =y,whenx —> e,y — 0

x
= limw [% form]

y—0 e’ -1



=lim
y—=0 e

=e-—1

(e—=D(ye’ +¢”)

(o)
1.4 Type 2: — Form 1.21

[Applying L’Hospital’s rule]

Example 9
. xll
Prove that hmT ={)..
X—>oo e &
Solution
Let I=1lim =
X o
B ’L\”_]
e e
=lim 7’1(”—,]27‘[ )
X—o0 k'e e

[Applying L’Hospital’s rule]

oo

= form:l

[Applying L"Hospital’s rule]

= form}

(e}

Applying L'Hospital’s rule (n — 2) times in the above expression,

nn-1)(n-2)..2-1

[ =lim —
X—300 k!le X
I n!
- \1}31 k"ek"
=0 [ lim € =]
Example 10

P+2° 43+ +x 1

Prove that lim

X—>o0 x

Solution

3

Let

7

1* £2% 4+ 3% 4ok

[=1lim -

X—eo0 x

o x(x+ 1)(}2.\’+ 1)

X—oo 6x
2% +3x% +x

6x°

2+§+L,
X X

= lim

X0

= lim

X—oo

[.Zn = 5 ]
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_2
6
-
3
Example 11
e’ 2
Prove that l_im—.x =e?.
)
X
Solution
Let [=lim e—‘ [i form:l
(]
A
= lim :

X—ye0 X
1
X

Taking logarithm on both sides,

2

log/ = lim | loge" — log(l +l)
X

X—o0

= lim {x—xz log(l +iﬂ
X—yo0 X

= lim x* [l— log(l +1H
X—o0 . o X

1 1

——log(1+—)

X x 0

S — form
0

fbs 1
iy
b
L 1(_L)
TN &
= lim 2x [Applying L’Hospital’s rule]
3



1.5 Type 3:0x = Form 1.23

I+—
S L X
=i 7]
X
sl L
2v\—)oc]+_
X
1
2
1
Hence, l=e?
EXERCISE 1.2
1. Prove that limloﬂ =0.
x-0 cot X
2. Prove that limw =0
x->1 cotmx

. log,, , cosx
3. Prove that lim——>*——

x—0

4. Prove that lirrglogsinx sin2x =1.

3x
5. Prove that li{n% =3,

2
6. Prove that lim logxz =0. [Hint: Put x* = y]
x=0 cot X

ey

m

X
o

2 3 n
(1)+(1) +(1) T +(1)
8. Prove that lim~¢ £ g el —0.

n—oo n

7. Prove that lim =0(m=>0).

9. Prove that limlog, sin2x = % .

1.5 TYPE 3:0 x « FORM

To solve the problems of the type

lim [£(x)- g(x)], when lim f(x) =0, lim g(x) = o (i.e. 0 x o form)
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L iy 8.

X—a

We write lim [f(x)-g(x)]= lim

g(x) S (x)
0 )
These new forms are of the type - or — respectively, which can be solved using

L’Hospital’s rule.

Example 1
Prove that lir%x logx =0.
X
Solution
Let [ = ljmx log x [0 e form]
=lim Ing l:f form}
x—0 1 o
X
1
[ =lim xl [Applying L’ Hospital’s rule]
x—0
X
= lim(—x)
0
Example 2
Prove that 1in(} sinxlogx=0.
X—=>
Solution
Let I= 11m sin xlog x [0 X oo form]
= lim lows [i form:l
20 COSeC X oo
1
=lim—* [Applying L’Hospital’s rule]
120 —COSEeC X Cot X
. . tan x
= —lim sinx-
x—0 x
. . . tanx
= —lim sinx-lim
x—0 x—0 x . tan x
|: lim = l]
x—0 X

=0



1.5 Type 3:0x = Form 1.25

Example 3
b i il @
Prove that 111n 2 ~sm(;) =a.

Solution
Let [ =lim2*- sin(i)
X—oo 2"
. | 1
Putting W=y pm—,
t 2F
When x =50, 2 500, =0
i im0
t—0 t
. asinat
=lim
1—0 at
=a-1 [-.-limw=1]
x—=0 x
=a
Example 4

X—=a

Evaluate limlog (2 - f) cot(x —a).
a

Solution

Let L= 1imlog(2—f)cot(x—a)
a

log(Z —ij
. a
= lim ———=

x—a tan(x —a)

[0 X oo form]
[9 form]
0

[Applying L’Hospital’s rule]
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Example 5
|
Prove that lim(a-“ - 1] x=loga. [Winter 2013]
X—oo
Solution
s 1
Let =£Lnl(a; _1)~x [0x o form]|
1
=lim M [9 fonn:l
X—oo l 0
X
. |
Putting —=1, whenx > oo, t >0
X
e [9 form]
=0 f 0
= Loy d'loga [Applying L Hospital’s rule]
1—0
=loga
Example 6
3 TXxX
Prove that lim tan’ (—)(1 +sec mx)=-2.
x—1 2
Solution
3 [ TX
Let [ = limtan (—)(l+sec7rx) [eox O form]
x—l1 2
. l+secrmx 0
=1lim 6 form

x—1 [ TTX
cot™ | —
[ 2 )

TSecmwx tanwx

s Secmwx . tanmx
=—| lim lim
x—l 2 T x—1 TXx
sec” — t—
sec T i tan 7w x
=- 1
2 x—1 TXx
cosec” — t—
2

[Applying L Hospital’s rule]



1.5 Type 3:0x~=Form 1.27

. msec’ Tx ) )
=—(-1) 1,“3 p [Applying L'Hospital’s rule]
' (—cosec2 —)—
2
— 5 sec’
2 7[
cosec’ —
2
=-2
Example 7
: a+x =
Evaluate lim, ’ stan'Va® - x%.
xX—a a —_— x
Solution
+ B
Let I=lim 25 tan ™" Va? - 22 [eox 0 form]
xX—a =X

\/m \/m tan_l m

= lim
x—a m \/m
-1 2 B B
= 11m(a+x)£

X—=a

= lim(a +x)- lim
X—=a x—=a

— 2
\/ﬁ
X

= 2( i \/—
lllm
\/ﬁ

X—a

Let m:a

When x—a,a—0

tan”' o

[=2a-lim
a—0 o

-1
= 2([ l... llm tan o _ 1:|
=0 o

Example 8

. @ e a—x 1
Evaluate lim sin™ coseca? — x> = —
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Solution
. . 4 la=x
Let [ =1lim sin™ cosecva® —x*
x—a a + X
s JER
Sin
a+x

=lim————=
. 2 2
x—a sin 'a.. —x?

[0 X oo form]

Here, applying L’Hospital’s rule will make the expression complicated, so we

rearrange the terms to apply the limits directly.

Let a—x=a,\/az——xzzﬁ
a+x
When x—a,a—0andff—0
[ =limsin™" a- lim—
a—0 B-0s1n ﬁ
. [sin" & . 1
=|lim o || lim| — =
o—0 o p—0 Slnﬁ ﬁ
: (sin“l 0()
~ lim -
. % 1 a—0 o
= lm?)a- Llrr(x)ﬁ )
and lim(smﬂ) =1
B—0 ﬂ
- 1
=lim | [Resubstituting o and ]
—a \ad+Xx a3 _ x2
: a—x 1
=lim .
waNa+Xx Ja+xVJa—x
1
=lim
x=a g+ X
— L.
2a
Example 9
Evaluate ling x" (logx)", where m and n are positive integers.
X=
Solution
Let I= l_ingx’”(logx)” [0 % oo form]

= lim

x=0 oo

(ogy | fom|

m



n(logx)"" —
=lim -
=0 —m (x)

_1\! n—1
_ lim( 1) n(logx)
x—0 m (x) "

—m=-1

e e

(=D'n(n-1)(logx)"*-
=lim

=0 m(-m)' (x)™""

(=1)’n(n—-1)(logx)"*

-m

= lim ~
x=0 m- (x)

1.5 Type 3:0x = Form 1.29

[Applying L’Hospital’s rule]

l:i form]
[Applying L’Hospital’s rule]

[i form:|

Applying L’Hospital’s rule (n — 2) times in the above expression,

(~1)"n!(log x)°

[ = lim n —m
x=0 m (x)
. (=D'n! ,
=lim——-
x=0 m :

=0

EXERCISE 1.3

1. Prove that lirrgxlogx =0.

2. Prove that limx“e™ =0.

(e ™)
3. Prove that limx*\1—-e ¥ /=2gy.

4. Prove that lingtanx logx = 0.

5. Prove that lim(x* —1)tan(ﬂ) __4
x—1 2 T

6. Prove that lin?(1 +sec nx)tan%x =0.

0.

7. Prove that lxin?log(1 - X) cot(”z—x)
g 1+ x
8. Prove that E(lgglog(m) cotx =2.

9. Prove that lim 2+—Xtan'1 4-—x*=4.
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1.6 TYPE 4: o - -« FORM

To evaluate the limits of the type lim[f(x)—g(x)], when limf(x)=co and,

lim g(x) =-eo [i.e., (eo — o) form], we reduce the expression in the form of % or — by

x—a oo

taking LCM or by rearranging the terms and then apply L’Hospital’s rule.

Example 1
Prove that lim (cosh™ x—logx)=1log?2.
Solution
Let [ =lim (cosh™ x—logx) [0 — oo form]
= 1im[log(x+\/x2 —1)—logx]
; [x+ vxt -1 ]
= lim log| > —~
x—yoo X
; |
= lim log[1+ 1-— )
X0 X5
=log2
Example 2

..
Evaluate 1im [— ——log(1+ x)] i
=0 x X

Solution
[ o1
Let /=1im ~——,Iog(l+x)j| [eo — oo form]
x—0 _x b5 i
— lim *—_I%M] [9 form]
x—0 X 0

[ 1
= [‘133 I- 1+ x] [% form:I [Applying L"Hospital’s rule]
2x




1.6 Type 4:=-«Form 1.31

[Applying L’Hospital’s rule]

e
2
Example 3
. X 1 .
Evaluate lim | —— — ) [Winter 2016]
x=>1\x—=1 logx
Solution
. X 1
Let [=1lim ( - ) [0 — oo form]
x—=1{x—-1 logx
— lim | ¥logx—x+1 {9 form]
x—1| logx(x—1) 0
=lim Arlogx =1 [Applying L’Hospital’s rule]
-l x—1
+ logx
L x
=lim e log x {9- form}
ol + logx 0
X
1
= lim —2% [Applying L Hospital’s rule]
x—1 L l
x2 X
_!
2
Example 4
. | 1
Evaluate lim - |
=2l x—=2 log(x—1)
Solution

Let [ =1lim 1 —;
-2 x=2 lOg(x_l)

[e0 — o form]



-
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log(x—1)—(x—-2)
= (x=2)log(x—1)

1

]

= lim = [Applying L’Hospital’s rule]
x=2 X — 2
. +log(x—1)
=lim -1 [9 form]
=2 (x=2)+(x—1)log(x—1) 0
= l_in} 1_1 [Applying L Hospital’s rule]
Tl x-1)- +log(x—1
(v=1)- (o +logr=D
-t
2
Example 5
. a X
Prove that hm(— —cot —) =0.
=0\ x a
Solution
. (a X
Let I= l1m(——cot—) [e0 — oo form]
-0\ x a

Putting = y,whenx >0, y—>0
a

1
[ =1im ——coty]
y=0 y

(1 1 J
=lim
y—0 y tan y

=lim

y—0

=lim

y—0

’ y—=0 (tan y)
y

=lim By-y y,_ 2.1 [9 form]
y—0 y“ O

=lim M [9 form]

y—0 2)1 0

[e0 — o form]

‘:9 form]
0

[ fii P 1]
y—0 y

[Applying L’Hospital’s rule]



2secy-secytany

1.6 Type 4 :«-«Form 1.33

=lim [Applying L"Hospital’s rule]
y=0
=0
Example 6
T T T
Prove that lim| ————— | =—.
=0 4x  2x(™F+1)| 4
Solution
T 1 |
[=— lm e oo — oo form
e +1-2 0
=—lim——— — form
2 =0 2x(e™ +1) 0
TTX
- lim - i : [Applying L’Hospital’s rule]
2 x>0 2[(0”“ +1)+ x(lre’”)]
B ﬂz o
4 +1)
2
=%
8
Example 7

Prove that lim(x+l) log(x+ 1)—logx —l
x—yeo 2 2 2

Solution

Let = lim(x+%)[10g(x+%)—logx] [o0 — oo form]|

X—yeo

1 1
B l_im(x+5)log '\+5

{1+ D)oL

X—o0 2

X

1%, 1
—Ilm-—lo l+— | +—=1lim lo
é’( 2) 2 xore g(

—llo’e+l]0’1
g BETR 0k

1
2

1+—1-)
2%
] ax
l 11m(1+—) :e:I
¥—e0 ax
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Example 8

| |
Evaluate lim(—— 5 )
x=0\ x sin” x

Solution
Let [=1lim (L’— ], )
=0 x7  sin” x

) 2
. sin” x—x

= 11m ﬁ
=0 x“sin” x

[Winter 2014; Summer 2015]

[e0 —co form]

o]

. 2 2 .
. [ sin®x—x . sinx
- l.m[_] [ B =1]
x—0 X4 x-0  x°
2si sx—2
= lim (Wj [Applying L’Hospital’s rule]
x—0 dx
: ( sin2x —2x j
= lim
x—0 4x3
2cos2x—2
= lim ( cos Z ) [Applying L’Hospital’s rule]
x—0 12x
—4sin2
= lim S [Applying L’Hospital’s rule]
x—0 24 x
. [ —8cos2 . .
= hm( i x) [Applying L’Hospital’s rule]
x—0 24
_8
24
_ !
3
Example 9

: 1
Evaluate llng(—, —cot’ x).
xX—> x'

Solution

2
X

Let = lim(L—cotzx

x—0

[0 — o form]



1.6 Type 4:=-«Form 1.35

; 1 1
= | =
=0\ x  tan® x

. tan?x—x? 0
=lim———— — form
=0 x”tan” x 0

2 2
. tan” x—x
=11m72
=0, tan” x
X

2 2
. tan~ x —x . tanx
= lim [—4]1 [ lim = 1]
x—0 X -0 X

. tan® x—x? 0
=lim—— — form
x—0 5 0
2tan x-sec’ x —2x

= lim = [Applying L Hospital’s rule]
X0 4x°

2tanx(l + tan? x)—2x
= lim
x—0 45

1 . tanx+tan’ x—x
2 x—0 e

L - tanx —x 1. tan’x
=—lim| —— +Ellm
X

2 x—=0 _x3 —0 _x3

i~ tan x — x 1 . tanx
=—lim| —— |+— .+ lim =1
2 x—0 x3 2 =0 X

1 1 sec? x—1 0
=—+—lim| —— — form Applying L Hospital’s rule
55 .\’—-)0[ 20 ] [O } [Applying p ]

2
" + L lim 2sec” x-tanx [Applying L Hospital’s rule]
2 2x-0 6x

1. > .. tanx
=—+—limsec” x-lim
2 6 x>0 =0 X

11
_+_
276
g
3
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Example 10

Iflirr(}(aCOtx+£) % find ¢ and b.

2

X X

Solution

| acotx
3 - ,\'l—>0
. ( a b )
=lim —2
0\ xtan x

. (ax+btanx 0
=lim| ———— — form
=0\ x“tanx 0

=ik (ax+ b tan x)

30 . x)( tan x )
X

. ax+btanx . x
=lim 5 -lim

x—0 X5 x—0 tan X%
= limm-l [9 form] [ lim e = l:|
X0 x° 0 =0 tan x
= lim(w) [Applying L'Hospital’s rule]
x=0 3x°
_a+bsecO
0
_a+b
0
a+b=0,a=-b . (D)
—b+bsec’ x 0
Thus, =lim———— — form
x—=0 3x“ 0
. b-2secxsecxtan:
- lmg 5¢ A6se rany [Applying L’Hospital’s rule]
X=>! x
. tanx
(hm sec” ‘c) (llm )
x=0 X
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Example 11
S (x)

1

Evaluate lim

xX—a

|

S'()

Solution

f(x)-f(a) x—-a

|

Let /=Ilim

x—a

[f(X)—f(a)

1
xX—a

(x=a)f'()=[f(x) - f(a)]

[0 — o form]

X—a

-/ @]x-a)
i L@+ =) () = /()

[9 form:|
0

0

=[S0 = f@]+(r=a) f(x)
S )+(x -

[6 form:| [Applying L’Hospital’s rule]

a) " (x)

m n
S [+ f(x)+
_ @

2"(a)

EXERCISE 1.4

= [Applying L’Hospital’s rule]
(x—a)f"(x)

. Prove that ling(

Prove that lim

cotx ——

1):0.

X

[L —cot(x —a):l =0.

X—a X—a
3. Prove that lim (secx —tanx) = 0.
x—»i
4. Prove that lim(tanx - 2 sech = Z
Xy T T T
2
5. Prove that lim|———— | 1
=0l x—a log(x+1-a) 2
6. Prove that lim d - 1 =_l'
3 x -3 log(x—2) 2



1.38 Chapter 1 Indeterminate Forms

7. Evaluate lim[x—x2 log(1+l)]
X

Hint: Put x = l
y

Ans.: 1
2

8. Prove that lim(l— L )=l
ol x ¥ -1 2

1.7 TYPE5:17, «° 0° FORMS

To evaluate the limits of the type ljm[f(x)]“”, which takes any one of the form

17, ooo, 0° for f(x) > 0, we proceed as follows:

Let [=lim [ f(x)]F™ where f (x) > 0

log/ =lim [g(x)-log f(x)]

which takes the form e x 0, i.e., type 3 form.

Example 1
1
Prove that 1in(} (a* +x)* =ae, [Summer 2014]
A=
Solution
1
Let [=1im (a* + x)* [17 form]
x—0
1 . i
logl = lim—-log(a” + x) [eox 0 form]
x—=0 x
_ Jim l08(@™ + 1) {9 fo,.m}
x—0 X 0
. (aloga+1)
= lim &+ 1 [Applying L’Hospital’s rule]
x—0

_ a’ loga+1
a’+0
_log,a+log, e

- 1



= logae

Hence, [ =ae
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Example 2
Prove that lvi_r)lg(e3"' = 5x)£ =e”.
Solution
Let I l_il)r(}(ef’ ¥ e Sx)%
logl = liﬂ%bg(@“ —5x)

3% .
it log(e™ —5x)

[17 form]

[9 form]
0

x—0 X
1 3x
———— (3™ -95)
. (e =5x) ; e 5 s
= l_m(]) 1 [Applying L’Hospital’s rule]
3¢’ -5
= e()
=-2
Hence, [=e¢2
Example 3
i
Evaluate lim(log x)'~'¢*.
x—e
Solution
1
Let I =lim(log x)'~"*** [1% form]
; 0
log/ =1lim -log(log x) — form
ve ] —logx 0
-1
=lim logx x [Applying L’Hospital’s rule]
x
=1

Hence, l=e" =-
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Example 4
|
X x 2 NAm 1
. | a*+b" +c* |3 z
Prove that lim | ——— | = (abc)?. [Summer 2015]
x—0 3
Solution
1
x %5 % 3%
Let [=lim [MJ [17 form]
x—0 3
ol = i Llog[m]
x—05x 3
a*+b" +c*
log —
. : 0
= lim [— form}
x—0 3x 0
( 3 ) (a* loga+b*logh+c*logc)
. \a"+b"+c" 3
= lim
x—0 3
[Applying L’Hospital’s rule]
_( 1 )(aO loga+b° logh+ ¢’ logc)
a®+b° +¢° 3
|
= —logabc
5 g abc
1
= log (abc)?
1
Hence, [ = (abc)?
Example 5
1
(12743 )
Evaluate Iim| —— [Summer 2017]
x—0 3
Solution 1
Let I=lim [ﬂ] [17 form]
x—0 3

log = lim - log(uJ
x—0 Xx 3
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(1’“ +2% 4+3F
log| ———

) e

= lim
x—0 X
 lim 3 (I"log1+2"log2 + 3" log 3)
=0 17 +2% +3F 3
[Applying L’Hospital’s rule]
1
= g(logZ + log3)
-1 log(6)
3 g
1
=log(6)?
1
Hence, [=(6)3
Example 6
L A X R !
Prove that lim| @* +b* +c* +d* | = (abcd)*.
X—00 4
Solution
. 1 1 LY
Let I= ]im(a"’+b"'+c“+d“)
X—yeo f

Putting l =y,whenx — o,y — 0
X

I
I fim| &P A+ .
= 30 —4 [17 form]
log/ = 1iml10g(_MJ
y0y 4
(m+w+€+wj
log| ————
: 4 0,
= lim [— torm:|
y=0 y 0
3 lim( 4 ) a’loga+b"logh+c’ logc+d’ logd
o\’ +b' +c’ +d’ 4

[Applying L’Hospital’s rule]
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_loga+logh+logc+logd
4

1
= —log(abcd
2 g (abcd)

1
= log(abcd)*

1
Hence, [ = (abcd)*
Example 7
o (ax+1Y 2
Prove that lim =g,
x>\ agx—1
Solution
Let 1= 1im("x+l)'
e\ ax—1
1+ —
= lim ax [17 form]
ax
1+ L
log/ =limxlog alx
X—do0 1_ £
ax

:limg[log(l+l)—log(l—i)]
X g ax ax
= liml[log(l+i) +log(l—i) ]

=L (loge+1oge) { lim(l 5 L) _ e}
a 0 ax
=La+p

a
¢
a

QN

Hence, /

Il
Q
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Example 8
1
. 1| |a x |7
Evaluate lim —(\/: - \/: ] )
X—a 2 x a
Solution

1
l 3 X—a
Let fie= 1im{—(\/E + 1” [1* form]
X—a 2 x a
log/ = lim : log{l[ % 4 iﬂ
x—a xX—da 2 X a

a+x

; 2\ ax

= lim ————
X—a X—d

T log(a+ x)—log 2ax

log

X—a x _— a
log(a+x)—log2\/5—llogx 0
= lim 2 [— form]
X=a x —_— a
L
= lim at x] 2x [Applying L Hospital’s rule]
L1
2a 2a
=0
Hence, 1=¢°
=1
Example 9
- (3)_
Prove that lll‘rol(COS 2%)F F=pg ",
X

Solution

Let l= l_in(}(cos 2x)("7] [17 form]



1.44 Chapter 1 Indeterminate Forms

3
log/ = lim —--log(cos2x)
X067

= lim
x—0 x"
. 3 (—2sin2x)
=lim .
x—0 coS2x 2x

_ lim_6(tan2xj
x—0 2x

3log(cos2x)
2

{9 form}
0

[Applying L Hospital’s rule]

Example 10

. {(tanx Y2 3
Prove that lim Y=l
x—0 X

Solution

Let li= lim( fan ")

x=0 X

[17 form]

- tan
logl = hm—,log( an Y)
x=0 x° X

( tan x )
log
—N ¥

=lim
x=0 X

2
. x [xsecx—tanx | 1
=lim - -—
x>0 tan x 2%

X

. xsec’ x—tanx
= lim—————
x—0 2,\“

2 2 2
sec” x+x-2sec” xtanx —sec” x

=lim >
=0 6x°
. sec’x tanx

=lim—— ——

x—0 3 X

[ i 1]
x—0 b

]

[Applying L’Hospital’s rule]

[9 form:l [ lim —— = l]
0 x =0 tan X

[Applying L’Hospital’s rule]
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Example 11
lan”—x 2
> 2
Prove that 1im (2—£) ‘= er.
X—=a a
Solution
- tan’—;l
Let [=lim (2——) } [17 form]
X—a a

log/ = lim tan(ﬁ) log(2 —i)
X=3a 2a a

%
log| 2——
. a 0
=lim——= — form
0

x—a T X
cot| —
2a

1 1 1
= lim - i ) ital’
e ( X] ( a] ( ; ”x) ( m j [Applying L'Hospital’s rule]
2—— —cosec” — || —
a 2a )\ 2a
2
/4
2
Hence, [=e"
Example 12
Evaluate lim(cos x)*"". [Winter 2013]
x—0
Solution
Let [ = lim(cos x)*** [1* form]
x—0
log/ = lim cot x-log(cos x)
x—=0
= lim —log(cosx) l:g form}
x—=0  tanx 0
(—sin x)
COS X

= lim =
x—0 sec” x
=0

[Applying L’Hospital’s rule]
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Hence, [=¢"=1

Example 13

2
tan~ x

Evaluate lim(cosec x)™" *.
a

X—r—
2

Solution

Let I = lim (cosec x)™ * [17 form]

/4
X—=
)

log/ = lim tan® x- log(cosec x)
V3

X—)?
& i g(cosca) [9 fo,m}
% cot®x 0

(—cosec xcot x)

= Jim 222 - [Applying L’Hospital’s rule]
% 2cotx(—cosec”x)
)
. sin” x
= lim
b1
x>
P
_1
2
1
Hence, [=e?
Example 14
L
. [ sinhx )2 =
Prove that llm( )A =g,
x—0 X
Solution
sinh x \L oo . sinhx
Let [ =lim| —— [17 form] - lim =1
) X =0 x

1 inh
logl = lim—zlog(Sln xj
X

x—0 X
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( sinh x)

log 0

= lim —f {— form}
x—0 ¥ 0

. X (xcoshx—sinhx) 1
= lim .

x—0 sinh x 2

X

[Applying L’Hospital’s rule]

. xcoshx—sinhx 0 . %
= lim — form || lim — =]
=0 2% 0 x—0 sinh x
. xsinh x + cosh x —cosh x . s -
= lim = [Applying L’Hospital’s rule]
x—0 6x“
. 1 sinhx
=lim—-
=06 X
- { i BE_ 1}
6 x—0 X
1
Hence, [=eb
Example 15

x—0

2 T
7[ sec —Z—bx
Evaluate 1im | sin’ .
—ax
Solution

2 T
r V2=
% .2 o
Let /= Ilim| sin”
x—0 2—ax

log/ = lim sec’ i )
2—ax

[17 form]

T ( 4l
-log| sin
x—0 2-bx

log(sin2 _ )
. 2—ax
=lim ———=

x—0

;Qsin( L ]~cos( & )[ i (—a)}
i T 2—ax 2—ax
= lim —2=

C2-ax)

e

T Q-bx)?

[Applying L’Hospital’s rule]
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cot d 2
; (2—ax) . 2a(2-bx)* 0
= lim -lim 7 — form
=0 2r x>0 h(2—ax)”
—sin| ——
2—bx
2 T T
—cosec” || = (—a)
2a .. (2—6“] [ (2—ax)’ } .
=——1Iim [Applying L’Hospital’s rule]
b x—0 27[ 271'
cos( ) — = (=b)
2-bx (2-bx)*
_ma
__2a | 4
b | 2mb
4
S
Hence, [ = eiF
Example 16
9 n
Evaluate lim (cos—j g
n—oo n
Solution
9 n
Let [ = lim (cos—) [17 form]
n—oo n
log/ = lim n’ log[cosg)
n—seo n
Putti 1
utting —=1x,

n

when n—o,x—0

log/ = lim log(c—(:soﬁc) [9 form}
x—0 x° 0
1 .
: (—6sinOx)
= 1im <08 6x [Applying L Hospital’s rule]
x—0 2x
0 . 1 Osinbx
= ——lim .

2 x—=0 cosOx Ox
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0> [ . sinfx }
=—— o lim =1
2 x—0 ex
&
Hence, l=e¢ 2

Example 17
1 X

Evaluate lim (xsin—) .

x—>o0 X

Solution

Let [=lim (xsinl) [17 form]
X—oo X
. {1} . l

log/ = lim x~ log(xsm—]
X=—oo x
)
log| xsin—
=i —> %7
X—ro0 L
e
|
Let ==

X

when x—o0,y—0

( % )

log| —siny

! ) 0

log/ = lim—————= |:— fom{l
y—0 = O

=

Y
sin y

/N

cosy siny)
’ y y

=lim

y—0 2y

[Applying L’Hospital’s rule]

; ty—1
= limZ<Y
y=0 2y"

= limw [9 form]
y=>02y” tan y 0
1-sec’ y

= lim —
r=04ytan y+2y~sec” y

[Applying L’Hospital’s rule]

: —tan’ y
= lim ——
-0 4ytan y+2y°sec” y
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tan® y
=-— E lim Teny Y
y=0 an vy 5
ediiad NN y

Example 18

sinx

Evaluate lin&(cot x)™

Solution
Let I = lim(cot 2y [« form]
log/ = Im(l) sin x - log(cot x) [0 eo form]
= lim log(cotx) |:f formjl
*=0 cosec x o
(—cosec’x)
= Jim SoLX [Applying L’Hospital’s rule]

=0 —cosec xcotx

. cosec x
=lim

=0 cot” x

. 3

. 1 sin"x
=lim— —

08InX COS” X

. sinx
=lim—;

x—=0 [0 1o o
=0

Hence, [=¢" =1
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Example 19

1 tan x
Evaluate: lim(—) .
x—0\ x

Solution

1 tan x
Let /= lim (—j

x—=0\ x

1
log /= lim tanx log [—j

x—=0 X

_logx

lim

x—=0 cotx

x>0 — cosec? x
1

= lim —=%
x—0 1

sin? x

sin® x

lim
x—0 X

. sin’x
= lim .
x—=0 x

. 2
. sin x .
= lim -lim x
x—0 X x—0

=1-0

2

Hence, I==1

[Summer 2016]

[oo° form]

[i form}

[Applying L’Hospital’s rule]

Example 20

I—cosx
Prove that lim(—) =1.

-0\ x



1.52 Chapter 1 Indeterminate Forms

Solution

1—cosx
Let I= lim(—) [ form]

=0\ x

: 1
log/ = ]mg(l —Cosx) log(—)

x— X

: 5.0
= {12(1)(25111 5) (—logx)

{212
= l_iné—2 (—logx)
X! {
5)
] sin x
Jjpy F 1085 lim =1
x—0 2 x—0 96
| 2
= ]m(}% (—l(;g X) = form]
()
1
1. | "x . .
= 5 l_mé ; [Applying L’Hospital’s rule]
X
1 X
=—lim| —
2 x=0\ 2
=0
Hence, I=e"=1
Example 21
sinh ~'x
. cosh ~'x
Prove that lime™" * =e.
X—>oo
Solution
sinh ™' x
Let [ =lim eeosh™ ¥

1
= lim(e*i"h lX)“"‘" . [« form]

X300
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sinh™' x
h'x

log/ = lim
¥== COS

. log(x++x”+1) oo
= lim ————— — form
log(x++x" —1)

-loge

d (1+ . ~2xJ
. x+\/x2+] 2\/x2+1
= lim

G (1+ : -ZxJ
x+\/x2—1 2\/x2—1

=1
Hence, I=é'=e
Example 22
Prove that l.im;‘x =1.
x—0 ( 1 ).\
1+—
X
Solution
Let

= lim(1+ l) [eo” form]

x—0 X

log/ = lim x’ log(1+l)
x=0 X

log(l +l)
= lm(l)—\- [— form]

|

=
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[Applying L’Hospital’s rule]

;(_L
PEANES
- X
=i 2
7
= lim——
x—0
2(1+—)
X
. x?
=lim
0 2(x+1)
I=¢°
=1
X 0
Hence, lim & = = 1
x—0 * I* 1
[( l) }
1+—
X
Example 23
1
. I \x
Prove that lim| — | =1.
X—oo\ X
Solution
1\x
Let I= llm(—)
x—eo | x
1 1
log/ = hm—log(—]
e X x
i log x
X—doo X
1
=—lim*
X—yo0 l

Hence, I=’=1

[00 form]

[i form:|

[Applying L'Hospital’s rule]
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Example 24
|
Prove that lim(1 — x?)"°¢1=9 = ¢. [Winter 2013]
x—l
Solution :
Let [ = lim(1 — x*)'081-9 [0° form]
x—l
logl = 1\1g} gl log(1 —-x%) I:S form}
2%
() : ,
= l'1m1 | [Applying L’Hospital’s rule]
xX— _1
- (=D
2x(1—x)
=lim———
= (1=x)1+x)
=lim 2%
x—1 1 +x
=1
Hence, [=e
Example 25
T
Evaluate lim (cos x)?2 [Summer 2016]
P
2
Solution
T
Let [ = lim (cosx)? y [0° form]
X—=
2
logl = lim (%— x) log cos x [0 X e form]

P2
o=
2

]
= lim —&

COS x

[i form}
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= lim —
N cot x
—2(£—x)(—1)
. 2
= lim e —
«—E  —cosec”x
2

= lim 2(§—xjsin2 x

PN
2
=0
Hence, I=e"=1
Example 26
o 1-x
Evaluate lim .
x>0 x logx
Solution
Let T
x=0 X log b
l __ pXlogx
= lim—¢ [9 form:|
=0 xlogx 0
ik (x~ l+ Iogx)
- lmg al [Applying L’Hospital’s rule]
H x-—+logx
= ].in«‘}(_erlogr)
=l
=—limx"
x—0
Let L =limx" [00 form]

x—0



Hence,

logL = 11rr(} log(x™")

= l_ingxlogx

=lim log
x—0 l
X
1
. %
=
X2
=g
L= =1
[=-1

1.7 Type 5: 1%, =, 0° Forms
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2on]

[Applying L Hospital’s rule]

Example 27

sinx

Prove that lim———=—1.

-0 xlogx

Solution

Let

—1 sinx
[, =limx

x=0

log/, = l»ing sinx-logx

log x

=lim
0 cosecx

1

=lim—x
=0 —cosec x cot x

. sin® x
=lim| -
%3 XCOSX
“ 2
. (sinx X
=—lim -
=0\ x cos X

-0 [ B s 1]
x =0 X

logl/,=0
=€ =1
limx™* =1

[0° form]

oo

[Applying L’Hospital’s rule]

(1)
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Let L= 1<irr(1)x log x [0 eo form]
=lim log% I:f form]
x—0 1 oo
X
1
= lrirr(}i1 [Applying L’Hospital’s rule]
'
= lim(-x)
_ .(2)
Let I= Rt [9 form] [Using Egs (1) and (2)]
x—0 x ]Og X 0
__sinxlogx
= lim =" [2 form]
x=0  xlog x 0

inxlog x [ SINX
sptinalons (—+cosx- log x
x

1— xsin x
lim = lim i ’ ital’
A e 14083 [Applying L Hospital’s rule]
ginx | [ SIN X 1
—X [(—) o Y+cosx:|
=lim ad g -(3)
x—0 ]
—+1
log x

[Dividing numerator and denominator by log x]

1(L+c050) .
—oo [ sinx _ 1]

Using Eq. (1) and lim

x=0 X

EXERCISE 1.5

1. Prove that ling

1 1 1 1
2. Prove that lim Lidea :3X +4* =24.




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

. Prove that lim(sinx)™"* = (L)

1 1
Prove that ling(1 +sinx)2x = e2.

1

. Prove that lim(x)"x = l

x—1 e

x>y

—

Prove that |

x—0

sinx \x* =
m—=| =e¢.
X

. a
Prove that ym 1+; =e°,

. [ x+1
Prove that iLn)” 1 =e’,

Prove that lim 2x+1) =e
x—e=\ 2X —1

Prove that lin3(1 +5in X)X = e,

cotx

Prove that ling(1 +sinx)°* =e,

cotx

Prove that lirg(1 +tanx)“” =e.

1
Prove that “"3(1 —tanx)x = %.

1
]

Prove that ling(cosx)x =

-

1

. (sinx }x
Prove that | m(—) =0
x—0 X

—

aZ

i 2 T2
Prove that lmg(cosax)cosec bx—g 2",
X—

g 2 1
Prove that llrr(}(cosx)COt X =

-

Prove that lim(cosec X" =1.

. 2Y
Prove that Elm[1+;) =%,

1.7 Type 5: 1%, =, 0° Forms
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cot(x-a) 1
20. Prove that lim(z z 5] =ea,
a

X—a

21. Prove that lim(tanx)*>* =1.

X——
4

22. Prove that lim(secx)® =1.

Xk
T2

2sinx
23. Prove that lim(—) =1.

x=0\ X

24. Prove that ling(sin X)) =1,

1
25. Prove that lim(1—x")¢" = e.
x—1

26. Prove that [imxtan[ﬂ —e.

x—0

x|=

27. Prove that lirr(}(e3x —-5x)* = e,
)
28. Prove that lim(cos2x)' ¥/ = e*.
x—0

29. Prove that lim(cos x)°°52" =1.

Xo=

Points to Remember

L’Hospital’s Rule
f(x) I 1'(x)

If lim f(x)=0, lim g(x) =0, then lim = lim —;
x—a x—=a x—a g(x) x—=a 8§ (.X)

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

. logx
1. The value of lim
X—oo  x

(@) e (b) —eo (© 1 (d 0

,n>0 is



10.

11.

12.

13.

14.

Multiple Choice Questions 1.61
The value of lim tan x is
x—0 X
(@ 0 (b) 1 © r (d) o
_ X
If lim d-a)e exists and is finite then it is equal to
x—0 X 1
(@ 1 () 0 (© -1 (d) Py
The integer p for which lim prrsinx is finite is
x—0 X
(a) 0O (b) -1 (c) 1 (d 2
The value of lim(cosh_1 x—logx) is
x—0
(a) logl (b) log?2 (c) log3 (d 0
The value of lim x> ¢~ is
X—>o0
(a) 1 (b) €' (c) ¢ (d 0
The value of lim (cos x)°** is
X
2
@ 0 (b) 1 (©) -1 (d) 2
The value of lim log,,, tan2x is
x—0
(@ O b) 1 (c) -1 (d 2
The value of lim(1-x") is
x—0
1
(@ 0 (b) 1 (©) -1 (d 5
The value of lim HZH# is
X—>00 X 1
@ 0 (b) 1 (© -1 (d) >
1
The value of lim (l)" is
X0\ X
(@ O b) 1 () 2 (d 3
The value of limsinx logx is
x—0
(a) -1 () 0 © 1 (d 5
The value of lin(l)(cos ) i [Summer 2016]
xX—
(@ O (b) -1 (© 1 (d) 2
1
The value of lim(e** —5x)* is
x—0
(@ 0 (b) 1 (© e d ¢
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

Chapter 1 Indeterminate Forms

. sin2x+ psinx
If lim X T PSR
x—0 X

(a) -2 () 1

. tanx .
The value of lim is
x—=0 Xx

(@) 0 (®) 1

X
The value of hmu is
x—0 Xx

(@ 0 (b) %1

2 —x-2
The value of lim ——— s
x—0 X —4

3
(a) 4 (b) 1

The value of lim x* is
x—0

@ 1 b) -1

2

The value of lim

n—eo X1
(a) 2 (b) 1
1
The value of lim x* is
xX—>o0
(@) e (b) —oo

1 n
The value of lim (1 +—) is

n—co n

(a) 1 (b) -1

The value of lim S X is
x—oo X

(a) 1 (b) -1

The value of lim M is
x—6 X — 6

(@) 0 (b) 1

is finite then value of p is

(¢) -1

©r

(o) &

© 0

(c) e

© 1

©) e

©) 0

(c) -1

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

2

[Winter 2013]

[e o]

[Winter 2013]

(e}

[Winter 2014]

3

[Winter 2015]
1
e
[Summer 2014]
0
[Summer 2015]

0

[Winter 2015]
1
e

[Summer 2016]
none of these

[Winter 2016]

0.5



Multiple Choice Questions 1.63

25. The value of lim S™2% i [Summer 2017]
x—0 X
1
(a) 2 (b) 1 (c) -1 (d) )
26. The value of lim COS;; is [Summer 2017]
X—)E X——
2
T
(@ 0 (b) 1 (c) -1 (d) >

Answers

I.(d) 2.(b) 3.(b) 4.(a 5.(b) 6.(d 7.(ad 8.(b) 9.(a)
10. (d) 11.(b) 12.(b) 13.(c) 14.(c) 15.(a) 16.(b) 17.(b) 18.(b)
19.(a) 20.(a) 21.(c) 22.(c) 23.(c) 24.(b) 25.(a) 26.(c)






CHAPTER

Improper
Integrals

Chapter Outline

2.1 Introduction

2.2 Improper integrals

2.3 Improper Integrals of the First Kind

2.4 Improper Integrals of the Second Kind

2.5 Improper Integral of the Third Kind

2.6 Convergence and Divergence of Improper Integrals

2.1 INTRODUCTION

b
The definition of a definite integral j f(x) dx requires the interval [a, b] be finite. The

fundamental theorem of calculus reﬁuires that f(x) be continuous on [a, b] or at least
bounded. In this chapter, we will study a method of evaluating integrals that fail these
requirements either because their limits of integration are infinite, or because a finite
number of discontinuities exist on the interval [a, b]. Integrals that fail either of these
requirements are known as improper integrals. Improper integrals cannot be computed
using a normal Riemann integral.

2.2 |IMPROPER INTEGRALS

b
The integral ff(.x) dx is called an improper integral if

(i) one or both limits of integration are infinite
(i) function f(x) becomes infinite at a point within or at the end points of the
interval of integration.
Improper integrals are classified into three kinds.
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2.3 IMPROPER INTEGRALS OF THE FIRST KIND

It is a definite integral in which one or both limits of integration are infinite, for

example, J e " dx is an improper integral of the first kind since the upper limit of

0
integration is infinite. These integrals are evaluated as follows:

(1) If f(x) is continuous on [a, o) then

o b
J rGydr= lim [ () d (D)
(ii) If f(x) is continuous on (—ee, b] then

b b

[ Far= tim [f00dx )

(iii) If f(x) is continuous on (—oo, «o) then

]: f(x)dx= lier‘lff(x) dx

b—e @
0 b
= lim jf(x) dx+ limjf(x)dx .3
a——oo g b—yo0 0

The improper integral is said to converge (or exist) when the limit in RHS of (1), (2)
and (3) exist (or finite). Otherwise, it is said to diverge.

Example 1
% 1
Evaluate | —dx.
o
Solution
2 B
— dx = lim [— dx
!\g ,,5‘30{ I
= lim ‘2\/;7'1’

b—oo

= lim(2Vb —2)

b—e

= o0

Example 2

Evaluate dx.

—_—3

R
2



2.3 Improper Integrals of the First Kind 2.3

Solution
Tl a
J—, dx=lim | —dx
i b X
b
=lim|——
bh—eo x i
= lim (—l + 1)
bh—sc0 b
=i
Example 3
Evaluate | — [Winter 2014]
0 X +1
Solution
T 4
‘[ o= i f—
o X 1 bo=yx” +1
X . b
= lim ‘tan X
b—oo 0
= lim [tan"'(b)-—tan_l OJ
b—oo
= lim tan“l(b)
b—eo
= tan_l(oo)
i
2
Example 4
0
Evaluate _[ xsinx dx.
Solution
0 0
[ xsinxdv= lim [xsinxdx
o a—>—co ’

. .0
= lim |—x COS X + sin x|
a——oo a

= lim (acosa—sina)
a—y—oo

=—co [-.rsina and cos a oscillate between 1]
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Example 5

0
Evaluate J ™ dx.

Solution
0 0
_[ e dx =

—oo

|
i
Q ——
S

&

Il
5.

|
E
3
7 N
N | =
|
™ |
Q
!:)
p TN

Example 6

Evaluate _[
N

dx.

2

Solution

J' 1 ) " oy t
~dx = llmj dx+ lim

! dx
I+x° a—-e ] 4 x* b=y 1+ 2

=od a

0 i o b
+ lim ’tan &
a b— oo 0

1

= lim ‘tan_l %
a——oo

= lim (O—tan" a)+ lim (tan " b-0)

a——oo b—eo

T T
= —4—
2 2

=7

Example 7

Evaluate _[ e*dx.

—o0
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2.5

Solution
oo 0 b
[ e dx= 1im [e*dx+lim [e*dx
b3 a—y—oo b—)ooO
0
= lim |¢*
a—>—oo a  b—oo 0
= lim (1—-¢ )+11m(e -1
a—>—oo
=(1-0)+ lim(¢” = 1)
b—eo
Example 8
1
Evaluate j ———dx-
et +e
Solution

Putting u =¢",du =¢" dx,

J=

du e ST %
- J- =tan u=tan e
u +1

=)

J- 1

X
SLe te

: -1 x b
+ lim ’tan (2
a  b—oo 0

dx= lim ‘tan ]e

a——oo

. T -, . 5 T
= lim | = —tan"'¢® |+ lim| tan~' " ==
a——oo\ 4 b—yeo 4

—-X

Example 9

Evaluate _|' —
o1+ x )
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Solution
o b
J = lim J. = lim —
(]+ a—»—oo b vl ‘ b——)oo (]+X')‘
2X . f 9 ) 2%
= lim_ j(1+ S d.x+I}1_)n;_([(1+x) - dx
0 b
) |
= lim |- —| + lim |— 5
a—=| 2(1+x%)|, b= 2(1+x%)|,
n+l
{ JLrT fooas= L) }
n+1
. 1,1 . 1 1
= lim | —— +1lim| — e
H_w{ 2 2(1+d? )} hﬁw{ 201+ b%) 2}
1 1
= ——4—
9
=0
Example 10
Evaluate | ' dv — [Winter 2016]
o I+v7)(1+tan " v)
Solution
1
oo b —2
| — = lim [ 1Y qy
O(1+v Yl+tan™ v) boepl+tan v

= lim Ilogl(l +tan”’ V)HZ [ Jj ) dv =logl f(v) I}

b—eo

= lim [log|1 +tan”! b‘ - logl]

b—eo

= log(1+ tan”" ) —0)

V4
=log(l+5)
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Example 11

(e o]

x+3
Evaluate J dx.

5 (x=1)(x% +1)

Solution

o b
+3 2 ~2x—
J al = lim J‘{ s (fi)] dx [Using partial fraction expansion]
5 (= 1)(x* + 1) b—see
b

x“+1
b
= lim dx - j
boe 7x +1 2x +l
b
= lim Umoou 1)—log(x* +1)—tan™ 'x‘ ]

b—seo
G
[. | gy dx = log| f(x)q

m'—.»

Y b
(x=1)° o
log— —tan  x

x"+1

= lim
b—yoo

2

= lim | log
b—eo

—tan~' b— 10g%+ tan " 2}
1

2
-3)
= lim | log—*—

b—yo 1

l+b—2

—tan"' b+ log5+ tan~' 2

oot log5+tan”' 2

=logl—tan
=0—£+log5+tan_12
2

= —§+log5+tan_' 2

Example 12

1
Prove that p-integral J dx converges when p > 1 and diverges when
p=lL
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Solution
o 1 b
[—dv=lim [— dv
| xl b—yeo .X’
—p+1 2
= lim ,p#1
b—es|—p+1 ]
-1
=—Jim |2 ,p#1
b—oo P

Case (I) When p > 1

Case (II) When p < 1

Case (lll) Whenp =1

Ildx=|l()gx|T =00
L X

T
Hence, p integral -[T dx converges when p > 1 and diverges when p < 1.
1%

EXERCISE 2.1

Evaluate the following improper integrals:

71
1. -!‘;dx

[Ans.:
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2§ 4
2. dx [Ans.. =
£1+x2 Z]
2 Ans.: —1—
3. j;dx L 2
oo 1 1 T
4. Ans.: —
-!xlogz X |: log2 |
5. J-e*" sin xdx {Ans.: 1
0 2_
6. [x’edx [Ans.: 2]
0
7. flxle’xzdx [Ans.: 1]
8. ]:;dx —Ans.: 7]
1 XV x2 =1 i 2 |
oo 1 i 7[—
9. | —d Ans.: —
_J;xz T2x+5 L 2]
mew& r 2]
10. |—=dx Ans.: —
& hmss ]

2.4 |IMPROPER INTEGRALS OF THE SECOND KIND

It is a definite integral in which integrand become infinite (or unbounded or
discontinuous) at one or more points within or at the end points of the interval of
integration, for example,

I
. 1l . . . . 1. .
@) j—(i\' is an improper integral of the second kind as — 1is not continuous at x = 0.
3 x
0

5
o1 1
(i1) J >——dx is an improper integral of the second kind because = is not

Ssxt—l x =1
continuous at x =—1 and x = 1.
These integrals are evaluated as follows:
(1) If f(x) is unbounded at x = a then
b b
j F(x)dx = lim_l.f(x)ch (D
c—a -

a C
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(1) If f(x) is unbounded at x = b then

J f(x)dx = lim j fx)dx e)

a

(iii) If f(x) is unbounded at x = @ and x = b then

b 0 &)
J £ de= tim [ feode tim | feodx NG
8] —a (‘2 —0D
a &} 0
The improper integral is said to converge (or exist) when the limit in RHS of (1), (2)
and (3) exist (or finite). Otherwise, it is said to diverge.

Example 1
3
Evaluate dx [Summer 2014, 2017]
N ’
Solution
The integrand ﬁ is unbounded at x = 3.
}%m = lim [ L
N3 =X =353 —x
= tim|-243=
= lim(-2\/3-¢ +2+/3)
=23
Example 2
5
1
Check the convergence of _[—zdx [Summer 2016]
0X

Solution

The integrand Lz is unbounded at x = 0.
X

J— dx =lim ——dx

c—>0



2.4 Improper Integrals of the Second Kind 2.1

Hence, the integrand is divergent.

Example 3

1
Check the convergence of J‘OE. If convergent, then evaluate the

same. [Winter 2016]

Solution

is unbounded at x = 1.

The integrand 7 !

=lim
Ol—x c—)lol—x

J-ldx .ore 1

= 1im|—10g(1 —x)’;
c—l1

=lim [-log(1 —¢) + logl]
c—1

=-log(1-1)

= o0

Hence, the integrand is divergent.

Example 4

Check the convergence of j [Summer 2015]
ﬂ

Solution

1
The integrand — is unbounded at x = 3.
9—x

= 11m

[ pr-imf
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c

= lim
c—>3

. -1 [ x]
sin” | —
3 0
=1lim [sin_l (Ej —gin”! 0}
c—>3 3

=sin"'(1)-0

T
=— [finite
> [ ]

Hence, the integrand is convergent.

Example 5

T

2
Evaluate j sec xdx.
0

Solution

. . . T
The integrand sec x is not continuous at x = 5

. ¢
= lim |log ]sec X+tan x”
n 0

co—
5

= lim log|sec c+tan c’
T

o=
2

= log

/4 b4
sec — —tan —
2 2

= o0

Example 6
+odx

Evaluate J' - [Summer 2015]
" (x-1)3

Solution

The integrand is unbounded at x = 1.

2
(x=13
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3 &} 3
=1l + i
[ =lim[——+lm [ —
(x=1)3 (x=1)3 (x=1)"
[ 1P
. (x=1)3 o (x=1)3
=1 li
=l l =1 l
3 s 3,

L|—)

1 1
=3[0—(—1)5]+3[25 —0]
1
=3{23 +1}

l 1 | 1
= lim 3[@1 —1)3 —(-1) ]+ !iml3{(3—1)5 ~(c —1)5]

2.13

Example 7

1
Evaluate J‘%dx
= xg
Solution

1
The integrand —- is unbounded at x = 0.

’)
b c|—>0 £
x3 x3 2 x3
l | ll
= lim |3x3| + lim |3x3
=0 =0
-1

[ 1 1 1
= lim | 3¢} —3(-1)3 ]+ lim {3—3@2 ]
=0 ¢ —0

=[0-3(=1)3]+[3-0]
=6
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Example 8

5

Evaluate J—z dx
s (Z—2)

Solution

1
The integrand -2y is unbounded at x = 2.

S & 5

1
.[_z =an-[, 2dx+1an 5
v x=2) a-27 (x ) (x-2)
q 5
= lim |- + lim |-
a=2[ x—=2|, =2 x-

Hence, no conclusion can be made about the value of the integral.

Example 9

Evaluate J
N

Solution

1
The integrand —7———is unbounded at x = *a.
& Va? —x*

dx+ lim

o
j = lim [——— j
; [a _/\ r,—)—ac ’al —X c—a ) o 2
= 1

r.)

e
. -1 X -
s - —

al.
€

-1X
sin” —
a

+ lim

(5] —a

= lim
('l —=-a

0
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. .- .. qC . .16 .
= lim |:51n Y0—sin 1—1}+ lim {sm 22 _gin 10}
a

cj——a c—a a

. -1 a . 1| a
= —Ssin —— [+S1n —
a a

=sin ' 1+sin'1

2.15

=2sin"'1
.7
2
=r
Example 10
% sin x
Evaluate J- dx.

%N l=co8x

Solution

The integrand is unbounded at x = 0.

i

2 v
J‘ SIn x
0

=1lim [ (1-cosx) 2 sinx dx
c—( .
L2
1 12
— |~ . N e dx
i c0s 0 fireor s (T)
I _er?
5 c n+l
/4
12
=lim |2(1-cos x)?
c—0
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c—0

1
= lim2[1—(1—cosc)2]

=2

2.5 IMPROPER INTEGRAL OF THE THIRD KIND

It is a definite integral in which one or both limits of integration are infinite, and the
integrand become infinite at one or more points within or at the end points of the
interval of integration. Thus, it is a combination of the first kind and the second kind.

Tl
For example, J—de is an improper integral of the third kind as the upper limit of
0°

integration is infinite and integrand —- is infinite at x = 0.
2

Example 1
. : <1
Evaluate the improper integral f—zdx
0oX
Solution
1 T
I dx = lxm ~dx+ lim J‘—qu
(1%() x €y —>oo 1 X~
1 (&)
=lim |-—| + lim [-—
-0 x i el X))
2 1 : 1
=lim|-I+— [+ lim | ——+1
=0 (o Cy—re0 Cy
=ocot1

= o0
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EXERCISE 2.2

Evaluate the following improper integrals:

1

1. jldx
o X
[Ans.: o]
t
2. |—dx
[=
[Ans.: 2]
H
3. |—=dx
[
1 [Ans.: o]
4 jlogxdx
0
[Ans.: —1]
9
1
5. j 2 dx
O (x=1)°
[Ans.: 9]
01
6. dx
!,.1—x4
[Ans.: o]
T
7. | ———=dx
'([\/x(Z—x)
[Ans.: 7]

2.6 CONVERGENCE AND DIVERGENCE OF
IMPROPER INTEGRALS

(i) Direct Comparison Test
(a) If f(x) and g(x) are two continuous functions for x> a such that 0 < f(x) < g(x),

then
j_f'(x)cbc converges, if j g(x)dx converges and J.f(x)dx < J g(x)dx .

(b) If f(x) and g(x) are two continuous functions for x =a such that f(x)=> g(x),

then J‘f(x)d\' diverges, if J g(x)dx diverges.
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(ii) Limit Comparison Test
If f(x) and g (x) are two continuous functions for x = a such that f(x)>0, g(x)>0

and lim% =1[,0</<eo then Jf(x) dx and Ig(x) dx both converge or diverge
X300 g(x

simultaneously.

a a

Note: Convergence of improper integral of second kind can be tested by direct
comparison test and limit comparison test similarly.

Example 1

COS X
2

Test the convergence of the improper integral _[ dx.
1 X

Solution

f(x)= COS7x and let g(x) = L,
X x°

for x>1 [rcosx<l]

b

J.g(x) dx=JL7 dx = lim L,dv
1 lx_ )

b—ee 4 X

Tl
Thus, J.—, dx is convergent.
-2
1

. . Teosx .
By direct comparison test, J —— 1s convergent.

Example 2

D D
Test the convergence of the improper integral j e " dx.

Solution 1

f(x)= ¢ and let gx)y=e"

2
3 % T 2%
e’ <e* for x21 R
—x" <—x
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]og(x) dx = ]fe*"' dx
I I

oo

Thus, Je_“' dx is convergent.
1

By direct comparison text, J.e_"'~ dx is convergent.
1

2.19

Example 3

Test the convergence of the improper integral j 3x+3

dx.
4X4+7

Solution

) 1
f(x)= —3f+ > and let g(x)=—
x +7 x

3x+5
3 4
lim L& = fjm 2247
x—e0 g(X)  x—ee 1
»
i 3x* +5x°
= 1_) 2
e xT+7T
3+§
i
x_4
=3
K =1
[sodx = [ d
4 4
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b
= lim |- l,
boe| 2x7|4
_ 1
T 24?)
1
T3

!
Thus, JT‘h is convergent.
P
4

- . T3x+5
By limit comparison test, J‘4—

is convergent.
X" T

4

Example 4
I
Test the convergence of the improper integral J =

+\/_

Solution
f(x)= 1 and let g(x)= 23
S S
1 1
<— 0<x<l [ +dx>Vx]
¥ +4x Ax
1 1 1 1 1
(x)dx=|—=dx=1lim | —dx
<([g ) '(‘:\/; ('—)(l-!j\/i;
= lim[2],
= l'ing (2—2\/2)
=3
01
Thus, | —=dx is convergent.
1%

By direct comparison test, J \/_ dx is convergent.

X+

Example 5

1

]2
Test the convergence of the improper integral J
0

dx.
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Solution
DT 1
f(JC)=1 i and let g(x)=—
X X
l_e*,\'
3
lim S _ lim—%—= lim(l—efr) =1
e g(x) s 1 e
3

X

1 1
{g(.x)cL\':!:%dx

1
=lim [ —dx
c—0 . 3
1
=lim|— ],
c—0 Dx“ 4
(-3+3)
=lim| ——+—;
c—0 2 2¢”

1

1

Thus _[— dx is divergent.

=
0

1 —y
- . l=e™ . .
By limit comparison test, J—‘ dx is divergent.
0 X

EXERCISE 2.3

2.21

Test the convergence of the following improper integrals.

oo

" Jsinzx

dx

1 % [Ans.: convergent]

X
Jx [Ans.: convergent]
Toxt -1
3. XL ax
2Vx® +16 [Ans.: divergent]

[Ans.: convergent]

(8]
—3
o
ua
x
o
x

T X+e” [Ans.: divergent]
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eo

J2+sinx

dx
x*+1

[Ans.: convergent]

‘ 1
_—d
'c[(x+1)\/1—x2 5

[Ans.: convergent]

(o]
O N

logsinx dx
[Ans.: convergent]
-
9. Je cosx
o X [Ans.: divergent]
Etanx
10. [=5= dx
bx? [Ans.: divergent]

Points to Remember

Improper Integrals of the First Kind

It is a definite integral in which one or both limits of integration are infinite.

Improper Integrals of the Second Kind

It is a definite integral in which integrand become infinite (or unbounded or
discontinuous) at one or more points within or at the end points of the interval of
integration.

Improper Integral of the Third Kind

It is a definite integral in which one or both limits of integration are infinite, and the
integrand become infinite at one or more points within or at the end points of the
interval of integration.

Convergence and Divergence of Improper Integrals
(i) Direct Comparison Test
(a) Iff(x)and g(x) are two continuous functions for x > a suchthat 0 < f(x) < g(x),

then

J-f(x)d\' converges, if Ig(.\')dx converges and J‘f(x)dr < .[g(x)dr .

a a a
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(b) If f(x) and g(x) are two continuous functions for x = a such that f(x) > g(x),

then jf(x)dx diverges, if J g(x)dx diverges.

a

(ii) Limit Comparison Test

If f(x) and g (x) are two continuous functions for x = a such that f(x) >0, g(x) >0

and llmf( %)

== g(x)

=1/,0< /< oo then J f(x) dx and _["()‘) dx both converge or diverge

a a

simultaneously.

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

dx is

1. The value of
€ value o j \/Tx
(@ 0 (b) (©) 3 (d) 1

Tl
2. The value of | —-dx i
€ value o J.xz 1S
@ 0 (b) 1 (©) o (d) 2

3. The value of I(l +2x)e dx is

(@ 0 0 (b) 1 (c) 3 (d) o
4. The value of jloizz dz is

(@ 0 7 (b) 1 (©) 3 (d) o
5. The value of j Jo—y dy is

(@ 0 B (b) 1 (c) 2 (d) e
6. The value ofj 3z) dz is

@ 0 (b) — © — @ o

125 125
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10.

11.

12.

13.

14.

15.

Chapter 2 Improper Integrals

o

3

The value of j %dx is
ST+

(a O b) 1
I 1 .

The value of 2—dx is
1 X +x=6

(a) 0 b) 1

1

0 X
The value of j e—zdx is
X

—oo

(@ 0 ® 1

T
The value of J.sec2 xdx is
1

(a) 0 () 1

The value of [ > is
n X +4

(@) 0 (b) 1
todx

The value of '([ \/ﬁ is

(@ 0 (b) 1

The value of Ixze_xdx is
0
(a) 0O (b) 2

0
The value of J‘ 25%dx is

—oco

1

(@) 0 (b)

S5log2

The value of J‘ L is
Y 254457
T T
(@ — b —

10 5

(©)

(©)

(©)

(c)

(c)

(©)

(©)

(c)

SR

|

log?2

SR

(d) e

(d) oo

(d) e

(d) oo

(d)

K

(d) oo

(d) oo

@ S5log2

d «




16. The value of _[izdx is
X

(@ 1 (b) O (c) -1
17. The value of |~ Ldx is
O1+x
O ® 7 ©0

18. The value of '[: e “cos2xdx is

1 1
0 b) —— -

Answers
1.(b) 2.(¢) 3.(c) 4.(d) 5.(@

6. (c)

Multiple Choice Questions 2.25

[Winter 2015]
(d) does not exist

[Winter 2016]
@1
[Summer 2017]

2
d) =2
()5

7.(a) 8.(d) 9.(b)

10. (d) 11.(d) 12.(c) 13.(b) 14.(b) 15.(a) 16.(a) 17.(b) 18.(c)






CHAPTER

Gamma and
Beta Functions

Chapter Outline

3.1 Introduction

3.2 Gamma Function
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3.4 Beta Function

3.5 Properties of Beta Functions

3.6 Beta Function as Improper Integral
3.1 INTRODUCTION

There are some special functions which have importance in mathematical analysis, func-
tional analysis, physics or other applications. In this chapter, we will study two special
functions, gamma and beta functions. The beta function is also called the Euler integral
of the first kind. The gamma function is an extension of the factorial function to real
and complex numbers and is also known as Euler integral of the second kind. Gamma
function is a component in various probability distribution functions. It also appears in
various areas such as asymptotic series, definite integration, number theory, etc.

3.2

GAMMA FUNCTION

Ganllma function is defined by the improper integral J-: e *x""'dx, n> 0 and is denoted
by In.

Hence,

[n= J‘: e x"'dx,n>0

Alternate form of gamma function

[n= 2J‘: e ¥ dx




3.2 Chapter 3 Gamma and Beta Functions

Proof: By definition,
[n= r e x"dx
0

Letx =7, dx=2¢dt -
E:jo e 2R de

=2 e dt

Changing the variable 7 to x,
[n= ZJ.: e X dy

3.3 PROPERTIES OF GAMMA FUNCTION

Property 1: n+l=nln
Proof: n+l= _[:e"‘x"dx
Integrating by parts,

n+1=|—e’xx" |:— T(—e ) nx"dx
(=)

— < —x _n-1

—nJ.O e "x"dx

=nln
n+1:n@

Hence,
This is known as recurrence or reduction formula for Gamma function.
Note:

(i) In+l=n! if n is a positive integer
(i) ln+l=n [n if n is a positive real number

IF

(ii1) [n=
(iv) [n ,_—

if n is a negative fraction

sin nz

Property 2: ’1 =Jr
2

Proof: By alternate form of Gamma function,
1
P: 2Ime_)Cz xz(z) ldx = 2J e dx
2 0 0

I T T
E.EZZJ‘O e’ dx-ZJ‘O e’

=4 [Tt Vdxdy

Changing to polar coordinates, x = cosf, y=rsinf
dxdy=rdrdé



3.3 Properties of Gamma Function 3.3

Limits of x x=0 to X — ®
Limits of y y=0 to y—> o

This shows that the region of integration is the first quadrant.

Draw an elementary radius vector in the region

which starts from the pole and extends up to co. 40 g
Limits of r r=0 to r— o
Limits of 6 6=0 to 0 =% ree
’z-’i=4jzre’2~rdrd9
2 127
=4do-| (—l)e-"(—zr)dr r=0 =0
0 0 2 Fig. 3.1
A
—_Tlelo |e 0 ['.'J.ef(')-f’(r)dr — ef(r)]
-2 Z(0-1
2
=r
1
2
Example 1 5
Find the value of -5
Solution
= n+1
n
s [ o3
2 5 512
2
3
_ 2 e
5 3 sl 2
2
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Example 2

Given E = 0.8935, find the value of _%_

Solution:
E I’l+
12 7
2[5t s st oas [T
5T T w2
5 5 5
3+1
5 2
__ 1B ‘5—=—65F =925 0.8935) =-1.108
168 3 504 |5 504
5
Example 3
o 3
Evaluate Jo e " dx.
Solution
1 2
Let X =t x=t3,dx=§t 3dt
When x=0, t=0
When X —> 00, t—> o
L
j e dx = j t3dt—lj e’t3ldt=l’1
0 3J0 313
Example 4
1
Evaluate -[0 e_&x“ dx .
Solution
Let Jx=t,x=2£,dc=2¢dt
When x=0, t=0
When X —> 0, t—> o

w 1 o 1
f eV xt dx =j e (12)4 2t dr
0 0
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3.5

Example 5
R 2
Evaluate jo (x> +4)e™>" dx.
Solution
1 1
tY5 11 - 2
Let 2 =1, xz(—)z, dr=—F—t2dt = ds
2 V2 2 02
When x=0, t=0
When X —> 0, t—> ©
1
z 2 TN o S - t?
T )
1
=— e”t2dt+— et 2dt
4\/5j I
_;Egﬁ_; 1P+LP
4\5 2 212 42 202 Hl2
2 177
J— Na) 82
Example 6
Evaluate _[0 xne_\@dx.
Solution
2
Let \/E=t,x=i,dx=2dt
a a
When x=0, =0
When X —> 00, t— o
oo oo 2 "
J- x"e"/;dxz.[ (t—) e’ 2dl
0 o\ a a
_ 2
== [ e
T 2n+2
Example 7

Evaluate I:J; e dx- J:e ¢
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Solution 1
Let =t xzté, dx:%ﬁdt
When x=0, t=0

When X —> 0, t— o

1

- e w ot S et wel 1 -
_[0 Jx e dx- '[0 %dx:jo tte ’.Et 2dz~‘[0 i_i.zt 2dt

Lt
=Z_[Oet dt-_[oet d

_lP P_ll_ll
414 14 41 414
LU JE Iy S
4sm£ 4 2\/5

Example 8

< e_X3 < 4 —x°
Evaluate Io de.fo x'e " dx.
Solution
Let Pt x=1, de%I_idt
When x=0, t=0
When X —> 0, t—> o

T e[ wetar= S e[ her L
I_ .Jxe _J'Ot—é-gt t-fote gt

[

|_ O|l— ©ol—
o | —

_
o0
N~



3.3 Properties of Gamma Function

3.7

Example 9
1
Evaluate jo (log x)S dx.

Solution

Let logx=—t,x=e—"dx=—e-dt
When x=0, t— o

When x=1, t=0

jol (log x)° dx = jj(—t)ﬁ (—e™)dt
= —j: e'fdt

=-f6=-120

Example 10

4
1
Evaluate J. X log( ) dx.

Solution
1
jx log[ ) dx = J X 4log( )dx
X
1
=4j X log(lex
0
1 —t —t
Let log( ) x=e', dx=—e"dt
X
When =0, t— oo
When x=1, t=0

jx log( ) dx = 4j et(—e)dt
= 4]: e dt

2

1
4
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Example 11
1 dx
Evaluate Io 0N
xlog()
X
Solution
I L
JIL = J1x72 |:log(— )] dx
0 1 0 X
/xlog()
X
1 1 . ~ -
Let log(—)zt,—ze,x=e"dx=—e’dt
X X
When x=0, t—> o
When x=1, t=0

2
=2r

Example 12

=
Evaluate 0 4
Solution |
Let a=e" xloga=t dx= dr

loga

When x=0, t=0
When X —> 00, t—

J‘mx_dx=.[°° t l 1 dr
o a” o\loga) €' loga

1 -t
ECT
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= la+1
(loga)*
_la+1
(loga)a+l
Example 13
Evaluate _[0 37 dx.
Solution
Let 3% =, —4x’ log3 =—tloge, 4x> log3 =1
O (NS S W
2/log3 2Jlog3 24k
When x=0, t=0
When X —> 0, t— o
* 2 * 1 1
A= et ——— - —dr
J.O ‘[0 4, /log3 Jt
1 =
= j et 2dt
4,/log3 7o
1 1 A=
4 /log3 12 4 /log3
Example 14
. 2ab
Prove thatj xe”“sinbx dx = ————-.
0 (a”+b°)

Solution
_[ xe ™ sinbxdx = j xe ™ [Imaginary part of ¢®]dx
0 0

= Im. part j xe - e dx
0

= Im. part J. e xdx
0

= Im. part L Jme"’“x"" dx = E
(a—iby’ 0 k"
1

=Im.part — ~
(a* —b*)—2iab
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= Im. part (a —b2)+ 2iab i
(@ —b*) +4a’p* | (@’ +b°)
EXERCISE 3.1
1. Evaluate the following integrals:
x e
["Vxetdx (i) [TeTax (i) jo -~ dx
0 0 X4

(iv) J.(:(x log x)* dx

1 1 3
(vii) j0x4(log;) dx

2. Prove that

- n 1 |m+1
m ,—ax _
'[OX e dX=—%5 n

na "
3. Prove that
x’e - dx - efx dx = T
J” I 8V2

4. Prove that

‘[:\/; e dx-

T

Jmidx T
0 \/; 2\/2

5. Prove that

f:xe‘xsdx . J‘:xze‘x"dx = 1(:/5'

(v) J.1 logl dx  (vi)
0 X
1 1 .
(viii) Jo 3 xlog; dx (ix)

Ans.:(i)ii:\/;

(i) SV




6. Prove that
ydx _ (-1"In+1

_[1x'”(logx .
0 (m+1)n+1

7. Prove that
1 n
Jxr(og ) ax - et
0 X (m + 1)n+1

8. Prove that

- m
j x™'cosaxdx = E cos(—”).
0 a” 2
9. Prove that
_[wxr”e“’x sinbxdx = Lﬂ sin(ntan1 2)
° (a* + p2)? a

3.4 BETA FUNCTION

3.4 Beta Function

3.1

Beta function B(m, n) is defined by

1
B (m, n) =j0 X" (1=x)""dx, m>0,n>0.

B(m, n) is also known as Euler’s integral of first kind.

3.4.1 Trigonometric Form of Beta Function

T

2 . 2m-l 2n-1
B(m, n) :2j sin”""x cos™" xdx
0

1
Proof: B(m, n) = j X" (1=x) " dx
0
Let X = sin?é, dx = 2sinfcosfd b
When x=0, =0
When x=1, 0= %

B(m, n) = JOE (sin® 0)"'(1-sin*0)"" - 2sinH cosH dB

=2f 25in?"'0 cos*'0 dO
0

Changing the variable fto x,

T

2 om-l 2n-1
B(m,n):2j sin™ x cos™ xdx
0
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Corollary:  Putting 2m —1 =p, 2n—-1=gq

m= 2L _oatl
2 2
B p_—l—lﬁq_—i—l =2J.Esin1’x cos’x dx
2 2 0

3.5 PROPERTIES OF BETA FUNCTIONS

1. Symmetry
B(m, n) = B(n, m)

1
Proof: B(m, m)= | x"(1-x)"" dx
0
Let l—x=t —dx=dt
When x=0, t=1
When x=1, t=0
0
B(mmy=[ (-0yr7(=dny= [ o 1-0ydr
1 0
=B (n, m).
2. Relation between Beta and Gamma Functions
4
[m In 9=
B(m, n) =
m+n
Proof: By alternate form of Gamma function,
[mln = ZJme_"zxzm'ldx . ZJ‘M’e_y2 Y dy
0 0

AT 7~ Y 2m-1 201

= 4J.0 IO e X"y dxdy
Changing to polar coordinates x = 7 cosé, y =rsiné

dxdy=rdrdé olr=0
Limits of x x=0 to X —> 0 Fig. 3.2

Limits of y y=0 to y— o
This shows that the region of integration is the first quadrant.

Draw an elementary radius vector in the region which starts
from pole and extends up to oo.

Limits of r r=0 to r—> 0
Limits of 6 =0 to 0= %

mln=4 jf j: e (rcos0) (rsin0)* ' drd6

=4[ (cos0)" " (sin0)""d0 - [P P dr
0 0
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:4lB(m’n)lm+n
2 2
[m [n

m+n

B(m,n) =

3. Duplication Formula

3

Proof:  B(m,n) =2 jfsinzm’le cos” ™9 do

Putting n = m,

B(m, m) =2 jf(sine cos0)>"" do

[ Lj( n20)>"" do
% 22ml
Let260 =1, dg;%dt
When =0, t=0
When ¢9=£, t=rw
2
lm-Im 2

™ 1
=——| (sinp)* - =dt
PR [ iny 2

[ [ rdr=2f" reods

ZJ‘ (sin?)*" " (cost)’dt
if f(2a-x)= f(x)

22m 1

= 5ot J (sint)*"™ (cos?) \? ( y dr

iln 1 [z

,7’)’1 - 22»171 ,71
m+5
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I e L = Y 12m

E_ Haml "

Example 1
Find the value of

31 4 5
oo33) w3

Solution

, 3 1) 1212
@ B(z’ 5)‘_5

IN\._.
o =1
N |~
&
§

—_

—

[SSRINN

W | W
Il

[Tl N
]

[O%}

(i)

| —
+
—

N | —
w

o | -

W | —

Example 2

1
If B(n, 3) = %0 and n is a positive integer, find the value of n.

Solution
1
B(n,3)= —
(n,3) 50
Inl3_1
n+3 60
.2 1

(n+2)(n+Dnln 60
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n*+3n*+2n =120
nd+3n*+2n—-120=0
n=4,-3.5
But 7 is a positive integer.

Hence, n =4.

Example 3
P I
Prove that B(n, n) = =

T
. +—
Solution " 2
A
B(n, n) = -2 1 2
2n  [2n 1
n+—
2
n 1 Jr o
== T " [By Duplication formula]
L2
2
Vi
- 22;171 : 1
n+=
2
Example 4
1 1 T
Prove that B(n, n). B(n+—, n+—)=—21 n
2 2 n

Solution

1 |

n+— |n+—
B(n, n)B(n+l, n+lJ:E E~ 2 2
2 2) [an [2n+1

(E ”+1J2 | [n n+%

2
[2n-2nlon 27 [2n

2
1 (\/; J 2121—4)1
n

Example 5 —
= Y |5
Prove that |y, = 2
2177 o "7
2
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Solution
We know that
nli-n= _ﬂ
sin n
. 1
Replacing n by % ,
n+1 1_n+1_ 1
2 2 (n+1
sin T
2
n+l (I-n T
2 2 . (nm nrm
sin| —+—
2 2)
ol
’Z n Uli-n_ "l
212 21 2 nn
cos—
2
n
Jr [n 1-n_ "3
2)171 2 - nr
cos—
Gl
1—
[n 2” 2
2" cos —

EXERCISE 3.2

1. Find the value of

. 5 3 .. 1 2
) B(E’ z) (i) B(E’ E)

[Ans. : (i) % (i) ZT’H

2. If B(n, 2) = lz and n is a positive integer, find the value of n.
[Ans.: n = 6]

3. Prove that

B(n+l,n+1): ! . 2\/;.

2 2
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4. Prove that
B(m, n)=B(m, n+1)+B(m+1, n).

5. Prove that |= - —+

=(%—n2)nsec nm, (-1<2n<1).

Problems Based on Definition of Beta Function

3.17

Example 1
1 5
3
Evaluate Jox (1—\/;) dx
Solution
Let ~x=t,x=2 dx=2tdt
When x=0, t=0
When x=1, t=1
J'lx3(1—\/;)5dx:jlt6 (1—¢)° 2¢dt
0 0
1 5
:2J {7 (1-¢) dt=2B(8, 6)
0

,8l6 75t _ 1
14 131 5148

Example 2
1oy 1 dx

Evaluate | ———dx - | ——.

IOVl—x4 J.0\/1—x4
Solution \
Let x*=1¢ x=t*, dx:iﬁdt
When x=0, t=0
When x=1, t=1

1 22
t 4 dt

t2 12l
_[\/_dx J'\/_ J' = 4t4dt'J’0ﬁ'Z
= %f;ﬁ (1- t)_% dr- Jolt_% (1- t)_% dt
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Alal L Lz
16 |5 3 161 |1 14 4
4 4 4 14
Example 3
! [ 4
Evaluate jo 1-y" dy.
Solution
! 3
Let y=t,y=tz,dy=%t 4dr
When y=0, t=0
When y=1, t=1
1 1 LI
- 4 = — 2, 4
joJl y*dy jo(l 0t
3L
_Lp(3 1)1z 4
4\2°4) 4 [7
4
2
A
72 4
_lalala 1 N4
4 313 6 31
4 14 4 14
2 2
) =
_Nz \4 _Nz N4/
6 L 6 7
44 sinZ

Example 4
Evaluate Jj pt (8 — y3) 3 dy.
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Solution
1 2
Let y* =8¢t y=2¢3, dy=2~%t 3dt
When y=0, t=0

4
j°2y4 (8- )% dy= Il(zf%) (8—8t)';§t_§dt

fﬂ(l £ dr :—B(

e
\N;./
~—

3.19

5 2 [2
_Es_ _163 103
31 34 ( (
3 3313 3
Example 5
2a 5 2
Evaluate Io x“V2ax —x"dx.
Solution

2a 2a 5
J xZ\IZax—xzdx=j x2\2a—xdx
0 0
Let x=2at,dx=2adt
When x=0, t=0
When x =2a, =1

2a 1 5
J x*\2ax—x* dxzj (2at)*~2a—2at-2adt
0 0

e 1 s (7 3
=16a jtz(l—t)zdt =16a'B| .

:mﬂ o 3 3 3T

2 2 212

_ 157at
24

Example 6
3

3 42
Evaluate j X

I dx
JOJ -
1—x*
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Solution
3 x7
Ilzfo 3_xdx
Let x=3f, dx=3dr
When x=0, t=0
When x=3, t=1
3
I:jl Sl -3dt
SN Y,

iona =98[2, ]
=9j0t (-0 de =9B| 2. -

1212 _93 1|1/1 _27%
3 2221212 8
1 dx
Izzjo -
. 1—x*
Let x*=¢t, x=1* dx=4¢3dt
When x=0, t=0
When x=1, t=1
148
L= L ar

01—t

7|1 3 [
P 7,53 11 3
2 2 2 2 202
3
3ox2 l 27n 128 432
Hence, J‘ ad dx.J' dx = 7”._:ﬂ
0 3—x 0\/ T8 35 35
1—x*
Example 7
a  dx T T
Prove that IO TR I
(a" —x")
Solution

1 1
- a —1
Let x*=a"t, x=at", dx=—1t" dt
n
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3.21

When x=0, t=0
When =a, t=1
a 1 l,
e
(@ —x")" (" —a"t) "
11
=—[a-n e de =—B(—l+1, l)
n n n n
1
T il T b
n il nogn X sinnm
n
7 T
=—cosec(—]
n n
Example 8

b
Provethat | (x=a)"(b=x)"dr=(b=a)""" B(m+1, n+1) and hence,

9
deduce that _[5 Y(x=5)(9—x)dx =

W

Solution

Let(x—a)=(b-a)t, dx=(b—a)dt
When x=a, t=0
When x=b, t=1

| "(x=a)" (b—x) dx = jol[(b —ax]" [b—{a+®B-a)}] (b-a)dt

1
— (b _ a)m+n+1J' tm (1 _t)n dt
0
=(b-a)"""B(m+1, n+1)

Puttinga=5,b=9,m=

N

1. .
N = in the above integral,

9 1 1 11, 1 1
J (x=54*0O-x)*dx=(9-5)* ¢ B(Z+1,Z+l)
5
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Example 9

s , J.l xm—l(l - x)n—l B(m,n) i l
rove that T min YT T n and hence, evaluate

0 (a+bx)"" (a+b)"d"

[t
0 (1+x)°

Solution

Let x:a—t, dx:a(a+b_bt)_a2t(_b)dt _ a(cH—b)2

a+b-bt (a+b-bt) (a+b—bt)

When x=0, (=0

When x=1, f=1

Also, loyojo_ 9 _(a+tb)d-1)

a+b-bt a+b-—bt

bat a(a+b)
a+bx=a+ =
a+b—-bt a+b-bt
( at )””[(mb)(l—t)]“
jlx'""(l—x)”*‘dx:jl a+b—bt a+b-bt | _ala+b)
0

o (a+bx)"" [a(a+b) ]’”*” (a+b—bt)
a+b—bt
Z;-[ltm—l(l_t)n—ldt:—B(m }’l)
(a+b)"a" Yo (a+b)"a"
Puttinga=1,b=1,m=3, n=3 in the above integral
IIMM :;B@ 3)
o (1+x)° A+’
le2—2x3+x4 1B o1 4
o (1+x)° "8 6 8 120 240
Example 10
1(1— x*)4
Prove that de:l.LB(l, Z)
0 (1+x*)? 4 % 4 4
Solution 2
1 3
Let x*=1, x=1t*, dxzit 4de
When x=0, t=0

When x=1, t=1



3.5 Propert

ies of Beta Functions

3 3

J'(l x )4 J(l t)“ 1 lj” 4(1—?4d
o (1+x*)? o (1+1)° 4 47 (1+7¢)
__u _Q@-w-u=h 2
Let ¢ >’ dr = o) du Q-uy u
When t=0, u=0
When =1, u=1
() (-]
I(l x*)4 _ljl 2—u 2-u) 2
o (1+x*)’ _4 0 ( )2 (2-u)’
1+
—u

3.23

=_j 4(2 2u)4 —%Lljl uiz(l—u)%du
2+
(L)
4 54
EXERCISE 3.3
1. Evaluate the following integrals:
[Ni=xmax (i) [ (iff) _[(:(1—x4)3dx
0 0J1-x?®
(iv) J.;xz(Z—x)ffdx (v) _[:X4\/02—X2 dx  (vi) Ex3\/1—4x2 dx
[Ans. : ]
o1 1 3) .. 1 1 1
0 ol 3) 0 585 3)
. 128 6442
(i) —— (iv)
1155 15
ra o1
_(V) 3 (Vl)m ]
2. Prove that
)
7 4 .6 516!
J34(x—3)(7—x)dx: 3\7; (i1) L( (6 —x)° dx = 70
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3. Prove that
2

J.1 X% (1-x) 3

dx = 17 .
o (1+2x) 36
4. Prove that
m-1 n-1 3 2
fx (1-x) X = B(m, n) ;g hence, evaluate J1wdx.
o (14+x)™" 2" o (1+x)
[Ans. : l]
48
5 Prove that
1 n-1
J X—dx
o(1+cx)(1-x)"
= 1 i O<n<1.

(1+¢)" sinnz’

Problems Based on Trigonometric Form of Beta Function

Example 1

T
Evaluate IOZ Veot6 d6.

z s 1 1
Solution jz Jeot0 do = j 2 (cosB)? (sinB) 2d0
0 0
1 l+1 —1+1
12 2
2 27 2
311
_Lp(3 L) 1lala
27\474) 2 [
i, 1[1_1 = 7

Example 2

T

Evaluate J.OZ cos®26sin*46d6 .

Solution

J.Xcos3 20sin* 40d6 = J.Zcos3 20(2sin 260 cos26)* do
0

0
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3.25

= 16J.Zcos7 20sin* 20 d6
0
Let 260 =1, d@z%dt
When =0, t=0
When =", =7
4 2
Fcos} 20sin*40d0 = 16Fsin4t .cos’t - ldz‘
0 0 2
1 5 é |Z
-8-B|2, 4|=42__
2 2 13
2
31 P
211
a_ 220D _ 128
1975311 155
22222212
Example 3

2 2 4
Evaluate -[o sin“@(1+cosO)"d6.

Solution X
1:] sin’0 (1+ cos0)*do
0

. 2 4
:I 2sin9—cosg 2cos’ 9 do
0 2 2 2

2r
= 26_[ sin29—0051° Qd@
0 2 2

Let %zt, do =2dr

When =0, t=0
When 6=2m, t=rw

[=2° Iﬂ sin’# cos'’¢ - 2dt
0

T

=27 2‘[05 sin’¢ cos'’¢ dt { J-Ozaf(x)dx = 2‘[: f(x)dx:I

if f(2a—x)= £(x)
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2’1197531P 217
2

6! 212 2 2 2 2 2 8
Example 4
z 1
Evaluate | % (cos0+sin6)3de.
2
Solution

1
z 1 T 3
i . z 1 1 3
4 (cos@+sinf)*do = 4”|:\/2 (—cos@+—sin0):| do
J.*z '[7 V2 V2

3 1 u T 1 %
1 =
= J-“ﬂ 26 (Sin20059+cos£sin9)3 do= J“‘,, 26 [sm(—+0):| do
2 4 4 7 4
Let %+9 =1,  do=dr
When 0=-—, t=0

When Q:E, =
4 2

=58
2 [1 2 2
=L.E 2_ 1 5\/;=6\/;_§
A TR
6 616 6
Example 5
T nrw
P 2 tan"x dx = — sec| —
rovethatj > >
Solution
ud z
_Ftan"xdx= Jz(smx) (cos x)"dx
‘ n+l|-n+1

_an+l—n+1_12 2
2 27 2 ) 2 1
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sin nmw

Example 6

” .
Evaluate IO x sin’x cos*x dx.

Solution

J.: x sin’ x cos* x dx Joﬂ (r —x)sin’ (m — x) cos* (7 — x)dx

[ [ rede= ] fla- x)dx]

o7 4 T T 4
7|, sin’ x cos xdx— , ¥sin’ x cos x dx

” .7 4 o7 4
2J0 xsin’ x cos” xdx = n‘[o sin’ x cos” x dx

T |:.[()2 sin’ x cos* x dx + .[05 sin’ (7 — x)cos* (7 — x)dx:|

[ [ rede= | roode+ [ r@a- x)dx]

z 1 5
ZEJOZ sin” x cos* x dx = 27 - 5 3(4, —)

2
2 32
13 o 7515
2 2 2 2 212
167

J.”x sin” x cos* x dx = —
0 1155
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EXERCISE 3.4

1. Evaluate the following integrals:

J?\/tane de (i) J'Ogcos" 30 sin*660d6
b3 1 r
(ifi)  [3(V3sin6+cos6)* do (V) [Zcos’® (1+5sin6)’de
2
_[:”sin2 6 (1+cos0)*do (vi) .[:X sin® x cos® x dx
[ T r
Ans.: (i) —= i) —
()ﬁ ( )384
5
; 2
3 8 8
iii)2 # = (iv) =
(i) 2 4 Jr 5 M3
8
21z .. 81w
| W% V) 503
2. Prove that
F(sinx)z”dx _13:5@n-h) z
0 2"(n!) 2

3.6 BETA FUNCTION AS IMPROPER INTEGRAL

m—1

B =,
Proof: Let x =tan?6, dx =2 tand sec*6 d6
When x=0, =0
When X —> o0, 6 =%

m—1

oo X L 2 m—1
_[ e B = jz %-Etame sec’ 0 dO
o (1+x) o (1+tan’0)""

J~ (tan@)z’" "sec’ 0
0

do
(SeC 9)2m+2n

=2 Jf (sin0)*" " (cos0)>" ' d6
= B(m, n)
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Example 1
oo m—1 1
Prove that | —————dx= B(m, n) and hence, find the value
0 (a+bx)™" a"b"
5
© X
ijo (2+3x)'¢
Solution
Let bx = at, dx = %dt
When x=0, t=0
When X —> 0, t— ©
of
m—1 -t
[ = b)) a4
o (@a+bx)"™" o (a+at)"™ b

1 = " 1
J. —dt = B(m, n)
a" b" o (1+)™" a" b"

Putting a =2, b =3, m = 6, n =10 in the above integral,

5

1

= X
-[0 (2+3x)"°

dy = 21036

B(6,10)

1 lello 1 sno!

T3 I 2°.3° 15!

Example 2
o x3(1—x%)

P that
rove that ) 1+ 02

Solution o
r»x (I-x )dx

o (I+x)*

dx=0.

14

X o X
=], (1+x)* a- |, (1+x)*

- x‘)—l - x15—1
-l mee
= B(9, 15) - B(15, 9)

=0
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Example 3

p " o x* _ 5m2
rove that 0 (1+x4)3 128 -

Solution

1 3
1 1 3
Let x*=t,x=1t*,dx= Zt 4dt

When x=0, t=0
When X — o0, t— ©
1
Lt L i
0 (1+x*) 0 (1+1)° 4
_1 3,
1= ¢4 1=
=iyl
(1+1)* 4
39
_1y 252)= 1lala
4 \44) 4 T3
3.5 1)1
_ L4 s ala_ 5| 101
4 2! 128 414
= i T |:_’ l—n m: .ﬂ' :|
128 . sin nw
sin—
571\/5
128
Example 4
Prove thatj sech’x dx=—.
0 15
Solution
- - 2 6 X -x
J. sech®x dx = J — | dx -+ coshx = £ 1€
0 0\e*+e 2

e L
= 26.5‘[7“7 (ex+—

1

efx)é

|

[ feode=2 f(x)dx
if f(=x)=f(x)

|
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e6x

Ll R —
J._m (er +1)6
Let e=1, 2edy=df,  dx= zidt
t

When X —> —oo, t=0
When X —> o0, t—
- - 1
J‘ sechsxdxzzsj - —dt
0 0 (t+1)° 2t
ipe
—_ — N4
=2 T ————dr=2'B(3,3)
121
_ 6. BB _ 2120 8
6 51 15
Example 5 R
e ™ L )n>
—dx=—B(n+m,n—m),n>m.
Prove that |, (ex+e_x)2" >

Solution

J 2rm +e—2mx dx J (eme ZmX)ean
(e +e ™)™ (ezx +1)>
[ j f(x)dx = 2j: f(x)dx]
if f(=x)=f(x)
2(m+n)x Z(n m)x

= _Jf (I+e 2x 2n

1
Let e¥=t 2e¥dx=dt, dx = Z_Idt

When X —— 0, t=0

When X — 0, t— o,
j 2mx+672mx _ 1J“tm+n+tn_m l
0 (e +e )" 200 1+ 2

1 - t(m+n)fl - t(nfm)fl
- Z _[0 (1+t)(m+n)+(n—m) dt+J.0 (1+t)(n—m)+(n+m) d

= %[B(m+n,n—m)+B(n—m,n+m)]

= %B(n +m,n—m) [ B(m,n) = B(n,m)]
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Example 6 i
sin"x 2 gl r
Prove that ——dx - n 2’9 ) and hence,

0 (a+bcosx)" (@ —bz)E

32
Vsinx _(4}
3“—25-

/9
deduce that -[0

(5+3 cosx)?
Solution
2
Let tan 2=, > =tan'z, dx = ~dr
2 2 1+¢
_Z‘z
cos x = =, nx= s
When x=0, t=0
When X=m, t— o0
n—1
. sinn—lx ( 2t2) 2 - tn—l
J—dxzj""’ 1+1 2 a=2 _ ds
2 " [(a+b)+(a=b) ]

0 (a+bcosx)" 0 —p2 ]! 1+t
{a+b( 2):|
1+t

_Na+b-u Jatb 1

Let  (a-b)f=(a+bui= . di= LY
a-b 2Na—b u%

When t=0, u=0

When t — o, U —> 0

n-1

|:(a+b)u}2
Jn sin"” x dr = Z"J-: (a—b) . Ja+b idu

* (a+bcosx)’ [((a+b)+(a+byu]' 2a-b 3

L}

_ 2"—] J.m uz du _ 2)1—1 B(E z)

n n Jo non n
(a+b)? (a—b)?  (1+u)’ 2 (@’ —b*)?

Puttinga=5,b=3, n= % in the above integral,

0 3

(5+3 cosx)? (5° -3%)4

r  Jsinx 22" 33
| = - B
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3.33

2
2 212
2
3
4
N
Example 7
" % cos?™ 19 sin*""'0 B(m, n)
Prove that ) = .
0 (a’cos’0+ b*sin’6)"" 2a*"b*"
Solution
J‘% cos™ ' @ sin®' 0
0 (a’cos’ @+b*sin” 9)""
_ J-g cos™ "0 sin®"" @ (cosH) " " 40
0 (a* +b* tan*9)""™"
_ 2(} : J‘% (tan@)" ' sec’ O d
a m+n 0 bz m+n
(1 +— tan’ 9]
a
b, a a 1
Let —tan" 0 =¢, tan 8= — \/;, sec’ fdf= — - —d¢
a b 2b \Jt
When 6 =0, t=0
When 0= % R t— ©

N = . . 7dt
0 (a2 COSZ 9+b2 San 9)m+n aZ(m+n) 0 (1+t)m+n 2b t

1 2n—1
T 2m—1 = 2n-1 gtz
J~5 cos Osin”" 0 0 1 w\ b a 1

B 1 J‘m !
2a2mb2n 0 (1+t)m+n

B(m, n)

2a2mb2n

Example 8 Lt

Prove that B(m, n) = OW
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Solution
We have B(m, n) = FL
k4 0 (1+x)m+n
m—1 m—1
O (1+x)"" U (l4+x)™"
m—1
Consider, =
1 (l+x)m+n
1 1
Let x=—, dx=-—dy
y y
When x =1, y=1
When X — o, y=0

0 1 1 yn—l
== |- —|oy=[—2—4d
J.l ( 1 )m+n ( y2) 2 J.O (y+l)m+n 3
1+—
Substituting in Eq. (1),

B(m, n)= Jl i dx+_[0l y_ dy

0 (1+x)m+n (1+y)m+n
Replacing y by x,
Bm,n)= | X de+ [ X
> 0 (1+x)m+n 0 (1+x)m+n
B J_1xm—1 +xn—]
o (IT4x)"™"
Example 9

T
Prove that Joz = .
\/1 g 4

Solution

Let tan 0 =1, o =tan't, d0 =
2 2
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sin 6 = 2
1+1¢
When =0, t=0
When 9=£, t=1
2
J% de _ 1 2
0 1 jo 2 1+t !
1-=sin’0 _l( 2t )
2\1+4
. 1 -2 o1
Lett4=u,t=u4,dt=zu4du :ZJ. —dt
0 -
(1+1%)?
When t=0, u=0
When t=1, u=1
i
1—-=sin’*0 (1+u)?
1 1 u%l 1 lu%lﬂﬁil
=5.[0 ldu=Zjo T du
(14+u)? (I+u)* 4
= %B(i, %) [From Ex. 8]
2
1 (L
e
T TN
2
EXERCISE 3.5
1. Evaluate Jw dy4.
0 1+y
T
Ans.:—}
2. Prove that [ 2V2
m-1 n-1
J' idx:ZB (m, n).
0 (1+X)m+n
3. Prove that
- JIx T
J' —dx = .
0 (4+4x+x°) 42
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4. Prove that

J'w dx _ 1 g(n n
0o (e +e™) 4 2’2
and hence, evaluate I:semsx dx.

[Ans. : E]
35

dx

X Blp+q,1-q),if-p<g<T.

5. Prove that f

Points to Remember

Gamma Function
[n= J:o e x"'dx,n>0

= ZJON e ¥ dx

Properties of Gamma Function

Property 1: n+l=nln
(i) In+l1=n! if n is a positive integer
(i) In+l=n [n if n is a positive real number
=" +1 e . .
(iii) if  is a negative fraction

(iv) [n l_—

sinnm
1

Property 2: !i =Jr
2

Beta Function

1
B (m, n) :jo X" (1=-x)""dx, m>0,n>0.

Trigonometric Form of Beta Function

K

2 s om-l 2n-1
B(m, n) :2J. sin”™"" x cos™ xdx
0
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Properties of Beta Functions
Symmetry
B(m, n) = B(n, m)

Relation between Beta and Gamma Functions

[m [n
B(m, n) =
A P
Duplication Formula
o
Beta Function as Improper Integral
xmfl
B [ —
mn)= |

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

1. The value of the integral / =

il

(a) 1 (b) 7 (c) 2 d) 2x

2. Match the items in columns I and II for the following special functions
I

1
®) B, 9 @) E
ol .

@ @) j<1+y)(p+q)
(R) (i) B(p, q)
) .” @) [pli-p

sin px
(a) P-(iv), Q-(iii), R-(i), S-(ii) (b) P-(ii), Q-(iii), R-(i), S-(iv)
(¢) P-(iii), Q-(ii), R-(3), S-(iv) (d) P-(ii), Q-(iii), R-(iv), S-(i)
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3. The value of J\/§efy3 dy is
0

(a) N3 (b) N © Jr ) N3
2 3 6
4. The value of B(m + 1, n) is
(@) —— B(m, n) (b) ——B(m. n)
m+n m+1
© - _B(m,n) d) - _B(m, n)
+n m+1
5. The value of J? cotdd@ is
J2 NG
@ S5 W © 5 @ 5
3
6. The value of [/ x* {log(lﬂ dr s
X
3 6 3 6
(a) 325 (b) o5 (c) o5 (d) 35

1
7. tB(n,2)= 3 and n is a positive integer, then the value of n is

(a) 3 (b) =2 (c) 2 (d -3
2
8. The value of [ tds is
0 144
T \/; b4 T
a) — b) — c) — d) —
(a) 7 (b) > © > () 1
9. The value of B(m, m) is
1 1
(a) 2‘2’"B(m, 5) (b) 2'2"’B(M+ 1, 5)
(C) 212mB(m+l, 1) (d) 212'"3(”1, E)
2 2
10. Gamma function is discontinuous for
(a) allp<O (b) anyp>0

(¢) p=0only (d) p =0 and negative integers



Multiple Choice Questions

11. Beta function B(p, g) is convergent for

(@ p>0,g<0 ®) p>0,g>0
(c) p<0,g>0 (d) p<0,g<0
Answers

L@ 2. 3.0 4@ 5@ 60 7.0
9.(a) 10.(d) 11.(b)

3.39

8. (a)






CHAPTER

Applications
of Definite Integrals

Chapter Outline

4.1 Introduction

4.2 Volume using Cross-sections

4.3  Length of Plane Curves

4.4 Area of Surface of Solid of Revolution

4.1 INTRODUCTION

In this chapter, we will explore few applications of definite integrals. Applications of
definite integrals in finding volume by cross-sections, length of plane curves and areas
of surfaces of revolution are discussed in detail.

4.2 VOLUME USING CROSS-SECTIONS

The volume of a solid of known integrable cross-section area A(x) formed by a plane
perpendicular to the x-axis at any point between x =atox =bis

P J:A(.\')dv

Note: If the cross-section A(y) is perpendicular to the y-axis at any point between
y=cto y=d, then the volume of the solid is

v =" 40)dy
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Example 1
Find the volume of the solid generated by rotating the plane region

bounded by y = l, x =1 and x = 3 about the x-axis.
x

Solution
The volume is generated by rotating the dotted region about the x-axis.

The cross-section PQ of the generated volume is a circle of radius y perpendicular to
X-axis.

Area of cross-section, A = my?

y

|
X
For the region shown, x varies from
1 to 3.

3 75 =1
Volume, V= | 2 dx 0
1P
=|——
*h
—n(—lﬂj
3
2
=—7
3
Fig. 4.1
Example 2

Find the volume of the solid that lies between planes perpendicular to
the x-axis at x = 0 and x = 4. The cross-sections perpendicular to the
x-axis between these planes run from one side of the parabola x = y* to
the other. The cross-sections are squares with bases in the xy-plane.

Solution

The cross-section of the solid is a square PQRS with side runs from y = —Jx to
y=

Length PO =2y =2Jx

Area of cross-section, 4 = (2\/;)2 =4x
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For the region shown, x varies y
from O to 4. S
? ! \‘\P(x,_v
Volume, V= _[44,\' dx b
0 ' !
) 4 1 '
X T X
=45 s Py ONE c=4
0 3l B
=2(16-0) 0
=32 R 0
Fig. 4.2
Example 3
Find the volume of a right circular cone of base radius r and height h.
Solution
The cone is generated by rotating the line A

AB about the y-axis. Equation of the line
AB passing through the points A(r, 0) and
B (0, h) is

h—-0
y—0= xX—r
] 0 r( )

x=r(l—£)
h

The cross-section PQ of the cone is a circle
of radius x perpendicular to the y-axis.
2

Area of cross-section, A =mx

Y

=nr2(l—l) Fig. 4.3
h

For the region shown, y varies from O to .

Volume, V= Jh nr’ (1 - i) dy
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Example 4

Find the volume of the solid with a circular base of radius 5 and whose
cross-sections perpendicular to the base and parallel to the x-axis are
equilateral triangles.

Solution

Equation of the circular base of radius 5 is,
x> +y?=25 (D
The cross-section of the solid is an equilateral triangle POR with base 2x.

Area of cross-section, A= _1_ X (base) x (height)
2
1
=—2x)(h
> (2x)(h)

= %(zx)(xtan60°)
=33
=(25-y° )\/3_, [from Eq. (1)]

For the region shown, y varies from -5 to 5.

Fig. 4.4

Volume, V= ji J3(25-y*)dy
5 2

=2[ V3(25-y")dy

5
=93

y?
25y ——
T3

“lo
= 2\6[125-%)
50043

3
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Example 5
Use the method of slicing to find the volume of solid with semicircular

T T
base definedbyy = 5\/cos x ontheinterval [— - —] The cross-sections

272
of the solid are squares perpendicular to the x-axis with base running
from x-axis to the curve. [Winter 2015]
Solution

The cross-section of the solid is a square with side runs from y = 0 (x-axis) to
y= 5y/cos x.

Length of one side of the square = 5,/cos x

2
Area of cross-section, A = (5 cos x)

=25 cos’ x

. . T . T T
In the given interval [_E’ —} , x varies from —5 to E

Volume, V = | 25cos? xdx

—o [y

T
2
=25J- (1+c;)32x)dx

r
2

25 sin 2x
=—|x+
2 2

- %K%+§]+o} [+sinz =0]

T

EXERCISE 4.1

1. Find the volume of the solid that lies between planes perpendicular to
the y-axis at y = 0 and y = 2. The cross-sections perpendicular to the



4.6 Chapter 4 Applications of Definite Integrals

y-axis are circular disks with diameters running from the y-axis to the

parabola x = /5y7.
[Ans.: 87]

2. Find the volume of the solid that lies between the planes perpendicular
to the x-axis at x = —1 and x = 1. The cross-sections perpendicular to the
x-axis are circular disks whose diameters run from the parabola y = x? to

the parabola y =2 — x2.
Ans.: En
15

4
3. Show that the volume of a sphere of radius r is EEP.

4. Find the volume of the solid whose base is the region bounded between
the curves y = x and y = x?, and whose cross-sections perpendicular to the

Xx-axis are squares.
Ans.: 1
30

5. Find the volume of the solid whose base is a triangle with vertices (0, 0),
(2, 0) and (0, 2) and whose cross-sections perpendicular to the base and
parallel to the y-axis are semicircles.

T
Ans.: —
23]

4.3 LENGTH OF PLANE CURVES

The process of determining the length of an arc of a plane curve is known as rectification
of curves.

4.3.1 Length of Arc in Cartesian Form

We know from differential calculus that for the curve

y=/), 1 Y/
2 i
o_ ) (2] v
ar \\ae | e
The length of the arc of the curve y = f(x) between x = a
and x = b is given by, Ol x=a =25
5= bgdx Fig. 4.5
@ dx

() o
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Similarly, the length of the arc of the curve x = f(y) between y = ¢ and y = d is given

by,

dd
Sy

c dy

2
d
c dy

S =

Example 1

Show that the length of the arc of the curve 4ax = y2 —2a* logz—a
a
y?
from (0, a) to any point (x, y) is given by EP x.
a

2

Solution
4a)c=yz—2azlogl—a2 (D
a
461%22_))—2612 al
dy y a

dx _y a v —a?

d_y_z 2y 2ay

For the required arc, y varies from a to y.

dr 2
Length of the arc, s= jy 1+(d—j dy
a y
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T2 2

... [From Eq. (1)]

Example 2

Find the length of the arc of the curve y = e* from the point (0, 1) to

(1, e).
Solution

For the required arc, x varies from O to 1.

2
Length of the arc AB, 5= J-OI 1+ (d_y) dx

dx
= _[Ol\/l+ez"dx
Putting 1 +e>=7,
2e¥dx =2t dt
t
dx = 7 dt
When x=0, t= \/5
When x=1, t=A+l+e
Vs f
Length of the arc, s=15 t~t2—_ldt
e £ 2141
= ———dt
2 -1

N

: (1+2L)dt
-1
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1+é?

t—1
t+—log—
2 Tt+llp

A 2_ —
=\/1+e2—\/§+l log Ite l—log\/z !
2 Vi+e® +1 V2+1

=m—ﬁ+% log{—(\/m_l)2 —1og{—(\/§_1)2}

1+e* -1 2-1

=+l+é —\/§+log(\/l+e2 —1)—%1og & —log(v2-1)
—J1+& —V2+log(Vi+e? —1)=1-log (V2 -1)

[~ loge*=2loge=2]

Example 3
T
Find the length of the arc of the curve y =log secx fromx=0to X= 3

Solution
y=log secx

dy 1
—_—= -secxtanx =tanx
dx secx

For the required arc, x varies from 0 to %
L3 dv )
Length of the arc, s= J. 3 l+(—y) dx
0 dx

= Jf\/l+tan2 x dx

T
= J03 secx dx
T

= [log(sec x + tan x)|0E

= log(2+\/§)

Example 4

e —1
X

. +1]fmmx: ltox=2.

Find the length of the arc of the curve y= log(
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Solution
e —1
T+ 1

log

=log(e" —1)—log(e" + 1)

x

d_y_ e’ et 2
dx e -1 ée+1 -1

For the required arc, x varies from 1 to 2.

2
Length of the arc, 5= le 1+ (%) dx

- LZ

_[ (ez" 1) +4ezx

Jz(e +1)
I fi_]jx

=log(e’ —e)—loge—e™)

Example 5
Show that the length of the arc of the curve ay* = x* from the origin to

. . . . 8a 9
the point whose abscissa is b is - (HEJ —1].

Solution
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dy 2
2ay— =3x y
e
d_y _ 3x? B 3x? B E x ¥ P
dx 2ay ¥ 2Va !
2a,.]— '
a '
For the arc OP, x varies from O to b. (0] x=b X
b d 2
Length of the arc OP, s = j 1+ (_y) dx
0 dx

J 1+_d" Fig. 4.7

b

2( 9x)2 4a
—| 1+
3 4a 9

0

3

A UL
27 4a

Example 6

X
For the catenary y = ccosh—, prove that the length of the arc s, mea-

c
sured from its vertex to any point (x, y), is

. . X 2 2 2
(i) s = csinh— (i) s“ =y~ —c (iii) s = ctany
C
. y
Solution
@) y= ccoshf
c
P(x,y)
d_y = sinh >
dx C A
For the arc AP, x varies from 0 to x. (0, ¢)

x dv' Y
Length of the arc AP, s= IO 1+(ay) dx

:Jx /1+sinh2 X dx
0 c

Fig. 4.8
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= J.:coshf dx

x

X
csinh —
c

0

LX
= csinh—
c

2 2 12X
i s° =c¢ sinh” —
(ii) .

=¢? (cosh2 X_ l)
c

X
=c?cosh’ == ¢?
¢

_ yz e

(iii) The tangent at point P(x, y) makes an angle y with the x-axis.
dy
tany = —
v dx

. X
=sinh—
c

[From (i)]

[ T W Y

s =ctany

Example 7

2
Prove that the length of the arc of the curve y* = x(l—% x] from the

origin to the point P(x, y) is given by §* = y2 +£x2. Hence, rectify the
3
loop. y

Solution P(x.7)

o 0 NG 0) x
y—\/;(l—f)—xz—gxz
v L -3 13; (-9
dr 2 32 2x Fig. 4.9
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For the arc OP, x varies from O to x.

2
Length of the arc OP, s = J‘; 1+ (%J dx

4.13

2
) ) . 1 . .
The points of intersection of the curve y2 = x(l —gx) and x-axis are obtained as,

2
0= x(l—lx)
3

x=0,3,3and y=0,0, 0

Hence, A: (3, 0) is the point of intersection.

Length of the upper half of the loop = NE) (1 +%) =23

Length of the complete loop = 4+/3
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Example 8

Show that the length of the loop of the curve 9ay* = (x —2a)(x —5a)*
is 4\/§a .

Solution

The points of intersection of the curve 9ay® = (x —2a)(x —5a)* and x-axis are ob-

tained as,

0=(x—2a)(x—>5a)’ 4

x=2a, 5a and y=0, 0
Hence, A: (2a, 0) and B: (54, 0) are the points

of intersection.
9ay* = (x - 2a)(x - 5a)’ Al N/
ay = (-x - a)(-x - a) 0 (261, 0)M5a9 0) X

lSay% =(x—2a)2(x—5a)+ (x - 5a)’

=(x—-5a)(3x—-9a)
dy _ (x—5a)(x—3a)
dx 6ay

For the upper half of the loop, x varies from 2a to 5a.
Length of the loop of the curve, s = 2 (Length of upper half of the loop)

2
=2 1+(d—y) dx
2a dx
_ 2 _ 2
_» 5 1_}_(x Sa) Exz 3a) d
2a 36a”y

Fig. 4.10

_» Sa \/1+ (x=5a)*(x=3a)’
2a 4a(x—2a)(x—5a)

2
_y s N (x—3a)
4a(x—2a)
_ 2
:2"'501 (x a) dx
4a(x—2a)
N x—a
2a 2\/_ x— 2a
sa (x—2a)+a
—dx
f'[ x—2a

\/_J |: x—2a+a(x— 2a)l:|
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15a

_ L‘Z
Ja |3
_ %E Ga)? +2a(3a)2:|
= 2\/§a + Za\/g
= 4\/§a

(x— 2a)% +2a(x—2a)

Example 9

In the evolute 27ay* =4(x—2a)’ of the parabola y* =4ax, show

that the length of the arc from one cusp to the point where it meets the

parabola is 2a(3\/§— 1).

Solution

(i) The points of intersection of the parabola
y* = 4ax withitsevolute 27ay* = 4(x —2a)’
are obtained as,

27a-4ax = 4(x - 2a)’

(8a,V32a)

x’ —6ax’ —15a°x—8a’ =0
(x+a) (x—8a)=0
x=-a, 8a
But x = —a does not lie on the parabola.

x = 8a and y:i@a
Hence, B: (Sa, \/3_261) is the point of intersection.

(8a, —@a)

(ii) The points of intersection of the evolute 27ay” = 4(x—2a)’ with the x-axis are

obtained as,

x=2aandy=0
Hence A: (2a, 0) is the point of intersection.
Now, 27ay* = 4(x—2a)’

3

(x—2a)?

2
N
y__2
dr 3V3a

For the arc AB, x varies from 2a to 8a.

x—2a
3a

3 1
Z(x=24q)? =
2(x a)
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2a

1

= E%{@ay —(3a)2:|

3 3

(3a)’ (3 -1

2
33a
=2a(33-1)

Example 10

Find the length of the parabola x* = 4y which lies inside the circle
X+ y* = 6y.

Solution
The equation of the circle is y

X +y*=6y

X*+y'—6y=0

The centre of the circle is (0, 3) and radius
s 4 B(22.2)
The points of intersection of parabola x> =4y (=22, 2)
and circle x* + y? = Oy are obtained as,

4y+y' =6y

yz 2= o X

Fig. 4.12
y(y=2)=0
y=0, 2

When y=0, x=0

y=2, x= 22
Hence 4: (—2\/5 ,2) and B: (2x/§ ,2) are the points of intersection.

2

Now, x" =4y



4.3 Length of Plane Curves 4.17

b _x
dx 2
For the arc, OB, x varies from 0 to 2\/5 .
Length of the arc OB, s = 2(Length of the arc OB)
\/7 2
=2 1+ (d—yJ dx
0 dx

\/’ 2
—of e g
0 4

ZJONE\/XZ +4 dx
2

:Em%g(ﬁm)
0

=\/§-\/ﬁ+2log(2x/5+\/§ )—2log2
= 2|:\/€+log(\/5+\/§):|

NG

Example 11
Show that the length of the parabola y* = 4ax from the vertex to the end

of the latus rectum is a[\/z+log (1+\/§)} Find the length of the arc
cut off by the line 3y = 8x.

Solution
(1) The points of intersection of the parabola
y?=4ax and its latus rectum x = a are obtained y «—3y=8
as, —
) ) P|(a,2a)
y =4a-a=4a A
y=12a andx=a Y=a
Hence, P: (a, 2a) and Q:(a,—2a) are the
points of intersection. 0 @0) >
2
Now, X = 2
4a
dx _y 0(a, —2a)
dy 2a
y2 =4ax

For the arc OP, y varies from 0 to 2a. .
Fig. 4.13
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2
Length of the arc OP, s= J (dx) dy

S

:—J a\/y2+4a2 dy
2a°0
LY 7t + L rog(y w4

2a

2a|2 o
= LI:a 2av2 +2a log(2a +2a2) - 24’ log Za]
a
_a(J_+1 2a+2aJ_)
2a

= a[ﬁ+log(1+\/§)]

(i) The points of intersection of the parabola y* = 4ax and the line 3y = 8x are obtained

as,
3y
o

Y 8

3a
_22l-0
y(y 2)
9a

3a
=0, — and x=0, —
7= 16
9a

3a) . . . .
Hence, A4: E, 7 is the point of intersection.

For the arc OA, y varies from 0 to 3761

Length of the arc OA, s = %j:;w/yz +4a* dy
a
=i m+—log(y+m)

1 2
=— 3—a 9i+4 > +2a’{log 3—“+,/9i+4a2 —log2a
2qa| 4\ 4 2 4

L

_1[3a5a . 10g(3_a+5_a)_10g2a
2a] 4 2 2 2

3a
2
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2
= L(lSa +2a’ 1og2J
2a\ 8

15
=allog2+—
o2 )

EXERCISE 4.2

1. Find the length of the arc of following curves:
(i) yv= l°g(ta"h§j fromx=1tox=2

(if) 24xy =x*+48 fromx=2tox=4
3

(iii) x=3y?-1fromy=0toy=4
(iv) y=x2-x) fromx=0tox=2

[Ans.: (i) log(e + 1), (i) 7 i) —>— (82482 —1), (iv) ~log (2 + 45 )+ 5
e 6 243 2

2. Find the length of the curve y* =(2x-1)> cut off by the line x = 4.

{Ans.: 1022

27
3. Find the arc of the parabola y* = 4a(a-x) cut off by the y-axis.

[Ans.: a[zﬁ ~log(3-2V2 )J

4. Find the length of the arc of the parabola y?* = 8x cut off by its latus
rectum. Find the length of the arc cut off by the line 3y = 8x

[Ans.: 4[V2 +log(1++2)], Z(logZ +%H

5. Find the length of the arc of the parabola x* = 4ay measured from the
vertex to one extremity of the latus rectum.

[Ans.: log[x +(1+ xz)ﬂ

6. Show that if s is the arc of the curve 9y? = x(3 - x)* measured from the
origin to the point P(x, y), then 3s? = 3y? + 4x>.
7. Find the length of the loop of the curve

(i) 3ay® = x(x-a)
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(i) 9y? = (x+7)(x +4)*
(ifi) 9ay? = x(x —3a)’

(iv) ay? =x*(a-x)

[Ans.: (i) %a, (i) 443, (iii) 4+/3a, (iv) %a}
4.3.2 Length of Arc in Parametric Form

When the equation of the curve is given in y
parametric form x = f,(?), y = f,(£), we have, from
differential calculus,

(T
dt dt dt

The length of the arc of the curve between the
points =7 and ¢ =1, is given by,

2 2 i
S:J.tz (g) +(d_y) i Fig. 4.14
4 dt dt

Example 1

Find the length of the curve x=a(cos @ + 0 sinf), y=a(sin 86— Ocos ),
from 0=0to 0=2m.

Solution

x = a(cosf +0sinH)

dx . .

@Z a(—sin@+sinf+60cosO) =abcos
y=a(sinf—0cosh)

%: a(cos@—cos@+0sinf)=a BOsinb

For the required arc, 6 varies from 0 to2r.

2 2
Length of the curve, 5= J'Ozn (jx_e) + (:_Je’) de

_ jo” J(@6cos6) +(absin6)’do

- aj:”ede
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Example 2
Findthe length of the curve x = ¢° (sin 2 +2cos z) ,y=é’ (cos g —2sin g)

measured from 0 =0 to 0 = 1.

Solution
(sm9+20059)
2 2
dx ( 0 0) ( 0) 5 0
—= sin—+2cos— |+e —cos——sm— =—e coS—
dée 2 2 2 2
(cosg—2smg)
2 2
y (cosg—Zsm—) (——sm——cosg)z—éeesing
de 2 2 2

For the required arc, 6 varies from O to 7.

n dx 2 d 2
Length of the curve S=J.0 (E) +(£) de

=J.”\/§ezg cosz§+£e29 sinzﬁ de
0\ 2 2" 4 2

T |2
= ‘/—Se” de
o\ 4

= %J.:eedG

%(e” 1

Example 3

Find the length of the cycloid from one cusp to the next cusp
x=a(@+sinB), y=a(l—cosB).
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Solution v
x=a(f+sin0H) A B
% =a(l+cos0)
de
y=a(l—cos0)
Y asin@ i 0 arx
de
Fig. 4.15

For the arc OB, x varies from O to arm, hence 6
varies from O to 7.

Length of the arc AB,
s =2 (Length of arc OB)

2 2
=2’ L Y I
o\\de) "\de

= 2_[0” \/a2(1+ cosB)’ +a’sin* 6 d6

= 2ajo” 2(1+cos6) dO

=4a J.”cosg dée

)
=4a|2sin—
0
=8a
Example 4
Find the length of one arc of the cycloid x = a(8—sin0), y = a(l + cos0).
Solution y
_ A
x=a(f-sinf)
% =a(l—cos0)
y=a(l+cos0)
ly ) (0] 2arx X
19~ @sind Fig. 4.16

For the arc AB, x varies from 0 to 2am, hence 6 varies from O to 27.

27 dx 2 d 2
Length of the arc AB, s = jo (@) +(—y) de

de
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- joz”\/az(l—cose)z +a’sin’6 dé

- aj:”\/z—uose 46

= aJ‘MJZQSin2 Qd@
0 2

- zajz”sing d6
0o O

2r

=2al|-2cos—

0
= —4a(cosm —cos0)
=8a

Example 5
Find the length of the tractrix x = a [cos t+logtan (éﬂ y=asint from

t= T 1o any point t.
2

Solution

xX=a |:cost +logtan (%)]

dx . 1 ) 1
—=al|-—sint+ sec’| — |- —
dt (r) 2)2
tan| —
L 2
. 1
=q| —sint+
. t
25sin —Ccos —
2 2
[-ones )
=a|—sint+——
sint
1—sin®
:a( §1n t)
sint
2
_ cos't
sint
y=asint
d
—y=acost

dr
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. . T
For the required arc, ¢ varies from E to f.

Length of the curve, s = J ( ) (dt) dt

cos’
—j \/ 2 Ly a?cos’t dt
sin’ ¢
= aj” costvcot’ t+1 dt
2

= aﬁ cot ¢ dt

2

= a|logsin t|t£
2

=alogsint

Example 6

For the curve x=a(2cost—cos2t), y=a(2sint—sin2t), show that
the length of the arc of the curve measured from t = 0 to the point where
the tangent makes an angle W with the tangent, at t = 0 is given by

2‘//

s=16asin
Solution x=a(2cost—cos2t)

o =a(—2sint+2sin2t) = 2a(sin 2¢ —sint)
t

y=a(2sint —sin2t)
dy
o =a(2cost—2cos2t)=2a(cost —cos2t)

For the required arc, ¢ varies from O to ¢.

Length of the curve, = j ( ) ( dt) dt

= J; \/4a2 [(sin2¢ —sint)* + (cost —cos 2t)* dt

= 2aj; \/2 —2(sin 2¢sint + costcos 2¢) dt
=24 j; 2[1—cos(2t —1)] dr

t
=2aj0 2(1—cos?) dt
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= ZaJt 2-2sin’ L dt
0 2

.t

= 4arsm— dt
0o 2

t

t
=8a|-cos—

0

= Sa(l—cosﬁ

[\
N———

=16asin’

B~

)2
dy _ dr _ 2a(cost—cos2r)

dr  dr  24(sin2¢—sint)

dr
3t .t
~ 2sin—sin— _tanz
B 3 .t 2
2cos—sin—
2 2
Atr=0,y=0, Y _p
dx

Hence, the tangent is x-axis at = 0.

4.25

e

At the point where tangent makes an angle y with the tangent at # = 0, i.e., x-axis, we

get
dy
— =tan
dx v

tan2 =tany
2

Putting ¢ in Eq. (1),
2y

s=16a sin* ==
12

2V

=16a sin
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Example 7

w\t\)

X

Find the total length of the curve (_)

a

[_j =1. Hence, deduce the

total length of the curve x +y3 = a3. Also show that the line 0 = T

2 2 2 .
divides the length of the curve X3 +y3 =a3 in the first quadrant in the
ratio 1:3.

Solution y
(1) The Izarametr;c equations of the curve (0, b)t B g X
xy¥ (y)p . 3
— | +|=| =1 are given by,
a b C
x=acos’@, y=bsin’6 % y
dx (_aa 0) 0 (a9 0) x
— =-3acos’ fsinH
de
dy . 2
—=3b OcosO
10 sin” @ cos (0. —b)
For the arc AB, x varies from a to 0, hence 6
Fig. 4.17

varies from O to z,
2

Total length of the curve, s =4 (Length of the arc AB)

(5] +(65)

= 4_[0E V942 sin? 6 cos* @+ 95* sin* B cos? 6 dO

= lZJ?sinGcosG\/az +(b* —a*)sin> 6 dO

Putting &’ +(b*—a’)sin’ O =1,
2(b* —a*)sin@cosOdO = 2t dt

sinfcosd d = —— dr
b

2
—a

When 6=0, t=a
When ng, t=>b

dt

b t
s =12f to
a -a
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o el

b a3
4 —a*)
- v -d’
_ 4(a* +ab+b*)
a+b

(i) Putting b = a,
2 2 2

2 2 2 4 2+ 2+ 2
Total length of the curve (x* + y3=4a3)= da ta+a) =

2a

6a

2 2 2
3 3 3 . 3
(iii) Length of the curve x3 + y3 =a? in the first quadrant = % =54

Length of the arc AC = J‘O5 3asinfcos6dO

=37a'[0§sin26d9
_3a —cos29§
T2 2 |,
_Ya
3

Length of the arc BC = length of the arc 4B —length of the arc AC

2 8 8
Length of the arc BC _ 1
Length of the arc AC 3

_3a 9a 3a

Example 8
Show that the length of the arc of the curve xsin@ + y cos 6 = f'(0),
xcos @—ysin 6 =f"(0) is given by s = f(0) + f”(6) + C.

Solution
xsin@+ ycosO = f'(0) .. (D)
xcosf—ysin0 = f”(0) ... (2

Multiplying Eq. (1) by sin 8 and (2) by cos 8 and adding,
x=sin6 f(0)+cosO f"(0) ... (3
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Multiplying Eq. (1) by cos 8 and (2) by sin 8 and subtracting,
y=cos8 f(6)-sinb f"(0)

% = cosf f(6)+sin@ f(6)—sind £(6)+cosb £7(6)
=cos@[f"(@)+ f"(O)]

% = cosf f(0)—sin6 f(6)—cosb f"(0)—sinb £7(6)
=—sin@[f"(6)+ /(0]

Length of the arc, s=] (j);) +(§;) de

= [{(cos2 0 +sin> ) [1"(60) + [ (O) 4O
= [1/"@)+1"(6)1d6
=f(@)+f"(0)+C

EXAMPLE 9

Show thatfor the curve 8a’y* = x*(a* — x*), arc length

2\/_

. Tta
one of the loop is —.

V2

(20 + sin O cos ) where x = a sin0 and that the perimeter of

. y
Solution
When x=asin@
84y’ = a’sin’ O(a* —a’ sin® 0)
=qg"*sin’ @cos’ @
@ 0 cosd = - sin20 B A
y =—=sinf cosf = —~=sin -
N W (~a,0) AN @0 x
ﬂ =acos@
de

%z%cosZﬁ
22 Fig. 4.18

For the upper half of the loop OA, x varies

. T
from O to a, hence 0 varies from 0 to E .
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Length of one loop, s = 2(Length of upper half of the loop O4)

"j ( ) (de)de

z 2
= ZJ 2 \/az cos? 0+ cos? 26 do
0 8

= %JOE\/SCOSZ 6+(2cos’ 6-1)* d@

:%JOE\/400546+400529+1 de

a (5 2
=—|%(2cos"@+1)do
1l

a3
=—|%(2+co0s26)db
7l
B sin26|2

2
V2

20 +

== (m)

ma

2

Example 10

Show that the length of one complete wave of the curve y= beos™ is
a

equal to the perimeter of the ellipse whose semi-axes are \|a* + b*> and a.

Solution
(1) y= heos
a
2 = _b sin =
dx a a

X . . .
For one complete wave — varies from 0 to 27 i.e., x varies from O to 27a.
a

27a dy 2
Length of one complete wave, s = J- a dx
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2ra b2
:J. 1/1+—zsin2£ dx
0 a a
1 p27a
= [ Ja* +b?sin* T dr
a-o a

Putting X
a
dx=a dt
When x =0, =0
When x = 27ma, t=2m

1 27 3
s, :—j Na* +b*sin’ ¢ - adt
a 0
2z >
—j a* +b*sin® ¢ dt

) . j f(t)dt_zj () dt
2j Ja* +b7sin> ¢ dr { i Fan— o

=4jf\/a2+b2 sin® ¢ d¢ (1

(ii) Now, parametric equations of the given ellipse are x=+a’+b> cost and
y =asint

dx _ —Ja® +b*sint , Y_ acost
dt dt (0, a)

VA
B
For the arc AB, x varies from +a*+b> / ’\
A
. T X
to 0, hence ¢ varies from O to E \/( Va5 b2 0)
Perimeter of the ellipse,
s, =4 (Length of the arc AB)

e e

Vs
= 4!02 \/(a2 +b%)sin’ t+a” cos’ t dt

:4jf\/a2+b2 sin® ¢ dr ()

From Eqgs (1) and (2),
Length of one complete wave = perimeter of the ellipse.




4.3 Length of Plane Curves 4.31

Example 11
X2 y2
Show that the perimeter of the ellipse —+t5=1 s
a b
s 123, 12325 . o
2ra 1—2—2— a2l el p where e is the eccentricity
of the ellipse.
Solution
The parametric equations of the given ellipse g
are x =acos@ and y=bsiné.
B (0, b)
dx
— =—asin@
do f \A
d_y =hcosl !/(a, 0) x
dée
For the arc AB, x varies from a to 0, hence 6

varies from O to z,
2

Fig. 4.20
Perimeter of the ellipse = 4(Length of the arc AB)

z 2 2
T (B

o y\dé de
= 4!3\/612 sin* @+ b* cos* 6 dO

z =
:4."02\/azsin29+a2(l_ez)COS29de o= 1_a_2

z 1
= 4aj02 (1-€” cos’ )2d6

s (1 )
o1 202
= 451-’-02 1+ 5(_62 cos’ 9)+ T(—e2 cos’ )’

1
(e
+ 232 N2 ) Peos?0) +...|de

3!

=4aF l—lezcosze—Le“cos“O— !
(72 2.4 2.4

e’ cos® 9...)d9
6
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e 3, s o ]

EXERCISE 4.3

1. Find the length of the following curves:
(i) x=a(2cosO + cos20), y =a(2sind + sin26), from 6=0 to any point 6.
(i) x=a(@-sinB), y=a(1-cosh) from 6=0to 6=2r
(iii) x =ae’sing, y =ae’cos from 6=0to 6 =§
(iv) x =log(secH +tanB)—sinf, y =cos@ from 6= 0 to any point 0
(v) x=a(t-tanht), y =asecht from t =0 to any point t.

+b

(vi) x=(a+ b) cos6— bcos (GT ), y=(a+b) sin6— bsin (a+b

0) from

0 = ﬂ) to any point 6.
a

(vii) x = asin20(1+cos26), Y =acos26(1-cos26), from 6 = 0 to any
point 6

Ans.: (i) SGsing, (i) 8a
(iii) v2(e2-Na,  (iv) log seco
ad

(v) log cosh t (vi) ﬂ(a + b)cos[—j
a 2b

(vii) iasin@
3

2. Prove that the loop of the curve x=t2, y=t — %t3 is of length 4/3.
3. Show that the length of the arc of the curve x = a(3 sin6 — sin® 9),

y = a cos*d measured from (0, a) to any point (x, y) is %a(@ +sin@cos6).

4. If ‘s’ be the length of the arc of the curve x = a(6 + sin6 cosf),

y=a(1 +sind)?, measured from the point 6 = —% to a point 6, show that

s* varies as y°.
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4.3.3 Length of Arc in Polar Form

For the curve r = f(6), we have, from differential calculus,

ds ) (dr)z
— = r+| —
de do 9=

V4
2

The length of the arc of the curve r = f(8) between the P

. o (r, 6)
points 6= 6 and 6 = 0, is given by, S
) ; 0.
s—j ’ ( ) dé SN
/- %0\ 6
6=0

Similarly, the length of the arc of the curve 8 = f(r)
between the points » = r and r = r, is given by,

s—J.r2 1+72 d9 dr
1 dr

Example 1
Find the length of the spiral r = €*° from 6 =0 to 6 = 2.
Solution
r=e*
ﬂ =2¢%
do
For the required length of the spiral, 6 varies from O to 2.
2r
Length of the spiral, s = J ( ) de
= JOM Ve +4¢*do
= 5] " edo
29 2r
NG
0
5
— £ (e4il' _ 1)

2
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Example 2

Find the length of the arc of the equiangular spiral r = ae from the
point corresponding to 0 = 0 to the point corresponding to 0 = tan o

Ocota

Solution

For the required arc, 6 varies from O to tan o

2
Length of the arc, 5= J-tam r +(§—;) de
0

tan o
2 2 2 2 2
= JO Va2 1 g% cot? ore?® ™ d6

2 e geoter
=aVl+cot’ af " e’ do
Hcota |BNE

=acosec o

cota 0

— acosec o etanacoto{ _ 1)
cota
=aseca(e—1)

=a(e—1seca

Example 3
Find the length of the cissoid r =2atan08sin0 from 0=01to 0 = %

Solution

r=2atan@sin @
dr y
0 =2a(sec” @sinf+tan @ cos )
=2asin@(sec’ 6 +1)

For the required arc length of the cissoid, 8 varies from 0 to %

z 2
Length of the curve, 5= -[f a +(c(11_;) 4
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=7 J4a® tan® Gsin’ 6 + 4a’ sin” O(sec’ 6 +1)° d@

= Jf\/4a2 sin @(sec’ @ —1+sec’ @+ 2sec’ @ +1)do

= IOX \/4a2 sin” @ sec” @(sec’ O +3) dO

=7 J4a® tan® 6 (tan’ 6+ 4) d@

- jfZatanH\/tanz 0+4d6

Putting tan’ @ +4 =¢>,
2tan@sec’ #dO =2t dt
tdt tde tdt
sec’ @ - 1+tan* @ - -3
When =0, =2

When 9:5) t=+/5
4

tan@ddé =

V5
=2alt +—l =3

23 t+\/—
0y \/—+\/— J5- \/— NG 2—J§]

_2_71 ZTND

RN 2 %0
=2a \/§—2+\/2§log{(\/§_\f)}—log{(2_\/§)}

5— 4-3

=2a >\/§—2+flog(4—\/ﬁ)—1og(7—4\/§)]

Note: Only positive values of 7 are considered since 8 lies in the first quadrant.

Example 4
Find the length of the whole arc of the cardioid r=a(1+cos0) and

show that the upper half is bisected by the line 6 = %
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Solution o=
r=a(l+cosf)

dr
— =—gsinf
6 b

(i) For the arc BACDO, O varies fromOto . ¢

Length of the whole arc of the curve,
s = 2(Length of arc BACDO)

2
=2 r2+(ﬂ)
deé
" .[2 2 )2
_2j0 Ja@* (1+cos ) +(—asin )’ d6

= ZJ:a\/2+Zcost9 dé

= 2J.”a,/2-20052§d<9
0 2
0

= 4aJ”cos—d6
0 2

Il
N
&Q‘
S
N
I
=)

Fig. 4.22

K

=4a|2sin—

0
=8a

Length of the upper half of the cardioid = 4a

(i1) Let @ :% intersects the cardioid at point A.

r
3

=2a

0

Length of the arc, B4 = '[05 2a cosg d@=2a|2 sing

Hence, the upper half of the cardioid is bisected by the line 8 = % .

Example 5

Find the length of the cardioid r =a(1—cos0) lying outside the circle
r=acosf.

Solution

The points of intersection of cardioid » =a(l—cos@) and the circle » =acosé is

obtained as,
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a(l—cos@)=acosl

1=2cosé@
cosd = l
2
ezi%
6=r B
V4
Hence at 4, 9=§
r=a(l—cos@) 2
dr Fig. 4.23
—=asinf

For the arc of the cardioid lying outside the circle, 0 varies from Zior
3

Length of the cardioid lying outside the circle, s = 2 (Length of arc AB)

_2j r +(d9) a6

=2[; Ja* (1-c0s6)’ +(asin )’ do
3

= 2_[Za\/2—20056’ dé

_2j a,|2-2sin’ —d9

—4aJ sin— dt9

Va

Example 6

Show that the length of the arc of that part of cardioid r = a(1+cos0)
which lies on the side of the line 4r =3asecO away from the pole is
4a.
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Solution

The points of intersection of cardioid
r=a (1+cosf) and the line 4r=3asecO are
obtained as,

a (1+cos6’)=:%a secd

4 (I+cos@)cos@ =3
4cos@+4cos’@-3=0
(2cos@+3)(2cos@-1)=0

1 -3
cosf = 5 and cos@ = > (does not exist)

)

Il

H+
WY

Hence at A, @ = %

r=a (1+coséf)

i =—asin@
de

For the arc BA, 0 varies from O to %

Length of the arc CBA, s =2 (length of arc BA)

(2a,0) g=0
74 4r=3asec 6

C
Fig. 4.24

=27 Ja* (1+cos8) +(-asing)’ d@

= ZJEa\/2+2cos¢9 do

—2J a1[2 2cos’ —d6?

=4a j cos—dé’

7[

o

=4a|2sin—

0

=4a
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Example 7
) . 30
Find the total length of the curve r = asin’ 3
o=2%
Solution 2
r=asin’ g B
A
ﬂ a-3sin? gcosg l
e 373 3 ¢ 0 =0
. 0
=asin” —CcoSs—
3 3
. 3 D
For the arc OABCD, 6 varies from 0 to =—,
2 Fig. 4.25

Length of the curve =2 (Length of the arc O4ABCD)

Example 8
Find the perimeter of the lemniscate r* = a* cos26.

Solution 2 = 4 c0s 20

2ri =a’(-sin26)-2
do

2
i = —a—sinZH
do r

For the arc OBA, 0 varies from 0 to %
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Perimeter of the curve

= 4 (Length of the arc OBA)

—4j r +(:9) e

z 2
= 4I4Ja2 cos26+a—2sin2 26 d6
0 r

z 4
- 4j4\/a200526+a—zsin2 20 do

v
—4j \/a 00526’+a sin” 26

46 Fig. 4.26
a® cos26
J V a“ cos 26’
=4a
‘[0 \Jcos 29
Putting 260 =t,
2d6 =dt
When 0=0, =0
When 6 = Z’ = Z
4 2
Perimeter of the curve = —J d
cost

-1

= 2a.[ sin’ 7-(cos 1) 2 dt

= aB(l, l)
2 4
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V.4
sin—
4
—1 2
a\/; Z
- [IZ T—n=—2 ]
2 sinnzw
—\2
_a |t
Ny AL

Example 9

2
Show that for the parabola “4 —1+cos 0, the arc intercepted between
r

the vertex and the extremity of the latus rectum is a [\/5 +log(1+ ﬁ )]

Solution
=1L
. . T =7
The latus rectum is the line @ = —.
2 —{B
2a
—=1+cosé
B
_2a  2a —asecza o I
1+cos@ 7 cos? =0
cos” —
d
—rzaseczg“[ang —
de 2 2
Fig. 4.27

For the arc AB, 0 varies from 0O to %

7 ar Y
Length of the arc AB, s= .[02 P+ (@) dée

= Jz\/az sec* §+ a’ sec? gtanz 9 deo
0 2 2 2

= J‘Eczsec2 §1/1+tan2 9 de
0 2 2
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Putting tang =t,

lsec2 Qd& = dt, sec? gd<9 =2dr
2 2 2

When 0=0, (=0
T
When ‘9:5: r=1

s = J;Zamdl
%\/ﬁJr%log(tan)
= 2a[%x/§+%log(l+x/§):|

= al:\/Z+log(l+\/§)]

1

=2a

0

Example 10

Show that the whole length of the limacon r = acos 8 + b (a < b) is equal
to that of an ellipse whose semi-axes are equal in length to the maximum
and minimum radii vectors of the limacon.

Solution
r=acos@+b 0=
B

i =—asin@
de
0= =0
For the arc ABC, 0 varies from O to 7. T C A
(b-a, 0) o (b+a,0)
Whole length of the limacon
= 2(length of the arc ABC)
2
=2 |r*+ (i) 6
0 do

= 2jo”J(a cos@+b) +(~asin@)* d@

T
2

Fig. 4.28

=2j:\/a2+b2+2abcos0 de (D)

Maximum radius vector of the limacon = a(l)+b=5b+a

[ Maximum value of cos@ = 1]
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Minimum radius vector of the limacon = a(-1)+b=b—a
[ Minimum value of cosf = — ]
The parametric equations of the ellipse with above g X
radii vectors as semi-axes are given as Po=7
x=(b+a)cos@ and y=(b—a)sind
dx

T —(b+a)siné

=(b—-a)cosl
6 9 =(b-a)
For the arc AB, 0 varies from 0 to —

T
N

Whole length of the ellipse = 4(length of the arc AB)

PR

—4j0J (b+a)sin O +[(b—a)cosOT d@

Fig. 4.29

= 4[> (a> +b* +2absin’ 6~ 2abcos 6) 46

2 2 2 _
= 4[> (&> +b* —2abcos 26) dO
Putting 20 =1,
d9=4
2
When 0=0, t=0
When 0 =%, t=m

Whole length of the ellipse = zjﬂJa +b* —2abcost dt

= ZJ-O”\/a2 +b° —2abcos( —t) dt

= 2Jj\/g2 +b* +2abcost dt

From Egs. (1) and (2)

[ [lrac=["ra-x dx:|

. (2
Whole length of the limacon = Whole length of the ellipse
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Example 11

Find the length of the arc of the hyperbolic spiral r@ = a from the point
r=ator="2a.

Solution

ré=a

r%—ke 0
dr

2 doy
Length of the arc, 5= J. 1+ (d_) dr
a r

[V ar

2
=Iz «’1+a—2dr
a r

J-Za r +d’

Putting Pryat =12,
tdt

2

2rdr=2tdt, dr =
*—a
When r=a, tzaﬁ

When r= 2a7 t= a\/g
a5t tdt

af\/i\/—

_J-aﬁt —d*+d’

dt
2 g

a5 d
- J de+ J.a\f £ t

aﬁ
a5

_lt“[+2a

log ——
gt+a

o3

=a(V5- f)+—[ S 2_“}

a\/_+a 2+a

([ \/_)+—[log\/_ ! lgﬁ_l]

f 1 V2 +1
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:a(ﬁ_ﬁ)gmg’[ﬁ—l)(ﬁﬂﬂ

5+1)\V2-1
| _ V2 +1 ’
=a(\/§—\/§)+£10g S 2( )
2 (V5] 27T
2(V2+1)
= a(\5-2)+alog )
a( ) o8 J5+1
EXERCISE 4.4
1. Find the perimeter of the following curves:
(i) r=acosé (i) r=a@* -1
(iil) r=acos’ (gj V) 1= ge™
V) r=ab Vi) r= aseczg
(Vi) r=4sin’@
Ans.:
(i) ma (i1) 8?0
(iiiy 374 i) (r, =)™
2 2V m
) %[9\/1+ 67 +sinh” 9] (vi) 2a[¥2 +log(+2 +1)]
4
(vii) 8+ ——log(/3 +2)
i V3 ]
2. Find the perimeter of the cardioid r = a(1-cos®d) and prove that the line

0= ZTE bisects the upper half of the cardioid.

[Ans.: 8a]
3. Find the length of the cardioid r = a(1+ cos#) which lies outside the circle

r+acosé =0.
[Ans.:%/%]

4. Prove that the length of the spiral r = ae’* as r increases fromr, tor,
is given by (r, —r,)seca.
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5. Find the length of the cardioid r =a(1-cosf) lying inside the circle

r =acoso.
[Ans.: 8a(1 —?)

6. Find the length of the spiral r =ae™ lying inside the circle r = a.

[Ans.:i 1+ m?
m

7. Find the length of the arc of parabola £=1+cose cut off by its latus
r

rectum.

[Ans. 1[V2 +log(1 +«/5)]]

4.4 AREA OF SURFACE OF SOLID OF REVOLUTION

Let y = f (x) be a curve included between two lines x = @ and x = b. Let P(x, y) be any
point on the curve. When the chord PQ is revolved about the x-axis, a solid of revolution
is generated. The elementary surface area J S is

approximately equal to the circumference of the p/—Vr=/()
circle multiplied by the PQ. pQ
A
0S=2nyPQ=2myds
The total surface area of the solid of revolution
about x-axis is given by,
X=a x=b o

S = [2zyds 0

Fig. 4.30

4.4.1 Area of Surface of Solid of Revolution in
Cartesian Form

Area of surface generated by revolving the arc of the curve y = f (x) about the x-axis
is given by,
s=|"2myds

:J:ZHy%dx

b d 2
= [ 2ny 1+(—y) dx
TN e
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Similarly, the area of the surface generated by revolving the arc of the curve x = f(y)
about y-axis is given by,

§=|"2mxds

=J‘d2n’x£dy
¢ dy

=J‘:127tx /1+(%J2dy
Example 1

Find the area of the surface of revolution generated by revolving the
curve x =y fromy=0toy=2.

Solution
y
x=y & 3y
b A(8,2)
2
& =1+9y*
dy dy
The area of the surface is generated by revolving the 0 x
region about the y-axis. For the region shown, y varies Fig. 4.31
from O to 2.
Surface area, S = J ’ 27rx£dy
0 dy
_[? 3 4
= .[0 2y 14+9y " dy
_ 2T 90 (36
=5 ), 0+ 97 36y
2
3
m |(1+9y*)> u S
_FUPy ) dy =L
s 3 Jrorrmey ="
2 0

=%(145\/E—1)
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Example 2
Find the area of the surface of revolution of the solid generated by
2 72
revolving the ellipse f—6 +2 =1 about the x-axis.
Solution
LY y
16 4
2 2l 50,2
16 4 dx
d__x / \g\A .
dx 4y (—4,0>\<y<4,0)
2
& _ (& 0.-2)
dx dx
= 1+ x Fig. 4.32
16)°

Vx> +16y°

4y
The area of the surface of solid is generated by revolving the upper half of the ellipse
about the x-axis. For the region above the x-axis, x varies from —4 to 4. Due to
symmetry about the y-axis, considering the region in the first quadrant where x varies

from O to 4,

Surface area, S = 2j04 2ny % dx

’ 2 16 2
=4]‘[J‘04y¥dx
y
- 71:_[4\/x2 +64—dx’dx
0

4 8 2
=7T\/§J‘0 (ﬁ) _xzdx
B Y (O Y S N

2\ 3 2 3 8
=71:\/§[21/6—34—16+%sin1§:|

s+

4

0
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Example 3

The part of the parabola y* = 4ax cut off by the latus rectum revolves
about the tangent at the vertex. Find the surface area of the revolution.

Solution
The points of intersection of the parabola y* = 4ax and its latus rectum x = a are obtained
as,

y'=4a.a=4a> Y )
= + =
y=x2aand x=a @ 2a)
Hence, A: (a, 2a) and B: (a, —2a) are the points
of intersection.
2 C
Y
N =<
oW, = 0 (a, 0) x
& _2y_y
dy 4a 2a (a.-2a)
2 B\

ds dx

— = (14| =

dy dy Fig. 4.33

2
4a

The surface area is generated by revolving the region about the tangent at the vertex
i.e., y-axis. For the region shown, y varies from —2a to 2a. Due to symmetry about
x-axis, considering the region in the first quadrant where y varies from 0 to 2a,

Surface area, §= 2J~02a an?dy
y

2

2
. 2a y y
=2 0 21— 1+de

4a a
Putting y=2atan 0,
dy =2a sec’0 dO
When y=0,0=0
When y=2a, 0 = %

To42 . 2
S = 47r_[04 4a;iexllJr tan’ 0 2asec’ 0d6O
a

= 87razjoZ tan” Osec’ dO

= 87ta2J.01 (sec’ @ —sec’ 6)dO
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=8na’ ltanOsec3 9+§tan9sec6+%log(sec€+ tan )

1 1 4
——tanOsecO ——log(sec O+ tan O) )
2 2 0

[Using reduction formula]
2| 1 3 3 1 1
=87a"| S 2V2 + 22+ Zlog(V2 +1) - —v2 —~log(v2 +1)
4 8 8 2 2
a’ [3\/5—10g(\/§+1):|

Example 4
Find the surface area generated by revolving the loop of the curve
9ay* =x(3a —x)? about the x-axis.

Solution

The points of intersection of the curve 9ay® = x(3a — x)* and x-axis are obtained as,
0=x3a - x)?
x=0,3a,3¢ and y=0,0,0 y

Hence, A : (3a, 0) is the point of intersection.

Now, 9ay® = x(3a—x)’

l8ayd—y =Ba-x)*-2x(3a—x) /A
dx @] 3a,0) x
dy _ (Ba—x)* =2x(3a—x)

dx 18ay
_ @Ba-x)a-x)
Fig. 4.34
EZ . d_y 2 18
dx
1_'_(341 x)*(a—x)*
364y’
36a’y* +(3a — x) (a—x)
36a’y

= —J4ax(3a %) +Ba—-x)*(a—x)
6ay
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= L (Ba—-x)*(a+x)’
6ay

_ @Ba-x)a+x)
6ay
The surface area is generated by revolving the loop about the x-axis. For the loop,
x varies from 0 to 3a.

a ds
Surface area, S = j: 27ryadx

=2ﬂj‘:ay'(3a—;c)(a+x)dx
ay
T (3a
=— 3a’ +2ax—x*)dx
¢ )

33a

T X
=—3a’x+ax’ —=—

a 0

=3ra’

Example 5

Find the area of the surface of revolution of a quadrant of a circular arc
as obtained by revolving it about a tangent at one of its ends.

Solution
Let x> + y? = @’ be the equation of the circle and let AC be the tangent at A.

x2+y2=a2
2x+2yd—y=0
dx
Y__x
dx
2 2
& _ 1+(d—y) = [1+= &
dx dx y
x’+y' a

The surface area is generated by revolving the quadrant of circular arc APB about
the line AC. If P(x, y) is any point on the circle, the distance of P from the tangent at
A = a — x. For the region shown, x varies from 0 to a.

Surface area, S = j: 2r(a— x)%dx
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a a
=27rj0 (a—x);dx

a a—Xx
= 27raj0 —T — dx

a a X
:2ﬂajo(\/az_x2 _\/az_xz ]dx

= 27raj:|: za - +%(a2 —x)_71 (—2x):|dx

a —Xx

n+l1

“ { [Lreor feodx = M}

X
1 2 2
—+\a —x
a

:27ra(a£—a)
2

=na’(r-2)

=2ralasin”

0

EXERCISE 4.5

1.

Find the surface area of the solid generated by revolving the arc of the
parabola y? = 4ax bounded by its latus rectum about the x-axis.

{Ans.: %n(zﬁ —1)}

Find the area of the curved surface generated when one loop of the curve
x2(a* — x*) = 8a*y? is revolved about the x-axis.
2
[Ans.: ﬂ}
4

Prove that the surface area of the solid obtained by revolving the ellipse

b*x? + a’y* = a*b?* about the x-axis is Znab[\ﬂ—ez +(1)sin‘1 e}, e being
the eccentricity of the ellipse. €

Show that the surface area of the solid obtained by revolving
the arc of the curve y = sin x from x = 0 to x = 7 about the x-axis is

r’ [\/E +log(x/§+1)]

Show that the area of the surface formed by rotating the curve y? = x3
from x = 0 to x = 4 about the y-axis is 112?7; (1+125\/ﬁ) .




4.4 Area of Surface of Solid of Revolution 4.53

6. Find the area of the curved surface of the cup formed by the revolution of
the smaller part of the parabola y? = 4ax cut off by the line x = 3a about

its axis.
{Ans.: ﬁ7raz}
3

7. The arc of the parabola y? = 4ax between its vertex and an extremity of its
latus rectum revolves about its axis. Find the surface area traced out.

[Ans.: g(zﬁ —1)%02}

8. The arc of the curve a?y = x* between x = 0 and x = a is revolved about the
x-axis. Find the area of the surface so generated.

[Ans.: ra’ (10v10 —1)}

27

9. Find the surface area of the solid formed by the revolution of the loop of
the curve 3ay? = x (x — a)? about the x-axis.
2
[Ans.: nd }
3

10.Find the surface area of the solid generated by revolving the area bounded
by the circle x? + y* = a* about the line y = a.

[Ans.: 472a?]

4.4.2 Area of Surface of Solid of Revolution in
Parametric Form

When the equation of the curve is given in parametric form x = f,(¢), y = f(t) with
t, <t<t, the area of surface of solid of revolution about the x-axis is given by,

5} ds
S = Jtl Zﬂyadt

: e (dyY’
=["2my || Z| +[ 2] ar
4 dt dr
Similarly, the area of surface of solid of revolution about the y-axis is given by,

s=["2mxEa
w e

2 2
=" 27x (9) +(d—y) dt
4 dt dt
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Example 1
Prove that the surface generated by the revolution of the tractrix

1 t . . .
x=acost+—alog tan’ —, y=asint about its asymptote is equal to

the surface of the radius a.

YA
Solution y
1 p (0, a)
x=acost+—alogtan® —
2 2
. St 1
— =—gsint+a- sec’ —-—
dr t 22
tanE 0] X
. a
=—asmt+—
sin¢
_acos’t B¢(0,-a)
sint v
y =asint Fig. 4.36
d
Y acost
dr

- [ET 6]
dr dr dr

a*cos’t ,
=\ +a cos ¢t
sm” ¢

_acost

sint
The surface area is generated by revolving the tractrix about its asymptote, i.e., x-axis.

For the region shown, x varies from —eo to oo, hence ¢ varies from 0 to m. Due to
symmetry about the y-axis, considering the region in the second quadrant where ¢

. T
varies from O to 5,

Surface area, S= 2.’? 2@% dt

acost

V2
= 4ﬂj02 asint-——dt

sint

i

= 47[(12‘[05 costdt

E
= 47’ |sint|?

=47xa*



4.4 Area of Surface of Solid of Revolution 4.55

Example 2

Find the surface area of the solid generated by revolving the astroid
2 2 2

x3 +y3 =a3 about the x-axis.

Solution 9= X
The parametric equations of the astroid
are B} (0, a)
x=acos’ 6, y=asin’ @
dx _ —3a cos*8 sind,
de
dy o o « 6=0
T 3a sin“@ cosé (~a, 0) 0 A, 0)

ds )Y (dyY
— — | +] ==
de de de
=942 cos* @sin? @ + 94> sin* @ cos? 6

=3asind cos @

(0, a)

Fig. 4.37

The surface area is generated by revolving the upper half of the astroid about the
x axis. For the region shown, x varies from —a to a, hence 6 varies from 7 to 0. Due
to symmetry about the y-axis, considering the region in the first quadrant, where

0 varies from 0 to %,
z ds
Surface area, S=2|22xy—d6&
Jo ﬂydg

= 47[J‘05a sin® @-3asin @ cos8d6

= 12ﬂazjfsin4 Hdcosfdo
in’ % n+1
0 n+1
= Eﬂaz
5

Example 3

Find the surface area of the solid formed by revolving one arch of the
cycloid x =a(0—sin0), y=a(l—cos@) about the y-axis.
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Solution
x=a(0—sin0)
y
% =a(l—-cos®)
y=a(l—cosf)
:11—); =asinf 5 2o 0)
_ am 0) x
- - =0 6=2r
g _ (ﬂ) +(d_y) Fig. 4.38
de de de

= Ja*(1-cosB) +d*sin* @
=/2a’(1-cos8)
= 2asing

2

The surface area is generated by revolving one arch of the curve about the y-axis. For
the region shown, 6 varies from O to 27.

Surface area, S = J.M 27rx£d¢9
0 de
2 . .0
= 27ZJ a(@—sinf)2asin—dé
0 2

=4zxa I (6’ smg —2sin? gcosg)dﬁ
2 2 2

2z

= 4ra’ |:¢9(—2 cosg) -1 (—4 sin EJ:| —isin3 9
2 2)] 37 2,
[ i@ rono-LOL }
=4ra*(4m)
=l6r*ad®
Example 4

A circular arc of radius a revolves round its chord. Show that the surface
of the spindle generated is 47 a*(sin &t — ot cos @), where 2ais the angle
subtended by the arc at the centre. Find the surface area if the circular
arc is a quadrant of circle.
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Solution
Taking the centre of the circle as origin and radius as a, the equation of the circle is x? +
y* + a*. The parametric equations of the circle are:

Xx=acosd, y=asinf

£= —asind, d_y =acosd
dé de

ds _ (3) . (d_y)
dé dé dé
=Jd*sin*@+d*cos’ @ = a
The arc ACB is revolved about the chord AB.
If P(x, y) is any point on the circle and M

is the foot of perpendicular from P on AB,
then

PM =ON -0L Fig. 4.39
=x—acoso

For the region shown, 6 varies from —o to ¢. Due to symmetry about the x-axis, consider-
ing the region in the first quadrant where 6 varies from O to ¢,

Surface area, S = 2J0a 27 (PM) % dé

- 4;;]0“();— acosa)ad@
= 47raJ.0a (acos@—acosar)dd
=dzxa’ |sin 6 —6cos 0/|Z
=47a’(sin —  cos @)
When circular arc is quadrant of a circle, o = %
f 1 7«1
S =4rna (E _ZE)

ra’

= \/5(4_7[)

Example 5

Show that the total surface area of the solid generated by the revolution

1-¢* 1+

¢ log—e], where a
2e I-e

of an ellipse about its minor axis is 2mwa* [1 +

is the semi-major axis and e is the eccentricity.
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Solution
The parametric equations of the ellipse are, y
X =acosé, y=bsin@ B| (0, b)
ﬂ=—asin¢9, d—y=b0056 4
de de (-a, 0)\0+/(a, 0) x
E_ (K)Z—F(d_y)Z (0,_b)
=a’sin’ @+5 cos> @

The surface area of the solid is generated by the revolution of the ellipse about its minor

axis. For the region shown, y varies from —b to b, hence 6 varies from —— to —. Due

to symmetry about x-axis, considering the region in the first quadrant where 6 varies

from O to r s
2
Surface area, S = 2j?2ﬁx£d9
0 de
= 47rjfacos OJa? sin® 6+ b* cos® 6 d@
= 4mj05 cosO/a’ sin” 6+b*(1—sin> ) d@
z bZ
= 4aﬂ'_[02 cosOVb> +a’e* sin* 6 do wheree=,/1-—
a
Putting sinf =t
cos@df =dr

When =0, =0
When 6= % t=1

S= 4aﬂ'.[01 b* +a*etde

1 b 2
= 4a7r~aej0 £ +(—) dt

ae

L,/t2+i+ilo t+1/t2+i
2 a*e®  24%e’ & a*e’
0

1 b’ 1 b’ b
= 4na’e| —a’e’ +b° + log|[ 1+ —\/a’e* +b* |- log—
¢ e[z ae 2a*e? o8 ae @ 2a°¢* o8

1

=4ra’e

ae
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ae ae

1 b? b? b —
=47m2€{2—-a+Tlog(l+i)—W10g—:| ['.'bza 1—62]

=2ﬂ[a2+51 “<1+e>]
e b
=27z’(a2+%logt—2) ['.'b=a\/1—ez]
—27m2(l+1 < ”—e)
e 1-e
EXERCISE 4.6

1.

Find the surface area of the reel formed by the revolution of the
cycloid x=a(6 +sind), y = a(1 —cosO ) about (i) the tangent at the vertex,
(ii) y-axis, and (iii) base.

{Ans.: (i) %fmz, (i) 47[02(2ﬂ' —%), (iif) %fmz}

Find the surface area of the solid generated by the revolution of the loop
3

t
of the curve x =t%,y = t—? about x-axis.
[Ans.: 37]

Show that the area of the surface of the solid generated by revolving the
curve x = a(u—tanhu), vy = asechu, about the x-axis is equal to the area
of the surface of a sphere of radius a.

Find the area of the surface of revolution generated by revolving the
cardioid x = 2cos6 — cos26, y = 2sin6 — sin26, about the x-axis.

{Ans.: @}

5
Find the area of the surface generated by revolving the curve x = 3t(t - 2),

3
Y =8t with 0 < t < 1 about the y-axis.
[Ans.: 397

Find the area of the surface generated by revolving the curve x = acos’t,

y =asin*t about x-axis.
|:AnS.! 12—”5{2}
5
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7. Show that the ratio of the areas of the surface formed by revolving the arch
of the cycloid x =a(@ +sind), y =a(1+cosd) between two consecutive
cusps about the x-axis to the area enclosed by the cycloid and x-axis is
64

5"

4.4.3 Area of Surface of Solid of Revolution in Polar Form

For the curve » = f(6), bounded between the radii vectors at 6= 6, and 6= 0, the area
of surface of the solid of revolution about the initial line 6= 0 is given by,

o, ds
S:J‘BI 2my-do

0 darY
:J *27rsin O r2+(—) de
6, de

Similarly, the area of surface of solid of revolution about the line g = % is given by,

s=| % nx L e
6, do

0 drY
=j “2mrcosd, | +| — | de
6, do

Example 1
6

The curve r=e? is revolved about the initial line. Prove that the area

of surface of revolution traced out by the part between the points 6 = 0
and 6 = wis equal to E\/g(e” +1).
2

Solution
I’
r=e?
dr_17%
de 2

2 4
ds _ m(z) _ o Lo 53
dé dé 4 2

The surface area is generated by revolving the curve about the initial line. For the
region shown, 6 varies from O to 7.
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ds

Surface area, S= JO 270}@ de

:j”z;zr sin0 L qg
0 de
I’ U
= 272'j e? sinﬁﬁez dée
0 2
=7r\/§_[:e‘9 sind do

=5

T

o
%(sin 0 —cos8)

0

=%\E(e”+1).

Example 2

Find the area of the surface of the solid generated by revolving upper
half of the cardioid r = a(1—cos@) about the initial line.

. -z
Solution 0=
r=a(l—cos@)
£=asin6’
O=r 0 6=0
ds , (dr )2
— = |re+| —
de de
= Ja*(1-cosH) +d*sin’ @ Fig. 4.41

2 2
= az(ZSin2 QJ +a2(2sin£cos£)
2 2 2
= ‘/4a2 sin® Q
2

=2a sing
2

The area of the surface of the solid is generated by revolving the upper half of the
cardioid about the initial line 6 = 0. For the region shown, 6 varies from O to 7.

Surface area, S= f: 27@/% de
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:J-”27zrsin9£d9
0 de
(7 ... 0
:4ﬂaj (1-cos@)sinfsin—db
0 2

=4ra J- (2sm g)(2singcosg)sin£d¢9
2 2 2 2
= 167mzj”sin4 gcosgdﬁ
0 2 2

= 32ﬂa2J: sin* g . %cos gdﬁ

sin® —

=327a’

[ Jurey r@ao-U O ]

Example 3

The arc of cardioid r = a(l1+cos@) included between 6 = —g o T

. . /4
is rotated about the line @ ==. Show that the area of the surface

. 4842
generated is 82 na’.
5 g I
Solution 2
r=a(l+cosB) '/_\
dr .
— =—gsin@ 0O J 90
ds ( dr )
—= [+
d9 de Fig. 4.42

= \/a2(1+ cosB)’ +a’sin’ O

2 2
=.ld’ 200529 +a* 2singcosg
2 2 2
= /4a20052Q
2

=2a cosg
2
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The area of the surface is generated by revolving the cardioid about the line 6 = 2

For the region shown, 6 varies from —% to g Due to symmetry about the initial line
considering the region in the first quadrant where 6 varies from 0 to % ,
z ds
Surface area, s=2[22zy—do
0 doe
z ds
=2[*27rcos6-—do
0 do
23 0
=8na JOZ (1+cos@)cosécos 5 dé

T

= Sﬂazjf (2 cos’ g) (1 —2sin’ %) cos g de

:87[a2.[52 l—sin2€ 1—2sinzz cosgde
0 2 2 2

Putting sing =1,
2
—COSgd9=dl‘
2
When =0, t=0
V.4 1
When 0=—, t=—
2 V2

§=32 ;mzjf (1—2)(1-2¢%)dt

= 327m2jf(1—312 +26%)drt

s
2

2
=2ratlt-£+=¢
5 0
1 1 2 1
=321 = —— = ——
[\/5 NP 4\/5}
482,
=T7£a

Example 4
Find the surface area of the solid formed by the revolution of the loop

about the tangent at the pole of the curve r* = a* cos26.
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Solution
r* =a’ cos26

2r£ =-24%sin 20
do

dr a*sin26
dé a~/cos 26
sin 26

\cos26

ds R (dr)z
—= 4| —
de de

= \/a200526’+a

, sin” 26
cos 26

a® cos® 26 +a’ sin* 26

cos26

a

\Jcos26

_ T
6=
_ T
0="
M
«—rsin(Z_g)
Y 4
7 -6 P(r,8)
o
D 0=0
__
O=—7%
Fig. 4.43

The surface area is formed by the revolution of the loop about the tangent at the pole

ie., 0= % If P(r, 0) is any point on the curve, its distance from the line 6 =% is

NG

1 . . .
rsin (%—QJ, i.e., —=r(cos@ —sin ). For the region shown, 6 varies from —% to

2 Due to symmetry about the initial line, considering the region in the first quadrant

. /4
where 6 varies from 0 to Z s

z 1 .
Surface area, S = 2.[04 27 —2 r(cos@ —sin9) % de

Ar o
= TZL“ a~/cos 26 (cos & —sin )

= 2\/§;m2jf(cose —sin)dé

= 2\/§7m2|sint9+cos6’|0%
=2/27a*(J2 -1)

7

a
—de
\cos26
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EXERCISE 4.7

1. Find the area of the surface of the solid generated by revolving the curve

r* =a’cos26 about the initial line.
1
Ans.: 47a% (1 — —]
{ NG

2. Find the area of the surface of the solid generated by revolving the curve
r=2acos6 about the initial line.

[Ans.: 47za2:|

3. Find the area of the surface of the solid generated by revolving the curve
r=4cos6 about the initial line.
[Ans.: 167]

Points to Remember

Volume Using Cross-sections
The volume of a solid of known integrable cross-section area A(x) formed by a plane

perpendicular to the x-axis at any point between x = a to x = b is
b
V= j A(x)dx

If the cross-section A(y) is perpendicular to the y-axis at any point between
y =cto y=d, then the volume of the solid is

V=" a0y

Length of Plain Curves
Length of Arc

(1) Cartesian form

b dy 2
(a) s=L 1+(a)dx

(b) s:_[j 1+[%) dy

(i1) Parametric form

2 2
= (&) + (L) w
f dr dr
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(iii) Polar form
2
6, 2 dl"
= +|— | dé
(@ s Ll r (d@)

2
(b) s= J: 1+7° (i—f) dr

Area of Surface of Solid of Revolution
(i) Cartesian form

b d 2
(a) S= L 27y, |1+ (ay) dx (revolution about x-axis)

d dx ' . .
(b) §= L 27x, |1+ @ dy (revolution about y-axis)

(i1) Parametric form

, ) (dyY
(a) S= J,IZ 2y (5) +(d—J;) dt (revolution about x-axis)

: ) (dyY
(b) S= J.tlz 27x (E) +(d_);) dt (revolution about y-axis)

(iii) Polar form

6 . , [ dr ’ .
(a) S= J.g1 27zrsin@, [r~ + @ d@ (revolution about 6 = 0)

2
(b) §= .[: 27rcos /rz + (j;) de (revolution about 6 = %)

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

1. The length of the arc of the curve y =logsec x fromx=0tox = % is

(a) log(2++/3) (b) log (/2 +3)
(© log(¥2+1) (d) log (V3 +1)
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2

(x’+2)}
2. The length of the curve y = R fromx=0tox=31is
(a) 10 (b) 12 (c) 3 (d) 6r
3. The whole length of the curve r = 2asin 0 is equal to
(a) ma (b) 2ma (c) 37a (d) 4ma
4. The length of the arc of the curve 6xy = x*+ 3 fromx=1tox=21is
(a) E (b) H (c) Q (d) none of these
12 12 12

5. The arc of the sine curve y = sin x from x = 0 to x = 7w revolved about the x-axis.
The area of the surface of the solid generated is

@ 27[V2 +log(N2+1)] () 23L2[J5+1og(ﬁ+1)]

© %[\/5 tlog(W2 4] @) %[\/5+10g(\/§+1)]

6. The area of the surface of the solid generated by revolving the curve
r = 2acos 0 about the initial line is

(a) 2ma? (b) 47a? (¢) ma® (d) 8ma?

7. The area of the surface of the solid generated by revolving the curve
x=7F£-3t,y=30<t<1 about the x-axis is

40r 24r 36 487
W s 9 @5

8. The area of the surface of the solid generated by the revolution of the line
segment y = 2x from x = 0 to x = 2 about the x-axis is equal to

(@) 75 (b) 275 () 475 (d) 875

Answers

1. (a) 2. (b) 3.(b) 4. (b) 5.(a) 6. (b) 7.(d) 8. (d)
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Sequences
and Series

Chapter Outline

5.1 Introduction
5.2 Sequence
5.3 Infinite Series
5.4 The n™ Term Test for Divergence
5.5 Geometric Series
5.6 Telescoping Series
5.7 Combining Series
5.8 Harmonic Series
5.9 p-Series
5.10 Comparison Test
5.11 D’Alembert’s Ratio Test
5.12 Raabe’s Test
5.13 Cauchy’s Root Test
5.14 Cauchy’s Integral Test
5.15 Alternating Series
5.16 Absolute and Conditional Convergent of a Series
5.17 Power Series

5.1 INTRODUCTION

In this chapter, we will learn about the convergence and divergence of sequence and
series. There are various methods to test the convergence and divergence of an infinite
series. We will study Comparison Test, D’ Alembert’s ratio test, Cauchy’s root test
and Cauchy’s integral test. We will also study alternating series, absolute and uniform
convergence of the series and power series.
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5.2 SEQUENCE

An ordered set of real numbers as u;, u,, us, ........ Uny o..... is called a sequence and
is denoted by {u,}. If the number of terms in a sequence is infinite, it is said to be an
infinite sequence, otherwise it is a finite sequence and u, is called the n™ term of the
sequence.

5.2.1 Limit of a Sequence

A sequence {u,} tends to a finite number / as n — oo if for every € > 0 there exists an

integer m such that, lu, —=I1< € foralln>m,i.e., lim u, =1
n—o0

5.2.2 Continuous Function Theorem for Sequences

Let {u,} be a sequence of real numbers. If #, — [ and if fis a function that is continu-
ous at / and defined at all u,, then f{u,) — f(]).

5.2.3 Convergence, Divergence and Oscillation of
Finite Series

(i) If the sequence {u,} has a finite limit, i.e., lim u,, is finite, the sequence is said to
be convergent. e

limu, =
n—eo

Since limit is finite, the sequence is convergent.

(ii) If the sequence {u,} has infinite limit, i.e., lim u, is infinite, the sequence is said
to be divergent. e

e.g. {,} =(2n+1}
lim u, = oo
n—eo

Since limit is infinite, the sequence is divergent.
(ii1) If the limit of the sequence {u,} is not unique, the sequence is said to be oscillatory.
1
e.g. {u,}=(-D)"+—
2”
lim u, =1, if n is even

n—»oc0

=-1,if nis odd

Since limit is not unique, the sequence is oscillatory.



5.2 Sequence 5.3

5.2.4 Monotonic Sequence

A sequence is said to be monotonically increasing if u,,; 2 u, for each value of n and
is monotonically decreasing if u, ; <u, for each value of n. The sequence is called
alternating sequence if the terms are alternate positive and negative.

For example, (i) 1, 2, 3, 4, ... is a monotonically increasing sequence.

1 1
i) 1, —, —
(i) 3

(iii) 1,-2,3,

1 . . .
S is a monotonically decreasing sequence.
—4, ... is an alternating sequence.

5.2.5 Bounded Sequence

A sequence {u,} is said to be a bounded sequence if there exists numbers m and M

such that m < u, < M for all n.

Note 1: Every convergent sequence is bounded but the converse is not true.

Note 2: A monotonic increasing sequence converges if it is bounded above and
diverges to +eo if it is not bounded above.

Note 3: A monotonic decreasing sequence converges if it is bounded below and
diverges to —eo if it is not bounded below.

Note 4: If sequence {u,} and {v,} converges to /; and > respectively then
(i) Sequence {u, + vy} converges to 1 + [»

(i1) Sequence {u, . v,} converges to [1-I>

(iii) Sequence {ui} converges to L3 provided [» #0
‘)
2

n

Example 1

5
n-+n
Test the convergence of the sequence {,—}
n-—n
Solution

5
n-+n
Let u, =

2
2n° —n

2
g . n-+n
limu, = lim ——
n—yeo n—e 2pn“ —n
1

=
n

it
n

= lim
n—ee

1
2
Hence, {u,} is convergent.
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Example 2
Test the convergence of the sequence {tanh n}.

Solution
Let u,=tanh n

lim «, = lim tanhn
n—eo n—oo
. sinhn

= lim ——

n—e coshn

n —n

= lim

n—oc0 e” +()_”

Hence, {u,} is convergent.

Example 3
Test the convergence of the sequence {2"}.
Solution
Let u,=2"
lim u, = lim 2"
n—oo n—soo

Hence, {u,} is divergent.

Example 4
Test the convergence of the sequence {2 - (—1)”} .
Solution
Let =2 —(-1y"
lim u, = lim 2 —(~1)"
n—oo n—yeo
=2-1=1 s if n is even

=2-(-1)=3 , if nis odd

Since limit is not unique, the sequence {u,} is oscillatory.
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Example 5

. | |
Show that the sequence {u,} whose n™ term is i, =l+—t e —s,
3 32 3)7
is monotonic increasing and bounded. Is it convergent?

Solution

11 1

#y Sl feeet—
3§ g8

T 1
Ll”+l— +§+—;_2+.“+3T+3n+l

Upy) —Uy = —;n+]

Hence, {u,} is monotonic increasing sequence.
1 1

1
u, =l+—+—+-+—
Also, n 3732 3
I(I_L)
3n+1
=
3

3 1 ] 3
=—|]l-——|<=
2 3n+1 2

3
{u,} is bounded above by "

Since {u,} is monotonic increasing and bounded above, it is convergent.

Example 6 | 3
Show that the sequence {u,} whose n" term is u, = F+5+...+—',
A n!
n € N, is monotonic increasing and bounded. Is it convergent?
Solution 1 1
u, =—+— —
1! 2! n!
1 1 1 1
uu+| = T o
1! 2! n! (n+1)!
1
Uppy — Uy, = >0
(n+1)!
Uy > Uy

Hence, {u,} is a monotonic increasing sequence.
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I 1 1 1
AlSO, u”:—-f-_+_+...+_
1 2! 3! n!
1 |
=1+ —+—F-t+—
2! 31 n!
1 1 1
<l+—+—++—
2 22 211
1(1_L)
2/|+I ) )
< - [Using sum of G.P]
| e
2
1
<2(1— H)
2"

{u,} is bounded above by 2.
Since {u,} is monotonic increasing and bounded above, it is convergent.

Example 7
n ) : .
Show that the sequence { 5 1} is monotonic decreasing and bounded.
n-+
Is it convergent?
Solution
n
Let u, = 2
n°+1
n+1
Uy =—————
) 4
n+1 n

u, , —u =
+1
! : (n+l)2+l n* +1

_(n+ 1)(n2 +1) —n(n2 +2n+2)
(n* +2n+2)(n* +1)
=

- (n2 +2n+ 2)(112 +1)

<0

Hence, {u,} is a monotonic decreasing sequence.

n
Also, u, =— >0
n-+1

{u,} is bounded below by 0.
Since {u,} is monotonic decreasing and bounded below, it is convergent.
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5.2.6 Sandwich Theorem for Sequences

Let {u,}, {v,} and {w,} be three sequences such that u, <v, <w, for all n.

If lim u, = lim w, =1, then lim v =1
n—oo n—eo n—oo
Example 1

sin n
Show that the sequence {u,}, where u, = converges to zero.

Solution

We know that
—1<sinn<l1

1 sinn 1
< <

By sandwich theorem,

Hence, {u,} converges to zero.

Example 2
Ifx € Rwith| x| < 1 then prove that X" — 0 as n — oo,
Solution
For x=0, X'=0
For x#0, letlxlz;
I+y

1
(] + _\")”

[xI"=

1

2
1+n\'+7n(”_ Dy +--
’ 2!

2
<L 1+;1_\'+M+~- > ny
ny 2!

n

O<|A

1
< —
ny
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lim —=0
n—e RNy
By sandwich theorem,
. n
lim ’x| =0
n—oo
n
Hence, ’x| —0 asn— oo

EXERCISE 5.1

1. Test the convergence of the following sequences:

(i 201 (i) 2+ (0.1)"  (ifi) 1+ (-1)"
1-3n
(iv) " W) 1) i) sin(l]
2n-1 n

(vii) tan™" n
Ans. : (i) convergent  (ii) convergent
(iii) divergent (iv) divergent
(v) oscillatory  (vi) convergent
(vii) convergent

2. Determine whether the following sequences are monotonically increasing/
decreasing, bounded or convergent/divergent.

1 2n-7
L .
(M) +n (fi) 3n+2

Ans. : (i) decreasing, bounded, convergent
(i) increasing, bounded, convergent

3. Show that the sequence {u,}, where u_ =1+ l' + l' ot ! b Z,
is convergent. 12 (n-1!

4. Does the sequence {u,} convergent where u, = (n+ :) ¢
[Ans. : yes]

5.3 INFINITE SERIES

Ifu,, uy, us, ... u, ...isaninfinite sequence of real numbers, then the sum of the terms
of the sequence, u; +u, +uz +...+u, +...o0 is called an infinite series.
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The infinite series u + u2 + u3 + . . . + up + . . . o is usually denoted by Zun or Xu,,.
n=1
The sum of its first n terms is denoted by S, and is also known as n'" partial sum of Zu,,.

5.3.1 Convergence, Divergence and Oscillation of
Finite Series

Consider the infinite series Xu, = u, +u, +u, +...u, +...c and let the sum of the first
nterms be S, = uj + u2 + u3 + . . . + un. As n — oo, three possibilities arise for Sy:

(i) If S, tends to a finite limit as n — oo, the series 2u,, is said to be convergent.
(i1) If S, tends to £oo as n — oo, the series Zu,, is said to be divergent.

(iii) If S, does not tend to a unique limit as n — oo, i.e., limit does not exist, the
series 2u,, is said to be oscillatory.

5.3.2 Properties of Infinite Series

1. The convergence or divergence of an infinite series remains unaffected:

(i) by addition or removal of a finite number of terms

(i1) by multiplication of each term with a finite number
2. If two series Xu, and Xv, are convergent, then X(u, +v,) is also convergent.
3. If two series Zu, and Xy, are divergent, then X(u,+ v,) may be convergent.

4. If each term of a series Zu,, of positive terms does not exceed the corresponding
term of a convergent series Xv, of positive terms, then 2Zu,, is convergent.

5. If each term of a series 2u,, of positive terms exceeds the corresponding term of
a divergent series 2v, of positive terms, then Xu,, is divergent.

5.4 THE n'" TERM TEST FOR DIVERGENCE

If a positive term series Xu,, is convergent, then '}1_r)n i, = 0.

The converse of this result is not true, i.e., if limu, =0, it is not necessary that the
series will be convergent. e

1

For example, Zun =1+L+L+...+—
V2 3T

+...00

limu, = lim —

n—oo n—oo ,/
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| 1 1 1 1
—t—=+. =2 lt—=+—F=+...+
V2B Jn = A

n
S >—
n \/;
S,,>\/;

and lim \/; =0

n—seo

Now, S, =1+

Thus, the series is divergent.

1

Jn

Hence, limu, =0 is a necessary but not sufficient condition for convergence

n—oo

of Zu,,.

If limu, #0 or lim u, does not exist, then Zu, is divergent.
n—yoo Nn—>o0

5.5 GEOMETRIC SERIES

1

Consider the geometric series a+ar+ar® +---+ar" ' +---

S =a+ar+ar’ +-+ar"”’

LMT) i
1-r
=a(r——1)’ if r>1
r—1
(i) Whenlrl<1, limr" =0
n—oo

: a . .
lim S, = —— is finite.
n—eo -r

Hence, the series is convergent.

(i) Whenr> 1, ,}L‘E’" — o0
; . W]
lim S, = llmu—)w
n—eo n—oo  p—

Hence, the series is divergent.
(iii) When r=1,
S, =a+a+a+--=na

lim S, — oo
n—eo

Hence, the series is divergent.

(1)
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(iv) When r=-1,
S,=a-a+a--(-1)""a
=0, if nis even
=aqa,if nis odd
Hence, the series is oscillatory.
(v) Whenr<-1,letr=—k where k>0

lim §, = Tim 20 —C0]
n—eo n—yeo ]+ k
. all—=(=D"k")
=lim—————
n—oo 1+k

=—oo, if nis even
= +oo, if nis odd
Hence, the series is oscillatory.
From all the above cases, we conclude that the geometric series (1) is
(i) convergentif Irl<1
(i1) divergentif r>1
(iii) oscillatory if r <—1

Example 1
2 4 8 16
Prove that 1+ —+—+—+—+--- converges and find its sum.
3 9 27 81
[Winter 2014]
Solution

. .o . . . 2
The given series is geometric series witha =1 and r = 3

n—1
2 4 8 )
l+=4+—+—+---= ==
3 9 27 Z{ar %(3)

|r|=2<1
3

Hence, the series is convergent.
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Example 2
Test the convergence of the series 5 — 10 + % - ? +
7 [Summer 2017]
Solution
The given series is geometric series witha =5 and r = —%,

10 20 40 =
S——+———+.=
39 27 2, ar

Hence, the series is convergent.

»wlw|w

Example 3

Let S= Y no" where|g|<1. Find the value of o in (0, 1) such that
n=1

S=2ao. [Winter 2016]

Solution

S=a+202+30 + ... (1)
aS=0ol +20 + 30 + ... (2
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Subtracting Eq. (2) from Eq. (1),
S(l—a):a+o¢2+a3+...

SA-oy=—2—
-«
T -ay
IfS=2a,
200 = * 5
I-a)
1
1-0)’ =—
(I-o0) 5
1
l-a=—=
2
o =0.2929
Example 4

A ball is dropped from ‘a’ meters above a flat surface. Each time the
ball hits the surface after falling a distance h, it rebounds a distance rh
where 0 < r < 1. Find the total distance the ball travels up and down,

2 .
whena=6mandr = 5 m. [Winter 2016]
Solution
Total distance (h) = a + 2ar + 2ar’ + 2ar’ + ...
2ar
=a+
1-r
_a(l+r)
1-r
2
Here, a=6m r=§m
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Example 5

The figure 5.1 shows the first seven of a sequence of squares. The
outermost square has an area of 4m?. Each of the other squares is
obtained by joining the midpoints of the sides of the squares in the
infinite sequence. Find sum of the areas of all the squares in the infinite
sequence. [Winter 2015]

Solution

Since each square is obtained by joining the midpoints of the square before its, area of
each square is half the area of previous square.

1
Area of 2" square = E(area of outermost square)

1
= #=2

1
Area of 3" square = E(area of 2™ square)

) Fig. 5.1
2()

1
Area of 4™ square = E(area of 3" square)

1 1
=—(1)=—
2() 2

and so on.

Sum(s) of areas of all squares in the infinite sequence is

S:4+2+1+l+---
2
=4 ]+l+l+l+...
2 4 8
1 1 1
=4{1+—+—+—+--
2 22 23
which is an infinite geometric series witha =1, r = 5

S:4(lfr)
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5.6 TELESCOPING SERIES

A telescoping series is a series in which the n partial sum S, (sum of first n terms)
can be represented in such a manner that almost each term cancels with a preceeding
or following term except fixed number of terms.

Example 1

Test the convergence of the series 1 + 1 + b +
: 23 34

[Summer 2014]

Solution

n+1

lim S, = lim (1— ! )
n—oeo n—soo n+1
=1-0
=1 [finite]

Hence, the series Zu,, is convergent.
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Example 2

> 1
Test the convergence of the series »,—————.
n=1 N~ + 3n+2
Solution

1
o 32
~ 1
C(n+D(n+2)
_(n+2)-(n+1)
(4 D)(n+2)
1 1

- n+l n+2

S, =u +u, +uy+--+u,

1 1
+ -
(n+1 n+2)

lim S, = lim l— !
n—eo n—oo 2 n+2
1
=— [finite
2 [ ]

Hence, the series Zu,, is convergent.

Example 3

o~ 1
Test the convergence of the series Y, -
=1n-+4n+3

Solution
1

U, =—5——"—

" oW’ +4n+3
~ 1
C (n+D)(n+3)
_(n+3)=(n+1
© 2(n+D)(n+3)



5.6 Telescoping Series

1l
N | =
=
+ P
_

|
N
+ —
(0%)
| |

N | —
r 1

1 1 1 1 1 1
== || —— + -

(5 7) (n n+2) (n+l n+3j:|
If1 1 1 1
=+ -—

2(2 3 n+2 n+3)
s b
26 n+2 n+3

lim Snzliml[i—L— ! )

n—oo n—e 2\ 6 n+2 n+3
5
=— [finite
B [ ]

Hence, the series Zu,, is convergent.

5.17

Example 4

- 2n+1
Test the convergence of the series Y,

ont+(n+1)?
Solution

_ 2n+l1
un_nz(n+1)2
i+’ -n?
- nz(rH-l)2
1 1

n* (n+1)?

S, =u tuy +uy+---+u,

:(l_ij+(i_Lj+(i_i)+...+ i_ 1
22 ) (22 32) (32 42 n?  (n+1)?
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lim S, = lim | 1- ! 5
n—oo n—oo (n + 1)
=1 [finite]

Hence, the series Zu,, is convergent.

5.7 COMBINING SERIES

If two series Zu,, and Xv, are convergent then the basic mathematical operations between
the series do not change the behaviour (convergence) of these series, i.e. combine series
X(u, +v,), X(u, —v,), Zku, are also convergent, where k is a constant.

Example 1
oo 3?1—1_1
Find the sum of the series Y, — [Summer 2015]
n=1
Solution
i 3n—1_1 i (ljn—l (ljn—]
n=1 6n_1 n=1 2 6
o 1 n—1 oo 1 n—1
n—l(zj n—l(6j
1 1 1 1 1
=[l+=4+—F+—+ |- I+=—F—+
2 4 8 6 36
Both the series are geometric series with a = 1 and 7 = —and r = — respectively.
)
" I-n 1-n
N
T
2 6
_,_0
5
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Example 2
o 2"+5
Investigate the convergence of the series Y, -
=13 [Summer 2015]
Solution

. . . . 2 1 .
Both the series are geometric series with 7 = 3 and r, = 3 respectively.

|r <1 and |r|<1
Hence, both the series are convergent.

2 2
a 3 3
g =—t1t __ 3 _5_9
! 1-n 1_% l
3 3
55
a 3 3 5
g =—2 __5 _S5_=
Plen 17272
3 3
- 5 9
H =24+—=—.
ence, Zl 3n 575

5.8 HARMONIC SERIES

The harmonic series is expressed as

oo

1 1 1
Y =1ttt
2 3

n=11

This series is divergent in nature.
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5.9 p-SERIES

The generalisation of harmonic series is known as p-series. It is represented as

o | I 1 1

Zaro1P 2P 3P

This series is
(i) convergentifp>1
(i) divergentifp <1

5.10 COMPARISON TEST

. .- .. u .
If Zu, and Xv, are series of positive terms such that lim —- =/ (finite and non-zero)

then both series converge or diverge together. He Vg
Proof Ty =
n—ee

By definition of limit, for a positive number €, however small, there exists an integer
m such that

u
L —ll<e foralln>m
vn
u
—e<=t-[<e foralln>m
vn
u
l—e<—ZL<l+e€ foralln>m

]
‘II

Neglecting the first m terms of Zu, and Xv,,

l—e<ui<[+e forall n ... (1)

)
‘”

Case | If Xv, is convergent then lim (v, +v, +v; +---+v,) = finite = k, say
n—oo

From Eq. (1),

u
L <l+e
\4

n

u, <(l+eyy, for all n

lim () +uy +uz +---+u,) <(+e€) im(v, +v, + vz +---+v,)
n—eco n—oo



5.10 Comparison Test

lim (i) +uy +uy +---+u,) < (I+ €)k (finite)

n—oo

Hence, 2u, is also convergent.
Case Il 1f Xv, is divergent then

lim(v; vy, +v3+...4+v,) >
n—eo

From Eq. (1),
I—e< U
vn
u, >(I-¢eyy,

lim (uy +uy +uy +--+u,)>(-¢€) lim(v, +vy, + vy +--+v,)
n—yoo n—oe

lim () +u, +uy +---+u,) —> o  [From Eq. (2)]

n—eo

Hence, Zu, is also divergent.

5.21

(2

for all n

Note
The following standard limits can be used to solve the problems:
(i) 1im 22" (Vi) limx" =0 ifx<1
n—e N n—oo
1 n
(i1) lim (l+—) =e (vii) lim x" =00 ifx>1
n—yeo n n—eo
1 "
(iii) lim(n)" =1 (viii) lim — =0 for all x
n—oo n—eo I’l!
1 n
. . — . . a -1
@(iv) lim(n!)" =oo (ix) llm[ ]= loga
n—oo n—0 n
1 L
. n'\n 1 P
(v) lim [—] =2 (x) lim ar -1 =loga
n—eo\ 1 e n—e 1
n
Example 1

n

Test the convergence of the series Y, 5
n=1 N + 1
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Solution
Let
Let
1
and 2v, = 2—3

n2

Sequences and Series

n 2.
n-+1
_ 1
=
— 1
n? (l+—7
n-
1
Vs
n2
.ou . 1
lim 2+ = lim ——
n—eo V. n—oo

. 3
is convergent as p = 7y >1.

Hence, by comparison test, Xu,, is also convergent.

[finite and non-zero]

Example 2

Test the convergence of the series Z

Solution

Let

Let

n=1

u = 2n—1
" nm+D(n+2)

)

2n—1
n(n+1)(n+2)

n’ (]-i-l)(l+z
n n
n

.. u :
lim -+ = lim

)

n—e v, ”%mtlﬁ-l](lﬁ-gj
n n

= 2 [finite and non-zero]
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. I
and the series Xv, = Z — is convergentas p =2 > 1.
n-

Hence, by comparison test, Xu,, is also convergent.

Example 3

- 1
Test the convergence of the series 7y :
% gl 2
n=l 127k 3" fuortm

[Winter 2015]
Solution
Let llll = 2 ’)1 2
1+2°+3"+---+n”
B 6
nn+1)2n+1)
_ 6
n’ (I +l)(2+l)
n n
Let R L

n—e v, Il—)oc(1+l)(2+l)
n n

=6 [finite and non-zero]

1.
and Xy, = Z—; is convergentas p =3 > 1.
n

Hence, by comparison test, Zu,, is also convergent.

Example 4

. & ne2
Test the convergence of the series Y,

o (n+Dn
Solution

Let n+2

St
(n+1)Jn
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Let Vn =

(‘*2)
’ . n
= lim

lim
n— oo v” n—eo 1 + l
n

oy

=1 [finite and non-zero]

and ¥y = ZL is divergent as p = % <.

W | —

n

Hence, by comparison test, Zu,, is also divergent.

Example 5
& 2n+1 _
Is the series Z —5 convergent or divergent?
n=1 (n g 1)
Solution
w = 2n+1
Let n (n+ 1)2
n [2 + ])
_ n
n’ (l e lj~
n
5

Let Vg ==

[Summer 2015]
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z lim ———= ( )
n—>oo v, n—oo ( )

=2 [finite and non-zero]

and Zv, = Zl is divergent as p = 1.
n

Hence, by comparison test, Zu, is also divergent.

Example 6 :
oo 2 3
2n~ —=1)-
Test the convergence of the series 2 L
=1 =
) (3n’® +2n+5)*
Solution ]
@2n? -1)3
Let U, = —————
(3’ +2n+5)4
1
2 vt
-3
_ n
- 1
3 s
: 2 5 \4
nt (3 — _zj
n n
1
1 )3
P
(3
=— z
ni2 (3+%+ 5} )4
n n
1
Let Vo =71
HE
1
gt P
.ou s )12
lim —* = lim 1
n—eo V, n—oo =

[Winter 2013]
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. 1
and Xv, = 2—1 is divergent as p = T cl
ni2
Hence, by comparison test, Zu, is also divergent.

Example 7
) 1 2 3 4
Test the convergence of the series — + + < 4.
1:3 38 5:7 7:9
Solution
Let M" = +
2n-D)2n+1)
N
n(z_l)(z+l)
n n
1
Let Vo

n
n

1

lim i B8 lim ———

n—oo V” n—eo (2_1)(2+l)
n n

1
= 1 [finite and non-zero]

and Xv, = Z% is divergent as p = 1.

Hence, by comparison test, Zu,, is also divergent.

Example 8 ;
Test the convergence of the series 3—p + 5—p + 7—p +
Solution
1
Let u, =——
Qn+1)?
I S
P
n? (2 + 1]
n
1
Let vn o p—
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1
lim 22 = lim ——
n—e V- 1 P
2+—
n

= 2—p [finite and non-zero]

and Xy, = Zi,, is convergent if p > 1 and divergent if p < 1.
n

Hence, by comparison test, Zu, is also convergent if p > 1 and divergent if p < 1.

Example 9
Test the convergence of the series z+§+i+i+...+ n+l o
1 8 27 64 n’
Solution
n+l
Let U, =—
n
e
n* n
|
Let Vn =%
n-
. 1
lim -+ = lim (1+—)
n—oo V” n—oo n

=1 [finite and non-zero]

1
and Xy, = Z —- is convergentas p=2> 1.

n
Hence, by comparison test, Zu, is also convergent.

Example 10

2 3

Test the convergence of the series ! + + +
1+v2  1+243 1434
Solution

n

Let U, =—"—"7——
& l+nvn+1

n
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B 1
1
p=i | 1
H2| =ty [l b~
= n
n?
1
Let Vo =71
n2
. u . 1
lim —* = lim
n—eo v" n—oco
1 |
by fl—
= n
712
=1 [finite and non-zero]
1. . 1
and Xy, = — Is divergent as p = 5 <l
n?

Hence, by comparison test, Zu,, is also divergent.

Example 11 7 5 3
Test the convergence of the series ‘/2_1 +, /37 +, ’47 e

Solution

L t ;= 3
c u, =
(n+ ])

~
=
| =

| W

S

=
S
+
]

=

| —

I | =
N
SRR

Let v, =—



5.10 Comparison Test

|

)

=1 [finite and non-zero]

.U, .
lim — = lim
n—oco V” n—yoo

SRR

and Xy, = 21 is divergent as p = 1.
n

Hence, by comparison test, Zu,, is also divergent.

5.29

Example 12

Test the convergence of the series % + i + s +eel
-

Solution

n'™ term of the numerator = a + mn-Dd=14+n-1)10=10n+4
n™ term of the denominator = n’

10n+4
u, = 3
n
1 4
=—|10+—
#ow)
L v !
et ——F
n n2

lim 2 = 1im (1o+ij
n

n—eo Y, n—»eo
=10 [finite and non-zero]

|
and Xy, = —- 1s convergent as p = 2>1.
n

Hence, by comparison test, Zu, is also convergent.

Example 13

Test the convergence of the series ————+ 3 + 3 +
a-1"+b a-2°+b a-3°+b

Solution

Let u, =

a-n’+b
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Let Vii=
n—eo Y n—sco b
e a+ —
n
= l [finite and non-zero]

and Xy, = zl is divergentas p = 1.
n

Hence, by comparison test, Zu,, is also divergent.

Example 14
. 1 2 3
Test the convergence of the series — g e S
I"+m 2°4+m 3" +m
Solution
n
Let u, =—
n-+m
B |
n(l + "—Z)
n-
Let Vv :l

u,

lim - = lim

1
RSV n—eo [] " m )

5

n-

=1 [finite and non-zero]

. ..
and Xy, = 21_1 is divergentas p = 1.

Hence, by comparison test, Zu,, is also divergent.

Example 15
3 3 3
Test the convergence of the series = 154_5+2 25+5+---+2n—5+5+~-~
4-1"+1 4-2°+1 4-n" +1
Solution
2n® +5
Let u, =

! _4115+1
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S
[2 + 3]
_ n
n’ (4 + is)
n
1
Let Yn = 2
n
(2 + %J
lim == lim >
n—e Vv, /1—)M(4+—i)
n
2 L.
- Z [finite and non-zero]
and Xy, = z L’ is convergentas p=2> 1.
2
Hence, by comparison test, Xu, is also convergent.
Example 16 5d B
Test the convergence of the series ———+——5+—5——5+-
347 576 T7°-8
[Winter 2013]
Solution
2n-1)-2n .
Let U, =——————— [Using A.P.]
Rn+1)"2n+2)°
(2-1)2
_ n
- 2 2
n (2+l) [2+2)
n n
1
Let V, = —

.u ;
lim —- = lim ~ ~
n—oo V’ n—oo s <

' (2+l) (2+2)
n n

1
= Z [finite and non-zero]
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1
and Xv, = z — is convergentas p=2> 1.

n
Hence, by comparison test, Xu,, is also convergent.

Example 17 1 ] s .
Test the convergence of the series + 4+ + S
1.2.3 2:3-4 3-4.5 4.5-6
[Winter 2014]
Solution
Let PIT s [Using AP
n(n+1)(n+2)
.
- n
n’ (l +lj(l +z)
n n
1
Let Vo =

5 u 3
lim -2 = lim

n—e n—>m(l+l)(l+g)
n n

=2 [finite and non-zero]

1
and 2v, = z — is convergentas p=2> 1.

n

Hence, by comparison test, Xu,, is also convergent.

Example 18

Test the convergence of the series Y, (\/ nt 41— \/ nt — 1).
n=1

[Summer 2016]
Solution

Let un=\/n4+ —n* -1

_(\/7’4—+_\/_"4__1) 4 4
- (m+m)(m+\/ﬁ)
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(D) -(n" -1
\/114 +1 +\/n4 -1
B 2
V't +1+4n* -1
1 2
==
n 1 1
]1+— + fl——
1
Let Vo =—%
n
hm = lim
n—e y, n—soo
[ /1+— + }1 J
=2 [finite and non-zero]
and Z"n = Ziz is convergentas p =2 > 1.
n
Hence, by comparison test, Zu,, is also convergent.
Example 19
i 5n° —=3n
Check for convergence of the series
n=1 N (n 2)(n +5)
[Winter 2016]

Solution

_ 5n° —3n
n*(n-2)(n* +5)
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Let V =—

. u .
lim % = lim

AR (1 - 3) (1 + izj
n n

=5 [finite and non zero]

and zvn = zn% is convergentas p =2 > 1.

Hence, by comparison text, Zun is also convergent.

Example 20

< |1 +1
Test the convergence of the series Y, {— - log(n ﬂ
n=1 n

Solution

1 n+l
Let u, =—-— log( j

_1 (l LS S )
n n 2n* 3 ant

1 1 1

_2n2 3n®  ant

1 (1 1 1 )
=— ___+_7_...
n“\2 3n 4n°

1
Let Vn = 3
n
.ou . | | 1
lim—*=1lm|———+——--
noe Y, n—e 2 3n 4n°

1
= 5 [finite and non-zero]

1
and Xv, = 2—2 is convergentas p =2 > 1.
n

Hence, by comparison test, Zu,, is also convergent.
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Example 21
Test the convergence of the series 2 sin—.
n=1
Solution
Let u, = sinl
n
S S S
n 3n* 5w’
1
=—(l——1 +—1 =
n 31n?  5int
1
Let Y, =
n

=1 [finite and non-zero]
and Xy, = zl is divergent as p = 1.
n

Hence, by comparison test, Zu,, is also divergent.

Example 22

Test the convergence of the series Y, (n3 + 1)§ —n | [Summer 2017]

n=1

Solution

1
Let 0, = !(n3 +1)3 —n]
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Let Vi =

Lou, 11 1 5 1
lim—*+=Ilm|—-——— - —+—-——---

n—eo V" n—oe 3 3' n '34 ;16

. 1
and the series Xv, = 27 is convergentas p =2 > 1.
n”

Hence, by comparison test, Xu, is also convergent.

[

11
(n+1)3 —n?

|

Example 23
Test the convergence of the series Y
n=1
Solution
L
Let u, =(n+1)3 —n3
i 1
1 =
=n? (1+l)3—1
n
=n? [ {1+—+
3n 2!
11 5
R
3n3 9n3  8ln3
_ At
2\3 9n 81’
n3
1
Let Vn =%
3



5.10 Comparison Test

.U, ; 1 1 5
lim—*=Ilm|———4+—F5—---
ey, no=(3 9n 8ln?

= % [finite and non-zero]

and Xy, = 2% is divergent as p = % <lI.

n3

Hence, by comparison test, Zu,, is also divergent.

5.37

Example 24

oo 2 2
) \/n +n+1—\/n —n+1
Test the convergence of the series Z s

n=l n

Solution

2 2 4
n“+n+l—-+n"—-n+l
Let u =\/ \/

Il
T
—
+
A N
= |
+
S
(¥
Nl oA
| S
| —
|
. .
[—
+
TN
|
SH -
+
=
w|'_‘
~—
|
| —
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157
n 2n”

Let v, =—
n
. u . 1
lim —=lim| 1 ——+--
n—oee Y n—deo 2n”

=1 [finite and non-zero]

and Xy, = zl is divergent as p = 1.
n

Hence, by comparison test, Zu,, is also divergent.

Example 25

Test the convergence of the series Y,

n?

Solution

\/r12+1 -n

Let u, =
[)
n

S
Y e
.+.
=
w"_‘
R e
N | —
|

\/n2+1—n

1 1 & 1 j
2n® 8n* 16n°

11 . 1 )
nP'\ 2 8x* 16n*
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1
Let v, =
p+l
n

v Y 1 1 1
lim—2t=lm|-—-——+———--
nse vy, noe\ 2 8p%  16n*

1

1
= E [finite and non-zero]

1. . . . .
and Xy, = ZHPT is convergent if p + 1 > 1, i.e.,, p > 0 and divergent if p + 1 < 1,

re.,p<0.

Hence, by comparison test, Zu,, is also convergent if p > 0 and divergent if p <O0.

Example 26

: 1 1 1 1
Test the convergence of the series —+ + + +
x x-1 x+1 x-2 x+2
where x is a positive fraction.

Solution

Since it is an infinite series, by ignoring the first term, the series can be rewritten as

1 1 1 1
X, = + + + +
x—1 x+1 x=2 x+2
2% 2x
> 2t 2 2
x“ =17 x"=2°

2x

2 2
X —hn

u, =

Let Vp =%

fim P = T 2R
n—e Y, n—eo (xz 1]

=-2x [finite and non-zero]
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1 .
and Xy, = — is convergentas p=2> 1.
n

Hence, by comparison test, Xu,, is also convergent.

EXERCISE 5.2

1. Test the convergence of the following series:
1
) X (i) ¥ (Vn+1-n)

o S w ()

v Y n” (vi) Z—tan( )

(n+1)7
1
(vii) Ztan‘(l) (i) ZW
n a+;
n
[Ans 1
(i) Convergent (ii) Divergent (iii) Convergent

(iv) Convergent if p < —% Divergent if p > —%

(v) Convergent if p—q+1<0, Divergentif p—qg+1>0
(vi) Convergent (vii) Divergent

| (viii) Convergent if a > 1, Divergent if a<1

2. Test the convergence of the series

(1+a)(1+b)+(2+a)(2+b)+(3+a)(3+b)+
1.2-3 2-3-4 3-4.5

[Ans. : Divergent]

5.11 D’ALEMBERT’S RATIO TEST

If Zu,, is a positive-term series and llm =/ then
n—oo u

(1) Zu, is convergent if /<1

(i1) Xu, is divergent if [ > 1
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Proof
Case | If lim 2l — ] <1,
n—oo un
Consider a number / < r < 1 such that “#+L L < p foralln>m ... (D

un

Neglecting the first m terms,

z Uy =ty + U2 + Uiz t...00

n=m+1

1+ U2 o
u

u

u
_ m+3 m+4
=TI + +...

m+1 Uy Uy

u

U, . » u u
m+2 Upi3 m+2 Uiy m+3 m+2
Uy | 1+ + . + . . s
S| Upio Uy Uiz Wpyo Uy
<, (+r+r-r+r-r-r+..) [Using Eq. (1)]

I(1+r+r +ri+.)

I"+

(r<l

Wy
> u”<l'L (finite)

n=m+l

oo

Thus, the series Z u, 1is convergent.

n=m+1

The nature of a series remains unchanged if we neglect a finite number of terms in the

oo

beginning. Hence, the series z U, is convergent.
n=1

Case Il If lim “24L = /> 1,
n—e U,

n+1
u

>1foralln>m .. (2)

n
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Neglecting the first m terms,

Z Uy = Uy p + U2 + U3 + Upig +...00
n=m+1

u,. - u u,.
=llm+|[l+ m+2 4 m+3 i m+4 +J

u Uy 1 u

m+1 m+l

=u (l + Ui + Uy i3 . Upio + Upyig .
— “m+1

u ) +]
u U Upyy1 Uiz Upyo Upyg

m+3

m+1 m+2

>u, (I+1+1+1+..)

(gt 5 +...tonterms) >u,  (1+1+1... to n terms)
Sn>um+l'n

lim S, > lim nu
n—oo n—oo

e ) [ u,,,, 1s positive]

Thus, the series Z u, is divergent.
n=m+1

The nature of a series remains unchanged if we neglect a finite number of terms in the

beginning. Hence, the series Zun is divergent.

n=1

.. u . o .
Note 1: If lim L =1 the ratio test fails, i.e. no conclusion can be drawn about the
n—e Y
n

convergence or divergence of the series.

Note 2: It is convenient to use D’ Alembert’s ratio test in the following form:

. .. . . u
If Zu,, is a positive term series and lim —— =/, then
n—ee un+l

(i) XZu, is convergentif /> 1
(i1) Xu, is divergentif /<1
(iii) The ratio test fails if [ =1

Example 1

Test the convergence of the series i i: : [Summer 2014]
Solution "

Let P
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32(n+1) 32n+2

u ==
n+l
23(n+1) 23n+3

u, 32n 23n+3

T 330 L2nt2
2n3l’l+

Upty

28

329

:lim§:§<1
n—e 9

Lou
lim —~
n—o |4

n+l1

Hence, by D’ Alembert’s ratio test, the series is divergent.

Example 2
o cn—l

Test the convergence of the series » —.

n=1 n!

Solution
5/1-]

n!
Sll

u =
n+l (n+ l)‘

u, 5" (n+1)!

Let u

n

] n
Uy n! )
n+1
D
. u . n+l
lim —— = lim — 0>
n—e U, n—seo

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 3
Test the convergence of the series Y T [Winter 2016]

n=11" +1
Solution

2”

Let U, =—3

n +1

2;1+]

u =
"L 1) 41
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u, 2" (n+1)*+1
e n3+1 211+1
3
1Yy 1
(1+—j e
_ n n’ 1
- 1
L 2
n
1 o1
I+=| 4+ )
lim 21 = lim~ "/ _ "
n—eo U, | n—oo [t > 2
n’
1
=—x<l
2

Hence, by D’ Alembert’s ratio test, the series is divergent.

Example 4

n!
Test the convergence of the series z—n
n

Solution

n!
Let U, =—-
n
(a1
n+l (I’l+ l)n+]
n!
Uy, o n"
W, _(n+D)!
(n+ l)IH-l
_(n+D(n+1)"
(n+Dn"

1 n
_ [1+_)
n
lim —

u n
i = lim (1 + —J
n—eo un+l n—oeo n
=e>1

Hence, by D’ Alembert’s ratio test, the series is convergent.
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5.45

Example 5

n!(2)"
Test the convergence of the series Z (n) :
Solution
Let _ n!(2)

n ,Z”

_(n+ 112"
n+l (n+ ])u+1

w, n2" (n+1)""

n

Uy n" (n+D12"!

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 6
o0 3
) n
Test the convergence of the series », ————.
a1 (n—=1!
Solution
3
Let u, = &
(n—=1)!
(n+1)’
Upy1 = \
n:
3 !
u n n:

n

Uy a (n—=1)! (n+1)3
n’ n(n—1)!

e (n+1)>°
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Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 7
(n+1)"

Test the convergence of the series Z '
n!

n=l

Solution

n!
4 _(m+2)"!
T (a4 1))
L_(n—i—l)” (n+1)!
W o onl o (n+2)™

_(n+1)" _(n+D(nY

n

nt [+ 1y+1]"
1

n+l
()
n+l1
1
lim 1 = Jim

noe U, | e o 1 n+l
n+1

=l<l
e

Hence, by D’ Alembert’s ratio test, the series is divergent.

Example 8 o
: 2 %1
Test the convergence of the series ), =
. n=1 3 +l
Solution
2" +1
Let u, =
3" +1
B 2n+l +1
R

u, =(2”+1j[3"“ +1]
Uy 3" +1 2"-H +1
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(l +—1 )(3+L)
_ 2” 371
3:1 211

Hence, by D’ Alembert’s ratio test, the series is convergent.

5.47

Example 9
[ n +a
Test the convergence of the series Z T p a>0,b>0.
n=l1
Solution
5" +a
Let u, =
3"+b
B SHH +a
Upsy = 3n+| +b
e T 5"+a 3" +b

noe i, one 3t p 54y

a b
I+7 e
= lim 51 3
Sl - e
3” n

=—x]

Hence, by D’ Alembert’s ratio test, the series is divergent.

Example 10
2! 3! 4!
Test the convergence of the series —+—+—+---.
3 3 3
Solution
Let = X DL

3}1
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_ (n+2)!
n+1—3,,T
_ i DL gl
noe 3 (n+2)!

ull

lim
= Uy

Hence, by D’ Alembert’s ratio test, the series is divergent.

Example 11
42 4 4
Test the convergence of the series 1+ —+—+—+—
2! 3! 4! 5!
Solution
n-l1
Let u, = 4
n!
4”

tntl = )

u, 4! (n+1)!

n

Uy n! 4"
_(n+1)
4
; u . (n+1)
lim — = lim — o>
n—ce ”n+1 n—oce

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 12
22 32 42
Test the convergence of the series 1+ 21 + 3 + ] +--
Solution
Let u, = E
n!
e (n+ l)2
T (1)
L_i‘ (n+1)!

yey 1! (1)
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_n*(n+1)-n!
nl(n+1)>*

n2

n+1

n
1
14—
n

ou . n
lim —2—=lim —— > o >1
n—oo “n+l n—oo l PR
n

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 13
P 3P 4P
Test the convergence of 1+—+—+—+...,(p>0).
2! 3! 4!
Solution
nP
Let Uy, =—+
n.
_(n+D)?
" (1))
nP
lim —2 = Jjm — 2!
noelyy noe (n+1)P
(n+1)!
. n? (n+1)!
n—e (p+1)?  n!
= D g e 51

n—eo P
)
n

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 14

1 2 3 4
+ = = rReE
1+2 1+2° 142° 142

Test the convergence of the series
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Solution
n
Let =
1+2"
n+l
Upy =———
n+l 1+ Zn+l
w, n 1+2""
uu+l 1+ 2” n+l
1
_ 2”
N
211 n
" % +2
lim —" = lim —2
n—ee Uy 1 ”%m(L_’_l)(]*_l)
2'1 n
=2>1 [ lim 2" — oo}
n—oo
Hence, by D’ Alembert’s ratio test, the series is convergent.
Example 15
. - 2:4:6...2n
Test the convergence of the series Y, 1
“5.811...3n+2)
Solution
Let B Gl [Using A.P]

“n T 5811...0n+2)
Lo 24:6..202n+2)
T 5.8.11...(3n+2)3n+5)

W, _ 2-4-6..2n  5-8:11...3n+2)(3n+5)
Uy 5:8-11...(3n+2) 2-4-6...2n(2n+2)
_3n+5
2n+2
3+i
A
2+2
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3+~
lim —— = lim —2
n—oo uu+l n—eo 2 + g
n
3
=—>1
2

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 16

Test the convergence of the series z+2'5+2'5'8.|.2'5'8'114....
1 1-5 1-5:9 1-5-9-13

Solution

Let _2+5:8-11...(3n=1) [Using A.P]

" 1.5.9-13...(4n-3)
2.5.8-11...G3n-D)(3n+2)
= 175.9.13...(4n—3)dn+1)
2.5.8.11...3n-1)
My 159013 (4n=3)
n—eo | n—ew 2:-5-8-11...3n—-1)(3n+2)
1-5-9-13...(4n-3)(4n+1)
_ 4n+1

= l1im
n—e 3n+2

4+l

= lim —2
n—eoo 3+ g

n

4
==>1
3

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 17 > > >
. 1 1-2 1:2:3
Test the convergence of the series | — | + + +...00.
3 3.5 3:5:7

Solution

3:5.7...Cn+1) [Using A.P]

1-2-3...n(n+1) ’
un+l =

[ 15231 T
Let u, =

3-5:7...2n+1)(2n+3)
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5 u A
lim —— = lim
n—co u”+| n—co

= lim

n—co

= lim
n—yoo

Chapter 5 Sequences and Series

{:33..n [
3.5-7...2n+1)
1-2-3...n(n+1)

3-5-7...2n+1)(2n+3)

T

2

| |

[2n+3
n+l

3
D
n
T
n

=4>1

Hence, by D’ Alembert’s ratio test, the series is convergent.

Example 18

. 3 4 5
Test the convergence of the series 2+ = x+— x> +— x> +---.

Solution
Let u,
un+l
Lln
“’n+1
lim —*
n—ee Uy

[Summer 2014]

n+l .5
=—Xx
n
n+2 ,
= X
n+1
_(n+ Dx"' n+1
n (n+2)x"
1+l 1+l 1
= n.,__ n -
1 1+3 x
n
1 1
I+— 1+— 1
:Hm_n._g._
e 1+=
n



By D’ Alembert’s ratio test, the series is

|
(1) convergentif —>1 orx<1
X
e o L]
(ii) divergentif —<1 orx>1
b

The test fails if l =1, 1e,x=1.
%

Then u, = i

n
n

5.11 D’Alembert’s Ratio Test

1
=1+—
n

. . 1
lim u, = lim | 1+—
n—oo n—yoco n

=1 [
2u, is divergent for x = 1.

Hence, the series is convergent for x < 1 and

finite and non-zero]

is divergent for x > 1.

5.53

Example 19

Test the convergence of the series Z
n=l

Solution

n+l ,
Let U, =——X%

n

n+2
(n+l)2

(D"

( +l) IT

Il

n+l

(n-&—l)2

2
Upi n

(n+1)3

(n+2)x"*!

- n* (n+2)x

)
(14

= lim —=

lim

3
[+
n |

X

J

n—oeo U, n—yeo (1+2)

1

X
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By D’ Alembert’s ratio test, the series is

1
(i) convergentif —>1 orx<1
X
e g o]
(ii) divergentif —<1 orx>1
x

The test fails if l =1, 1e,x=1.
5

Then u, =

Let .

.u . 1

lim—* = lim| 1+—

n—roo v” n—oo ’1
=1 [finite and non-zero]

| R
and Xy, = 2— is divergent as p = 1.
n
By comparison test, 2u, is also divergent for x = 1.

Hence, the series is convergent for x < 1 and is divergent for x > 1.

Example 20
oo n
Test the convergence of the series Y, 5 , for x > 0.
=i\ n”+1
Solution
n
Let u, = 3
n”+1
xn+l
u = =
i (n+ 1)2 +1
Wy (n+1)* +1
U, ’12 +1 xIH-l
2
i
1 o e
=k # A 1
N 1
1+ g
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()
I+—| +—
n) w1

u,

lim = lim 7
n—eo If n—oo i o
n+l I
1+ =
n
X

By D’ Alembert’s ratio test, the series is
. o]
(i) convergentif —>lorx<1
o
s g o
(ii) divergentif —<1or x> 1
X

The test fails if x = 1.

Then u, =

Let V., =

" u "
lim 2 = lim

1
n—oo Y n—oo 1
" 1+—
n-

=1 [finite and non-zero]

1.
and Xy, = 2—2 is convergentas p =2 > 1.
n

By comparison test, 2u,, is also convergent if x = 1.

Hence, the series is convergent for x < 1 and is divergent for x > 1.

5.55

Example 21
n
Test the convergence of the series Y, — lx" , x> 0.
n* +
Solution
Let u, = 2 x"

n k¢
n* +1
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2n+l ”
un+l = 4 H
(n+1)" +1
w, 2"x" (n+D*+1

n

i i n4+l 2n+l n+l1

L)
[ 2o
(i)
e

. u
lim 2= lim —————
n—oo l,l" ] n—oo [

2x
By D’ Alembert’s ratio test, the series is
(i) convergent if 1 >lorx< 1
2x 2
el . 1 1
(i1) divergentif — <{orx>—
2x 2
The test fails if |\ — | op x = 1.
2% 2 mo
Then = i
n*+1 2"
1
n* +1
_ |
4 1 )
n|1+—
[
Let = 1
V” - _4

4

lim —+ U _ llmé1
)

n—oo V n—eo ( 1

=1 [finite and non-zero]

1
and Xv, = 2 — is convergentas p=4> 1.
n
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1
By comparison test, Xu, is also convergent if x = P

o 1 o I
Hence, the series is convergent for x < 5 and is divergent for x> 5

5.57

Example 22
Jn_,

n
Test the convergence of the series z /—‘n2 n lx :

Solution

Let T X

_ (n+l) n+l
Upi1 = —2')(
(n+17°* +1
y _|_n /(n+l)2+1_ 1
u"+] I’l2 +1 n+l1 xn+l

_|n (n*+2n+2) 1
(n+1) (@ +1)  x

. u .
lim = lim
n—oo un+1 n—yoo

% -

By D’ Alembert’s ratio test, the series is

1
(i) convergentif —>1, orx<1
x

(ii) divergent if X <1,orx>1
x

The test fails for x = 1.

Then u =
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_ 1
=—
s 1
n 2 1 + T
I
L |
. =TT
n2
.. u i
lim -+ = lim
n—oo v” n—oo
1+—

n

=1 [finite and non-zero]

1
and Xy, = ZL] is divergent for p = 5 <1

;
n?
By comparison test, 2u,, is also divergent for x = 1.
Hence, the series is convergent for x < 1 and is divergent for x > 1.

Example 23
) x* x x*
Test the convergence of the series + +
x+1 x+2 x+3 x+4
Solution
n
Let u, = ol
X+n
xn+l
u =
" xtn+l
u, x" x+n+l

- n+l
u,, x+n x

X 1
—Fl4— |
e 1 n *
x !
Z4q *
n
X 1
% —+1+— |
lim —— = lim 2 n.—
noe U, n—eo _)ﬁ +1 X
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By D’ Alembert’s ratio test, the series is

(i) convergent if 4 >lorx<l
x
o L1
(i1) divergentif —<lorx>1
X

The test fails if l =lorx=1.
x

Then u =——

Let vy =—

n—eo y, n—eo l +1
n

=1 [finite and non-zero]
1
and Xy, = 2 — isdivergent as p = 1.
n

By comparison test, 2u,, is also divergent for x = 1.
Hence, the series is convergent for x < 1 and is divergent for x > 1.

5.59

Example 24
¥ % _ % &
Test the convergence of the series —+ + + +---.
1.2 34 56 78
Solution
Let u, = L
2n—-1)2n
xn+l

Ul = 5 A A
2n+1D)(2n+2)
u b ok (2n+1D(2n+2)

n

= n+l
u,,, (2n-1)2n X
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X
By D’ Alembert’s ratio test, the series is
(i) convergent if 5 > lorx<]
5
e g L
(ii) divergentif —<lorx>1
X
The test fails if ! =lorx=1.
%
1
Then n =
(2n—1)2n
B 1
2n’ (2 - l)
n
Let v, = l,

= i [finite and non-zero]

1
and Xv, = Z - is convergent as p =2 > 1.
n

By comparison test, Zu, is also convergent.
Hence, the series is convergent for x < 1 and is divergent for x > 1.

Example 25

2
X X

Ly + 4o
1-2.3 456 7-89
[Summer 2017]

Test the convergence of the series
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Solution

xn—l

= Bn—2)Gn-1)3n

Let

xn

U1 B 1) Bn+ 2)Gn + 3)

u, X" (Bn+D)Bn+2)(3n+3)

u, +1  (3n—2)(3n-1)(3n) X"
(3+1)(3+2](3+3)
_ n n n
n n
(3+1j(3+2)(3+3j
. u . n n n
lim —— = lim
n—)munJrl n— oo (3_2)(3_1)3
n n

By D’ Alembert’s ratio text, the series is

1
x

1
X

(i) convergent if 1 >1 or x<1
X

(i1) divergent if 1 <lor x>1
X

The test fails if l=1 or x=1.

X
Th u, = !
en " Gn-2)Gn-1)(3n)
_ 1
n (3 - 2)(3 —IJ 3
n n

1

Let Vv, =—
n l’l3

.u . 1

lim 2+ = lim 5 1

A () L
n n

1
= [finite and non-zero]
27

5.61
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1.
and ZVn = Z? is convergent as p =3 > 1.
By comparison test, zun is also convergent for x = 1.

Hence, the series is convergent for x < 1 and is divergent for x > 1.

Example 26

. 3 &1
Test the convergence of the series 2x+ 3 2> 77 X2 e (n_z) X",

.
Solution
Let = n-:l o
n
u _n +2 X X/H—l
" 1)

w, (n+Dx"  (n+1)

3 +
Uy, n (n+2)x"!

u,

lim = lim

n—e U, n—eo 1+ 2 X
n

1

X
By D’ Alembert’s ratio test, the series is
. L1
(i) convergentif —>lorx<1
5
e g o1
(ii) divergentif —<lorx>1
x
The test fails if ! =lorx=1.
X
n+l
Then U, =—5
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1
Let Ve =
n
Lu . 1
lim = lim| 1+—
n—oo v” n—oo n

=1 [finite and non-zero]

1.
and Xy, = z — is convergent as p = 2> 1.

By comparison test, Zu,, is also convergent for x = 1.
Hence, the series is convergent for x < 1 and is divergent for x > 1.

Example 27
Test the convergence of the series ] 2y x’ + x +-e-

W1 32 43 sV

[Winter 2013]

Solution

x2n~2
L A
“ LT IT

an

W, =—
" (m+ 2+l
u X2 (n+2)Wn+1

n

un+l - (I’I + l)\/; xln
_(n+2) [n+1 1

B (n+1) n X

[1+—2)
n 1
= 1+—-

>

By D’ Alembert’s ratio test, the series is

1
(i) convergentif —>1 orx*< 1
"

1 >
(ii) divergent if — <lor x” >1
2
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1
The test fails if = lorx* =1.

X
Then U l
L, =—F—
" (n+1)n
_ 1
-3
= 1
n2 (l + —)
n
1
Let Yn =73
n?
3 l/l” : l
lim -+ = lim —
n—e Y, n—e I+ l
n
=1 [finite and non-zero]
3
and Xy, = % is convergent as p = 5 > 1.
3

n
By comparison test, u, is also convergent for P=1.

Hence, the series is convergent for x* < 1 and is divergent for x* > 1.

Example 28
. 3 U P I
Test the convergence of the series 1+ —x+—x"+—x" +—x" +
2 9 28 65
Solution
2n+1 ,
Let U, =—3 1 X [Neglecting the first term]
n
3
Uy = 2n+z X"H
(n+1)y" +1
w, _Qn+hx" [(n+1)’+1]
Uy w0+l Qn+3)"
3
(2+])l(1+1) +2}
n n n
(2+3 (l+%)x
n n
3
(2+1)[(1+1) 4}
u n n n
lim —— = lim
3

n—eolf, | n—veo (2+_](]+L})x
n n



5.11 D’Alembert’s Ratio Test

By D’ Alembert’s ratio test, the series is

(i) convergent if 4 >lorx<l
29

(ii) divergent if ! <lorx>1
X

The test fails if x = 1.

2n+1
Then u, = :7
n +1
2+l
- n
n’ (1+L,)
n
1
Let -
n-
2+l
n ’1

=2 [finite and non-zero]
and . = z Lv is convergentas p =2 > 1.
n-

By comparison test, 2u, is also convergent if x = 1.

Hence, the series is convergent for x < 1 and is divergent for x > 1.

EXERCISE 5.3

5.65

Test the convergence of the following series:

22 32 42
1. 1+ﬂ+§+ﬂ+'"m

[Ans.: Convergent]

i4A7-10...(3n+1)

“~ 1.2-3-4...n
[Ans.: Convergent]
3 L + : + 2 +
" 145 1457 1+5 7
[Ans.: Convergent]
2! 31 4]
4, Ve Pefp——de,  j00 [Ans.: Convergent]

22 3 4
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10.

11.

12.

13.

14.

15.

16.

17.

18.

2 3 4
+—+—+

3! 4! 5!
3 3 3 3
+—+—+—+

21 3! 4! 5!

[Ans.: Convergent]

[Ans.: Convergent]

[Ans.: Convergent]

[Ans.: Convergent]

[Ans.: Convergent]

[Ans.: Convergent]

[Ans.: Divergent]

[Ans.: Convergent for x < 3, divergent for x > 3]

~ 3" +1 '
[Ans

oo Xn
;(2")!

S (n+1
Z; n3+1'X,X>0 [Ans

X+2x2+3x3+4x* +...00
[Ans.
X XZ x3 n
+—+—+—+ e
2 5 10 n-+1
[Ans
x X x3
S ——+—+...0
1-3 -5 5
[Ans

.: Convergent for x < 1, divergent for x > 3]

[Ans.: Convergent]

.: Convergent for x < 1, divergent for x > 1]

: Convergent for x < 1, divergent for x > 1]

.00

.: Convergent for x < 1, divergent for x > 1]

.: Convergent for x < 1, divergent for x > 1]
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2_
19, x+3x2+ S0 B804 +n2 !
5 10 17 n° +1

[Ans.: Convergent for x < 1, divergent for x > 1]

X" +... 00

XZ 3

X X
20. + + +...00
23 34 45

[Ans.: Convergent for x < 1, divergent for x > 1]

5.12 RAABE’S TEST

u

n+l

If Xu, is a positive term series and lim7 u—"—1)= [, then
(i) 2w, is convergentif /> 1
(i1) Xu,, is divergentif /<1
(iii) Test failsif [ =1

Proof: |
(i) Consider a number p such that p > 1. The series 2u, :Z—p is convergent
n

if p> 1. By comparison test, Xu, will be convergent if from and after some term

p P
ty, _ vy _(n+D) :(1+1)

un+l Vn+1 np n

1Y -1
N P =1+£+p(p2)+...
1 n no 2n

Upi n 2n

lim n[ U —1)> lim {p+@+..}

n—oo U, n—»eo n

[>p>1

Hence, Xu, is convergentif /> 1.

1
(ii) Consider a number p such that p < 1. The series Xv, = 2—p is divergent if p < 1.
n

By comparison test, Xu, will be divergent if from and after some term
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Proceeding as in case (i), we get

limn( “y —1J<lim[p+w+...:|

n—eo u n—eo 2n

n+l
I<p<l
Hence, Xu, is divergentif /< 1.

(ii1) Raabe’s test fails if / = 1 and other tests are required to check the nature of the

series.

Note: When Raabe’s test fails, logarithmic test can be applied.

Example 1
. 2-5 2-5-8
Test the convergence of the series —+ + +....
7 7-10 7-10-13
Solution
L 258Gl
" 7.10-13......3n+4)
u = 2-5-8...3n-1)(Bn+2)
" 7.10413...Gn+4)Bn+7)
u, 2-5-8...(3n-1) ~7~10~13...(3}14—4)(3?1-1—7)
u,,, 7-10-13...3n+4) 2-5-8...3n-1)(Bn+2)
_ 3n+7
3n+2
lim n| — 1 zlimn(3n+7—1j
n—eo Uy n—oo 3n+2
S5n
= lim
n—e 3n+2
zlim%=§>1
S it

n

Hence, by Raabe’s test, the series is convergent.

Example 2

Tl Bn+1)x"

S
Test the convergence of the series Y, '
n.
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Solution
4.7...3n+Dx"
" n!
. _47..Gn+D)Bn+ 4"
m (n+1)!
w, _47..0Gn+Dx" (n+1)!
Uy n! 4.7...Gn+1)3n+4)x"!
_ n+l
_(3n+4)x
" 1+l
lim —— = lim n
n
1
T 3x

By ratio test, the series is

1
(i) Convergentif —>1 or X<
3x 3
oy e o1 1
(ii) Divergentif —<1 or x>—
3x 3

(i) Test fails if x :%

u,  n+l
Then Uit Gprd) L
3

_3n+3

3n+4

Applying Raabe’s test,

5.69
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1
By Raabe’s test, the series is divergent if x = g

o . 1 . .
Hence, the series is convergent if x < 3 and divergent if x 2 3

Example 3
3-5.....2n=Dx*""!
2-4.6...... 2n2n+1)

. 1
Test the convergence of the series Y,

Solution

PRI R 2n-x>"!
" 2:.4-6.....2n+1)

. _1-3-5...2n-1)2n + D>
046, 2n(2n+2)(2n + 3)

w, _1:3:5...Qn-Dx>"" 2.4.6....2n(2n+2)(2n+3)
Uy 2:4-6.....2nQ2n+1) 1.3-5.....2n-1)Q2n+1)x*>""
_ (2n+2)2n+3)
Q2n+1)%x?

By ratio test, the series is

1
(i) Convergent if — >1 or x* <1
X

(i) Divergent if Lz <1lorx’>1
X
(iii) Test fails if x*> = 1

u, (2n+2)2n+3)
il 2n+1)*

Then
u
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Applying Raabe’s test,

lim 2| <1 | = lim n M—l
n—eo \ U 2n+1)
— lim n(6bn + 52)
ne (2n+1)

[6+5)

= lim "/

n—yeo 1 2
n

:3>1
2

n+l

By Raabe’s test, the series is convergent if ?=1.

Hence, the series is convergent if x* <1 and is divergent if X >1.

5.71

Example 4
Test the convergence of the series

Za(a+1)(a+2) ...... (a+n=1)-b(b+1)(b+2)...... (b+n-Dx"
1-2-3...... n-clc+D(c+2)...... (c+n-1) '

Solution

1-2...... nn+1)-c(c+1)....c+n—1)(c+n)

a(a+1)...... (a+n—D(a+n)-b(b+1)...... (b+n-1)b+n)x""!

_ (n+t1)(c+n)
~(a+n)b+n)x

(1+1)(6+1)

., . nj)\n

lim = lim

S B | é+1 X
n n

1
X
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By ratio test, the series is

(1) Convergent if l >] orx<l1
X

(i) Divergent if l <1 orx>1
by

(iii) Test failsif x =1

Then u, _ (n+l)c+n)
(a+n)(b+n)

Upi

Applying Raabe’s test,
lim n[ M —1} = lim n[w— 1}

n—e | U n—e | (a+n)(b+n)

(c—ab)+n(l+c—a->b)
(a+n)(b+n)

n+1

=limn
n—eo

(c—ab)

= lim n p

" (a+1j[+lj
n n

=l+c—a-b

+(1+c—a->b)

By Raabe’s test, the series is (i) convergent if 1+c—a—-b>1 or ¢>a+b, and
(ii) divergentif 1+c—a—-b<1 or c<a+b.

Hence, the series is convergent if x < 1 and divergent if x > 1.

For x =1, the series is convergent if ¢ > a + b and divergent if c < a + b.

EXERCISE 5.4

Test the convergence of the following series:

1. 1+1+L+ 1

.-
2 2-4 2-4-6 [Ans.: Divergent]

[Ans.: Convergent]

22 22.42 22'42'62
343456 345678
. 4.5 4567 [Ans

3. (i) 1+
.: Convergent]
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(i) 1+(12!32 x+(24!')2 x? +(36!')2 x4+

[Ans.: Convergent for x < 4 and divergent for x > 4]

(iii) 1+ 3x 428 2 369 45
7-10 7-10-13

[Ans.: Convergent for x < 1 and divergent for x > 1]

22 22 '42 22 '42 '62
4. 1+3—2+ 35 +32.52_72

a@+1) (a+1M(a+2) N (a+2)(a+3)

5. +
2! 3! 4!

[Ans. : Divergent]

[Ans.: Convergent for a < 0]

(n!)Z 2n
6. sz .

[Ans.: Convergent for x < 4 and divergent for x* > 4]

5.13 CAUCHY’S ROOT TEST

1
If Zu, is a positive term series and if lim (u,)" =/ then
n—oo

(i) Zu, is convergent if / < 1.
(i1) Xu, is divergent if [ > 1.

Proof

1
Case I'If lim(u,)" =1<1.
n—yo0 1

Consider a number / < r < 1 such that (u, )yn <r foralln>m
u, <r"foralln>m

S 2, .3
The geometric series, Srt=r4rt4r 4o

. (D)
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S, =r+r’+r +..+r"

_r(-=r")
1-r
. . 1-r"
lim S, = lim Filr )
= r<l
S , which is finite S limr" =0
-7 X—oo
Hence, the series Xr" is convergent.
From Eq. (1), u, <r"foralln>m
Su, < 2"

Since Zr" is convergent, Xu,, is also convergent.

1
Case II: If lim(u,)" =1>1.
n—eo
1

(u,)" >1 forall n>m ()

Neglecting the first m terms,

1 1 1 1
Z(u")n = (um+l)m+l +(um+2)m+2 +(um+3)m+3 +...00

>1+1+1...00

[Using Eq. (2)]

1 1 1 1
Sn = (um+1)m+l +(u )m+2 +(um+3)m+3 +._.+(u )m+n

>1+1+1...nterms=n

m+2 m+n

lim S, > limn — o
n—yeo n—yeo

oo

The series 2 U, is divergent. The nature of a series remains unchanged if we
n=m+1

neglect a finite number of terms in the beginning. Hence, the series 2 u, is divergent.

n=1

1
Note: If lim(u,)" =1, the root test fails, i.e., no conclusion can be drawn about the

n—yeco

convergence or divergence of the series.
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5.75

Example 1
L 1
Test the convergence of the series —,
n=1(logn)
Solution
1
Let Uy =
(logn)"
2
(“”)n -
logn
1
lim (u,,)" = lim
n—eo n—elogn

=)< 1 [ logoo — o]

Hence, by Cauchy’s root test, the series is convergent.

Example 2
oo an+l
Test the convergence of the series Z —t
n=l1 n
Solution
n+l
Let u,=—
n
L@
(u,)" = £

lim(z, )" = lim
n—ee n—eo ’1
=0<1

Hence, by Cauchy’s root test, the series is convergent.

Example 3

) 1
Test the convergence of the series Y, ——— -

=)
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Solution
Let u, = ;nz
3]
n
: 1

(un); e
3]
n
l
lim (u,)" = lim ———
n—soo n—seo 1 n
()
n

1
=—<1
e

Hence, by Cauchy’s root test, the series is convergent.

Example 4 | (n—logn)"
Test the convergence of the series 2—2,, o
Solution
Let U, = i agm)
2".n"
1
lim ()" = lim Ip—logn) [iform}
n—oo n—yeo n ©

=——lim % [Using L’Hospital’s rule]

Hence, by Cauchy’s root test, the series is convergent.

Example 5

Test the convergence of the series

1. 2% (3} n Y
—+[ =]+ =]+t +
35 7 on+1
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Solution

Let u, = s
2n+1

Hence, by Cauchy’s root test, the series is convergent.

5.77

Example 6
13 23 33 43
Test the convergence of the series —+ —+—+—+--.
2 3 4
3 3 3 3
Solution
"3
Let u, =—
3/1
1
l ”3 ;
(un)” = (_)
3)1
i
_ nll
3
3
; 3
= n
lim (u,)" = lim “—
n—ee n—oo
| 3
= 2 lim (n” )
n—oo
1
Let [ = lim(n)"
n—oo

log/ = lim llogn

n—ee 11

= lim loﬁ [i form}

n—oo N oo

...(D)
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1
- ,}1_{1 % [Applying L’ Hospital’s rule]
logl=0

[=¢°

=1
1
o lim(n)" =1
n—oe
Substituting in Eq. (1),
=
li n=—x<l
nl—g}o(””) 3

Hence, by Cauchy’s root test, the series is convergent.

Example 7
Test the convergence of the series
5 -1 3 -2 4 =3
2.2 133 4|Als
1?1 2* 2 3+ 3

Solution

(n-i—l)"“ (n+l)
Let u, = -
n n

1 n -1
lim (,)" = lim [(Hl] (1+1)_(1+lﬂ
H—yoo n—yoo n n n

=(e-1"
=L<1
e—1

Hence, by Cauchy’s root test, the series is convergent.
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5.79

Example 8 —
Test the convergence of the series Y, ——,x>0.
. n=1 (n + 1)
Solution
n",\"n
Let u, =
(n+1)"
1
I non |,
o nx e
(Ll”)" = n
(n+1)
_onx
n+l
- X
lim (u,)" = lim ———
n—oco n—eo
14—
n
=X
Hence, by Cauchy’s root test, the series is
(1) convergentifx <1
(ii) divergentifx > 1
The test fails if x = 1. o
Then u, = )
(n+1)
1
lim u, = lim ———
n—yeo n—eo ( 1 )
14—
n
1
=—%0
e

The series is divergent for x = 1.
Hence, the series is convergent if x < 1 and is divergent if x > 1.

Example 9
Test the convergence of the series Z(n;n#
Solution
C(n+1)" "
Let T ST e
= (n+Dx

n =
)" ==

nn

[Summer 2014]
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_(n+Dx
a 1
n.n"

L 1
lim (,)" = lim (1+—)
n—eo n—oo n

| =

S| =

n

Il
=

1
[ lim n" =1as solved in Ex 6

x>0

Hence, by Cauchy’s root test, the series is convergent, if x < 1 and divergent if x > 1.

The test fails for x = 1.

n
Then .= (-t 1)
n n+l
n
_(n+1)"
n-n"
_1(n+1 "
n\ n
1 1 n
=—|1+—
n n
Let v, = l
n
.u . 1Y
lim —* = lim (1+—)
n—ey,  n—e n
=e [finite and non-zero]

v, = Zl is divergent as p = 1.
n

By comparison test, 2u,, is also divergent for x = 1.

Hence, the series is convergent for x < 1 and divergent for x > 1.

Example 10

1 2 (3Y 4y
Test the convergence of the series —+§x+ (Z] % + [g) x> +...00.
Solution

n—1
u = = X!
Let "o \n+l
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1 1 L
lim(u,)" = lim| ———| (x) "
n—oo n—eo ]

1+—
n
=x

Hence, by Cauchy’s root test, the series is convergent if x < 1 and divergent if
x> 1. Root test fails for x = 1.

EXERCISE 5.5

Test the convergence of the following series:

1. 1+2l2+3_13+4i4+m°° [Ans.: Convergent]
2. 2(”_“) [Ans.: Convergent]
3n

3

Fo(g)

[Ans.: Convergent]

[Ans.: Convergent]

[Ans.: Divergent]

[Ans.: Convergent if x < 1 and divergent if x > 1]
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5.14 CAUCHY'’S INTEGRAL TEST

oo oo

If Zun = Z f(n) is a positive term series where f(n) decreases as n increases and let

n=1 n=1

[T Feodx=1 then

(i) Zu, is convergent if / is finite

(i1) Xu, is divergent if / is infinite
Proof Consider the area under the curve y = f(x) from x = 1 to x = n + 1 represented

as J‘1n+l f(x)dx. Plot the terms f(1), f(2), f(3), ..., f(n), f(n + 1).

The area j|’I+] f(x)dx lies between the sum of the areas of smaller rectangles and sum

of the areas of larger rectangles
f@+ @)+ far < [ f0dr < FO)+ FQ)+ fG) 4+ fln)

n+l
S —fO <[ fdx <3,
As n — oo first inequality reduces to
lim S, <[ f(x)dv+ £(1)
n—eo 1
This shows that if J.]wf (x)dx is finite, £f(n)= XZu, is convergent.

As n — o second inequality reduces to

|7 fx)dx<lims,

n—eo

or limS, > Jlm_f(x)dx

n—eo

This shows that if J.]mf(l’)dx is infinite,

X f(n)=Zu, is divergent. o

Example 1

Test the convergence of the series Y, .
“— nlogn
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Solution
1 .
Let u, = = f(n)
nlogn
f(x)=
xlogx

1
dx
xlogx
1
llm Jlﬂ
m—e"2 xlogx

J- o

Il

lim ‘ log logx|;"
n—yeo =]

N AC))
= lim (loglogm —loglog2) — oo . J.de=logf(x)
m-—eo i ¥
Hence, by Cauchy’s integral test, the series is divergent.
Example 2
Test the convergence of the series S nze"ﬁ.
. n=1
Solution
Let u, =n’e™ = f(n)
g 2 -3
fx)=x"¢"
Jmf(x)dx = J‘mxzeﬁ"jdx
1 1
_ 1 -_lJ-m )_'\,3 -3 2 dx
—ml_)nl- 3 1( (-X)
B l 3 m . s
= li | g S(x) g2 dx = LX)
1”1-1320 o e ] :| [ e f(x) e ]
= lim ——l( -m’ —e_l)}
m—yeo | 3
T
= 3(8 e )
_ _1(0 _ 1)
3 e
- [finite]
 3e ;

Hence, by Cauchy’s integral test, the series is convergent.
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Example 3
1

Test the convergence of the series Y, :
n=3nlog n\/log2 n—1

[Winter 2015]
Solution
Let u, = 1
! nlog mllog2 n-1
1
fx)=
x log )\'\/Iog2 x-1
[ foa=] 1 dx
3 3 xlogxyllogzx—l
Putting log x =1, ldx =dr
X
When x = 3, t=log3
When x — oo, t=logoo=oo
Jf(x)dx j
log3 t\lt -
dr
= lim
m—)oolo"’st ,1‘2 -1
= lim ‘sec "
m—»eo log3
_ 1 -1 -1
= lim [sec m — sec (10g3)]
m—soo
=sec ' co—sec”! (log3)
s sec_l(log 3)
2
= cosec! (log3) [finite]
Hence, by Cauchy’s integral test, the series is convergent.
Example 4
) -1
tan n .
Test the convergence of the series Y, — [Winter 2014]

=1 1+n
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Solution
1
Let B 2tan” n = f(n)
1+n°
; 2tan”' x
fx)=———
14 %"
2tan"! x
j F(x)dx = j dx
+x°
2tan”"
= lim j 0
m—yeo 1+ x
Putting tan'x = t, dx =dt
1+ x°
Whenx =1, t=tan*1(1)=%
When x = m, t=tan'm
tan lm
j Ff(0)dx = lim j 2tde
m—>oo
Z
5 tan~ m
= lim |~
m—eo| 2 g
4
s g2
= lim (tan_l m) T
m-—>o0 16
y 2
= (tan_1 00) =
16
=z
4 16
3r?
=— finite
6 [ 1
Hence, by Cauchy’s integral test, the series is convergent.
Example 5
Show that the harmonic series of order p,
1
z —=—+-—+—+...0 jsconvergentif p>1 andis divergent ifp< 1.

nlnP 117 2P 3P

[Summer 2015]
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Solution

Let o
un _n_p_f(n)
1
Ty =—

X
jl“’f(x)dx = j]”xlpdx

—p+1 |
xP

= lim
m—yeo

—p-i—l1

) m'=P 1
lim -
moe\ 1-p 1-p

= oo, p<1

If p=1, . -1
J.l j(.x‘)dx:J‘l ;d.x
o m ]
:ulr]—r>noo‘[| ;dx
= lim [logx["
m—eo

= lim (logm —logl)
m-—>ce

:]()goo—)oo

The integral | f(x)dx is finite if p > 1 and is infinite if p < 1.
gral | P p

Hence, by Cauchy’s integral test, the series is convergent if p > 1 and is divergent if
p<1.

EXERCISE 5.5

Test the convergence of the following series:

1. [Ans.: Divergent]

[Ans.: Convergent]

= n +1

3. Yne™ [Ans.: Convergent]
n=1

4, Z; [Ans.: Convergent]
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5.15 ALTERNATING SERIES

An infinite series with alternate positive and negative terms is called an alternating
series.

Leibnitz’s Test for Alternating Series

. . -1 . .
An alternatlng series Z(—l)" Vp = Zu,, 1S convergent if
n=1 n=1
(i) each term is numerically less than its preceding term, i.e. |un +1| < |un| or

|un| > ‘un+l

=0

i) lim (i
(i) n—e! "

Example 1

1 1 1
Test the convergence of the series 1— T +———+
2 3 V4

Solution
Let ="
Jn
1
Jn
The given series is an alternating series.
1

Ol bl =
_Jnxi-vn
nnt1

n+l|

u,

>0 forallne N

> u

1

T

(i)  lim |u,|= lim |
n—yoo n—oeo

=0
Hence, by Leibnitz’s test, the series is convergent.

Example 2

1 1
Test the convergence of the series 1 +
VAN 4f

Solution
- (_ l)n—l

n\'n

Let
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1

n\'n

|, | =

The given series is an alternating series.

1 1
(1) nl T Hns1| = -
|M| |“ +l| n\/; (n+Dvn+1
(n+1D)Vn+1—nn

= >0 forallne N

(n n)[(n+l)\/(n+l):|

% |H”‘ > |Ll

n+1|

1

(i) lim |u,|= lim

n—oe n— niln
=0
Hence, by Leibnitz’s test, the series is convergent.
Example 3
, 11 1
Test the convergence of the series 5~ 5t 5——5+
I~ 2 3 4
Solution |
Let u, =(-1)"" =
n-
Jtal ==
n
The given series is an alternating series.
|
@) |ty = [Up1|=—5—
HI n’ (n+ 1)2
2n+1
:%>0 forallne N
n“(n+1)°
|”n | > |”n+l |

A .1
(i) lim |u”| = lim —
n—eo n—oo p*=

=0
Hence, by Leibnitz’s test, the series is convergent.

Example 4
1 1 1

Test the convergence of the series l_p S i

2P 3P 4P
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Solution

Let u, = (-1)" n_"
ol =
n np

The given series is an alternating series.
Casel: If p>0,

. 1 1
) i =] === T
_m+h"-n"
n’(n+1)?

[ p>0]

Iun| > un+l|

n—eo np

=0 [ p>0]
Hence, by Leibnitz’s test, the series is convergent if p > 0.
Casell: If p<0

In this case the conditions (i) and (ii) of the Leibnitz’s test are not satisfied.
Hence, the given series is not convergent if p < 0.
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Example 5
1 1 1
Test the convergence of the series 1 ——+———+——---.
2 4 8 16
Solution

The given series is an alternating series.

. 1 1
(1) ’lln l . |un+l| =

211—1_;
1
)
2:1—1 2
11
2;1—I 2

= - >0 forallneN
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|“n | > |“n+l |

R T |
(i) lim |u”| = lim
n—oo n—eo 2"_1

=0

Hence, by Leibnitz’s test, the series is convergent.

Example 6
. 3 4
Test the convergence of the series ———+———+
2 5 10 17
Solution
Let ll” = (_l)n—l 717
n”+1
|“n| = 7#
n”+1

The given series is an alternating series.

n n+l

U, |= -
.l 2+l (n+1)? +1

() |u,|-

_ 11(112 +2n+2)—(n+ l)(n2 +1)
(n* +D)(n* +2n+2)
n*+n-1

=— = >0 forallneN
(n"+D(n"+2n+2)

o ] > ]|

n

= lim —;
n—e p” 41

(i) lim fu,
n—oo

= lim
n—oo

n+—
n
=0
Hence, by Leibnitz’s test, the series is convergent.

Example 7

oo _1yntl
Test the convergence of the series L
n<l ]Og(n + ])

Solution

n+l
Let Yo 0
log(n+1)

[Summer 2014]
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1
B log(n+1)

u,

The given series is an alternating series.
1 1

D |u,|—|u,. = -
) |u, |,,+1‘ log(n+1) log(n+2)
_ log(n+2)—log(n+1)
log(n+1)-log(n+2)
e |u,,| > |“n+| |

(i) lim |u,|= lim ————
n—seo n—elog(n+1)
=0

Hence, by Leibnitz’s test, the series is convergent.
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Example 8

oo _1 n—1
Test the convergence of the series Y, (2;
n=11 (I’l + 1)

Solution
(_l)n—l
Uy =———
8 n“(n+1)

| = 4
! 112(n+l)

Let

The given series is an alternating series.
1 1

@ Jtn —|u"+l‘ . nz(n +1) - (n+ 1)2 (n+2)
_(n+1)(n +2)—n2
- 112(n+1)2(11+2)
=#>O forallne N
n“(n+1)"(n+2)
oo ] ]

(i) lim |u,|= lim ——
n—yeo n==n-(n+1)
=0
Hence, by Leibnitz’s test, the series is convergent.
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Example 9

2 x3 4

Test the convergence of the series x — % + Fa— +...(if x<1).

Solution

Let u, = (-1
n

The given series is an alternating series.
) xn xn+l
@ |un| - |un+l| =
n

n+l
_ x"[(n+1)—nx]
B nn+1)
_xX+d-xnl [-n>land 0<x<I]
n(n+1)
4| > [t
() Timu,|= lim 2~ wlimx" =0ifx<1
n—soo n—oe N * ez -
=0
Hence, by Leibnitz’s test, the series is convergent.

Example 10

Test the convergence of the series

NURNCRNORNER

Solution
ol 3 2o )
2 3 4 5
= —log(3)+ log(z)— log(i)+ log(ij_...
1 2 3 4
Let u, = (~1)" l()g(n: ')

|u”| _ log(n“]’l)

n
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The given series is an alternating series.

log l_lgn+2 0 [‘:n+]>n+2

@) |u"|— u forallne N}

+I|_
* n n+1

’M“| > |un+l|

(i) Tim |u,) = lim log(”“)
n—eo n—eco n
1
= lim log(1+ )
n—eo n
=logl
=0

Hence, by Leibnitz’s test, the series is convergent.
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Example 11
1 2 3 4
Test the convergence of the series —— —+———+
2 3 4 5
Solution
Let u,=(-1)"——
n+l

n

"o+l
The given series is an alternating series.

. +1
0 -t 2

_ n*+2n—-n*-2n-1
(n+1)(n+2)
S
(n+1)(n+2)

Since each term of the series is not numerically less than the preceding term,

Leibnitz’s test cannot be applied.
The series can be written as

Sl (M-S

n=I|

=(1-14+1-1+-: )+(—l+l—l+l—~--)
2 3 45

= i(—l)”" +(log2-1)

n=1
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As n — oo, the sum of this series tends to (— 1 +log 2 —1) or (1 + log 2 — 1) according
as n is even or odd.
Hence, the given series is an oscillatory series.

EXERCISE 5.6

Test the convergence of the following series:

(TR O W % R
2 3 45
[Ans.: Convergent]
< n
_1n—1
2. 21( "
[Ans.: Oscillatory]
3 1 1 1 1
. 2—3~3—3(1+2)+F(1+2+3)~5—3(1+2+3+4)+...

[Ans.: Convergent]

4. 1-2x+3x* —4x* +...(x <)

[Ans.: Convergent]
2 3 4
XX =+ X Rl X ++...(0<x<)
1+x 1+x° 1+x° 1+x

[Ans.: Convergent]

5.16 ABSOLUTE AND CONDITIONAL CONVERGENT OF ASERIES

Absolute Convergence of a Series The series Y u, with both positive
n=1
and negative terms (not necessarily alternative) is called absolutely convergent if the

corresponding series Z|un| with all positive terms is convergent.
n=1 o0
Conditional Convergence of a Series 1f the series ) u, is convergent
20, = n=1
and 2 ‘”n| is divergent, then the series Zun is called conditionally convergent.

n=1 n=1

Note 1: Every absolutely convergent series is a convergent series but converse is not
true.
Note 2: Any convergent series of positive terms is also absolutely convergent.

Example 1
0 (_])n 2311

Test the convergence of the series 2‘1 22
n= -~
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Solution
- (_])u 2311
3211
2311

lua| = ==

q’Zu
23(n+l)

Let u,

|L‘n+l| = 3201+1)
|”I 2311 32n+2

- 32}; 32:1 ’ 23n+3

lim
L i |“n+l|

= lim —
n—oo 8

=2>1
8

By D’ Alembert’s ratio test, Z |u,,| is convergent. Thus, the series is absolutely conver-
n=1
gent and hence convergent.

Example 2
Test the series for absolute or conditional convergence
2 3 4
l-—+—=+5+
3 3 3
Solution
el N
Let u, =(-1) 1 3’1__1
i|u |= TR W
n 32 3
n=1
_ n
| n| - 3"—]
|Lt | _n+t 1
n+1 3"
’ |M,,| . BF
lim —— = .
n—eo ‘u”H | n—eco 3"7I n+1
3
= lim —-
n—co
1+—

n
=351
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By D’Alembert’s ratio test, Z|M"| is convergent and hence, the series is absolutely
convergent. n=1

Example 3
: . N G 0
Test the series for absolute or conditional convergence Y, —————.
n=iNn+n+1
[Winter 2016]
Solution

(_l)ﬂ
Let U, = ————t——
¢ \/;-i-‘ln-I—l

1
U,|l=———
| Jn+ 1+n
The given series is an alternating series.
1

M ‘u’”l‘_\/;+\/l+n Jn+l+n+2

BN eN e s

W+l 140+ fn+2)

= “n+2_\/; >0 forallne N
W+ l+n)(J1+n+fn+2)

(i) lim |u
—oo
By Leibnitz’s test, Z”n is convergent.

1

1 Jn+J1+n

lu

Let v o=
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lim M = lim !

n—oo Vn n—oo 1
I+, 1+~
n

=6 [finite and non-zero]

1 1
and Zvn = Z—l is divergent as p = 3

n2
By comparison test, Z|un‘ is also divergent.

The series Y u, is convergent and Y |u,| is divergent.

Hence, the series is conditionally convergent.
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Example 4
Determine absolute or conditional convergence of the series
oo 2
n .
2, ) —— [Winter 2013; Summer 2017]
n=1 n +l
Solution
Let 4, = (1" ——
n’ +1
" |_ n
A |
B il
n (I + —l;]
n
Let v, = A
n
] 1
lim — = lim ——
n—e V, n—eo

I+—
n

=1 [finite and non-zero]

| |
and Xv, = » — is divergentas p = I.
n

By comparison test, Z |u”| is also divergent.

Hence, Xu, is not absolutely convergent.
To check the conditional convergence, applying Leibnitz’s test,

n’ 3 (n+1)7'
n +1 (n+l)3+l

un+l| =

() |u,|-
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ot +3n +3n+2)— (0 + (0’ +2n+1)
(* +D[(n+1)* +1]

B n* +2n +n* -2n-1
7 +D[(n+1)° +1]

_ nt +nz(2n+ 1)—-12n+1)
D[+ 1) +1]

_ n* +(2n+ l)(n2 -1)
@ D[(n+1) +1]

>0 forallneN

|Ll”| > |un+l |

n’
= lim —
n—ep” +1

1
= lim

n—eo 1
n| 1+ -5
n

=0
By Leibnitz’s test, Zun is convergent.

(i) lim |u”
n—oo

The series Zu,, is convergent and Zlu"| is divergent.

Hence, the series is conditionally convergent.

Example 5
Test the series for absolute or conditional convergence
2 31 41 51 i

Solution
+1 1
u = —1 n_l n fp—
Let . = (=1 (n+2 nj
- 2 31 41 51
Z|un|:_+_ b i i
el 3 42 53 64
| |_n+1 l
" n+2 n
1
Let v, =—
n
u, . 1
tim Pl _ i 7+
n—eo v, n—eon+2
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= lim
n—es 2

14—

=1 [finite and non-zero]

1
and Xy, = z— is divergent as p = 1.
n

By comparison test, Z|un| is also divergent.
Hence, the series is not absolutely convergent.

To check the conditional convergence, applying Leibnitz’s test,

(1) Iu I—-u |= n+1 _ n+2
nl Pl ym+2) (n+D)(n+3)
2
= B $3n43 >0 forallne N
nn+1)(n+2)(n+3)
un > un+l
(if) 1im u,| = lim n+l
n—eo n—oo n(n + 2)
g
= lim ——
n—eo 74
n(l+—]
n
=0

By Leibnitz’s test, Zu, is convergent.
The series Zu, is convergent and X|u, | is divergent.
Hence, the series is conditionally convergent.

Example 6
=
Test the convergence of the series x ——+——--+, x> 0.
- [Summer 2016]
Solution
2n—-1
Let =(=] n-1 X
¢ #, = (=1) 2n—1
x'ln—l
”nl ==
2n—1
2n+l1




5.100 Chapter 5 Sequences and Series

2n—
|M,, X 2n+1
- T 2n+
!HHHI 2n—1 x"
|
24— |
- n.
T 2
Dl X
n
|l| 2+— |
3 n|l _ . n
lim = lim —
C A PR R D
n
g
2
i

1
By D’ Alembert’s ratio test, Z’u”| is convergent if — >lorx*<lor x<1 [x>0]
2
Thus, the given series is absolutely convergent and hence, is convergent for x < 1.
Ifx’=1or x=1 [vx>0]
(_l)n—l
u, =
2n-1
b
2n—-1

|, | =

The given series is an alternating series.
1 1

) |u,|—u,|=———
)ty | "H‘ 2n—1 2n+1
2 <
= >0 forallneN
4n° -1
i) lim = lim
( ) l|—>w|“" n—oo 2)7—'1
=0

By Leibnitz’s test, the series is convergent for x = 1
Hence, the series is convergent for x < 1.

EXERCISE 5.7

Test the following series for absolute or conditional convergence:

[Ans.: Conditionally convergent]

[Ans.: Absolutely convergent]
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1 1 1

3. 1_$+\/§_\/Z+

[Ans.: Conditionally convergent]

sinx sin2x & sin3x

4. I 2 3

[Ans.: Absolutely convergent]

5.17 POWER SERIES

. . . . . no__
A power series is an infinite series of the form Za”x =a,+a(x—c)+.

n=l
a,(x—c)’ +a,(x—c)’ +---, where a, represents the coefficient of the n'™ term, ¢ is a
constant and x varies around ¢. When ¢ = 0, the series becomes

2 3
Z(znx” =a,+ax+a,x +ax +--
n=0

5.17.1 Interval and Radius of Convergence

A power series will converge only for certain values of x. An interval (—R, R) in which
a power series converges is called the interval of convergence. The number R is called
the radius of convergence, e.g., if a power series converges for all the values of x, then
interval of convergence will be (—eo, oo) and the radius of convergence will be oo.

5.17.2 Test for Convergence

Since a power series may be positive, alternating or mixed series, the concept of
absolute convergence is used to test the convergence of a power series. Applying
D’ Alembert’s ratio test,

n

u, = a”x
_ n+l1
Upy) = Ay X
n
A u 3 a, x ‘
lim |—"—| = lim |—"—
n—eo LI,H‘1 | n—eo a"+|x
. a
= [—|lim |—
X|n—eo an+|
If lim || =1,
=y
. u 1 l
lim |——|=|—|-l=|—
n—e U, 2 o X
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By D’ Alembert’s ratio test, the series is absolutely convergent and hence is convergent

If |[—|>Lie,lxkl,-l<x<l

X

Here, interval of convergence of the series is (—/, /) and the radius of convergence is /.

Example 1

n

) — X
Obtain the range of convergence of Z — x>0,

n=1

Solution
X

Let U, =
2
x11+l

Upy) = 211+l
u X” 2n+|
lim ——= lim —
n—eoy, . n—eo Q" Yl
_2

x

By D’ Alembert’s ratio test, the series is

. 2
(i) convergentif —>1 orx<2
i . L 2
(ii) divergentif —<1 orx>2
x*
o ep 2
The test fails if —=1, orx =2.
x

2“

Then u, =— =1
2”

Yo, =1+1+1+--wc0

n=1
which is a divergent series.
Hence, the series is convergent for 0 < x < 2 and the range of convergence is
O0<x<2.

Example 2

n n

Determine the interval of convergence for the series 2 and also,

. . . n=0
their behaviour at each end point.
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Solution
2” _X‘n
Let ll” =
n!
2n+l xn+l
U A =—
BT )]
u, 2"x" (n+1)!
u 5 - n! ' 2n+IXn+l
n
_n+l
2x
; n+l 1
lim = lim
n—e Uy, | n—oo 2x
=o0>]

Hence, By D’Alembert’s ratio test, the series is convergent for all values of x
i.e. — oo < x < oo and interval of convergence is (—oo, o).

Example 3
Obtain the range of convergence of z x5 0.8%>0
n=1 d 3 \/—
Solution
xll
Let u, =
n (l+x/71
n+l
Upy1 = =
a+~n+l

n

X a+t n+l1

u,

lim = lim
n—e U, n—oe g4 Jn x”“

1

a
—+, [l+—
. \/; n 1
=lim ——— —
oo a
n— LT 59
Jn
T x

By D’ Alembert’s ratio test, the series is

1
(i) convergentif —>1 orx<1
X

1
(ii) divergentif —<1 orx>1
x

The test fails if x = 1.
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Then u, =
a++n
A
Jn
Let l
v, =—=
n \/,;
o, 1
lim — = lim
n—eo n—eo L'Fl

=1 [finite and non-zero|

1 1
and Xv, = Z — is divergent as p = 5 il
n?
By comparison test, Xu, is also divergent for x = 1.

Hence, the series is convergent for 0 < x < 1 and the range of convergence is 0 < x < 1.

Example 4 4 1)

Obtain the range of convergence of 2 ET
‘n

n=1
Solution
_(x+D"

3".n

Let u,

(™!
o = i)
Uy (@+D" 3(n+1)
Uy 3" (1)

_3(n+1)

a (x+Dn

3(l+l)
_ n

- x+1
3(1+l)
= lim|— 22

el x+1

3

x+1

U

Clu
lim |[—~

n—eo

u

n+l
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The series is convergent if

—>1
x+1
3>x+1
[x+1<3
-3<(x+1)<3
—4<x<?2
Atx=2,
|
u, =—
n
Zu —Z— is divergent as p = 1.
n=1 n=l
_1 n
Atx=—4, u,,=( )
n

The given series is an alternating series.

1
(l) |Ll”| |ll”+l| ;—m

1

= >0
n(n+1) forallne N
’ll“| > ’Ll

n+l

e p
=0

By Leibnitz’s test, the series is convergent at x = — 4.

Hence, the series is convergent for — 4 < x < 2 and the range of convergence

is—4<x<?2.

Example 5
Obtain the range of convergence of Z

n=1 N+ V1+n

Solution
Let U =

n+l

X

un+ = 5
L D)+ 1+ (4 1)
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u x" (n+1D)++/1+m+1)°

e

- 5 n+l
U, n+ Vl+n' X

lim || = lim
n—yeo Ll,,+| n—ee l
(1+ —2+1]x ‘
n
gt
|x]
The series is convergent if l
—>1
|x]
[xl<1
-l<x<1
Atx=1, 1
u" = Pl
n+~N1l+n”
B 1
f 1
n(l-l- —2+1)
n
1
Let v, =—

lim %2 = Iim L

n—oo v" n—oo l
I+, [—+1
n’

= % [finite and non-zero|

1
and Xy, = 2— is divergent as p = 1.
n

Thus, by comparison test, ¥y is also divergent if x = 1.
Atx=-1, i
=D

u"
n+N1+n’

1

U |l=———
e

Il
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The given series is an alternating series.

1 1
n+\/l+n2 (n+1)-l~\/l+(n+1)2

3 m+D+J1+(n+1) —n—=1+n*
(n+\/1+nz)[(n+l)+\/1+(n+l)z]

2 2
_ 1+\/1+(n+1) \/1+n %0

(n+ 122 )[4 D+ 1+ (1) |

un-H‘

@) !u"| -

Hn+l

foralln e N

>

u,

(i) lim|u,|=lim :
n—>eo n—oo ’1+ l+n-
=0

Thus, by Leibnitz’s test, the series is convergent if x = —1.

5.107

Hence, the series is convergent for — 1 < x < 1 and the range of convergence is

-1<x<1.
Example 6
oo x2n -1
For the series Y, (-1)" - T find the radius and interval of
=1 - .
convergence. " [Winter 2016]
Solution
n—-1 _2n-1
L P
2n—1
(_l)n x2n+2—l
SR P
B (_l)n x2n+1
2n+1
w, _ (DTN on4d
un+1 2” _ 1 (_1))‘1 x2n+1
__Gn+Dh 1

2n-1) x*
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.| u, Qn+1) 1
lim = =
n—oo un+] n—eo (27’1 — 1) X

- L
x2

By D’ Alembert’s ratio test, the series is convergent if

ie., —1<x<1 and divergent for x> 1.
Atx=1,
(_l)n—l (1)2n—1
U, =——"——-—
2n—1
1 1 1
=l-=4+—=-==+
3 5 17
_(_Dn—l
2n—-1
i ==
2n—1

The given series is an alternating series.

" |_;_ !
T o011 2n+1

@ |-
_ 2n+1-2n+1
Cn-1)2n+1)

2

T @Qn-1)@2n+1)

| >t

=0

(i)  lim |u,|=lim
n—oo n—e 21 —

By Leibnitz’s test, 2|un| is convergent.

Atx=-1,

(_l)n—l (_1)2n—1
u =—-—:~ -

. 2n—1

B (_1)311—2
2n—1

>1 or 1>|x2| or \x2\<1

forallne N
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|
ol =5

The given series is an alternating series.

Hence, by Leibnitz’s test, Z|“n| is convergent.

Thus, for the interval —1 < x < 1, given series is convergent.

. .. . 2 .
Since condition for convergence is |x”| < 1, radius of convergence = 1.

Since 2 |u,,| is convergent, the series is absolutely convergent for -1 <x < 1.

n=1
Example 7
. . ) oo (_3)nxn
Find the interval of convergence of the series », ~————.
=0 Vn+1
[Winter 2013; Summer 2016]
Solution
(_3)” x'l
ll” =
n+l
(_';)II"H Xn+l
u —
i n+2
U, -3)"x" . Jn+2
Uy In 1 (_3)n+l xn+l
o An+2
(=3)xvn+1
1+g
. S
f 1
(=3)x,/1+—
n
1+ 2
lim |——| = lim |——2—
n—>c0 Nn—>o0
il (=3)x /1+l
n
L
—3x
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1
By D’ Alembert’s ratio test, the series is convergent if >1or |3x| <lor |x| < 5 or

1
——<x<—.
3 3

11
The interval of convergence is [_5’ gj

1
Atx= ——,
3

Letv, =

. 1
= lim
n—oo 1
,/1+7
n

=1 [finite and non-zero]

_n

Vn

lim
n—sco

1 1
and Xy, = z— is divergent as p = —.
I 2

1
Thus, by comparison test, Zu,, is also divergent if x = 3

1
At x=—,
3
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. .. 1
By Leibnitz’s test, the series is convergent at x = 5 .

Hence, the series is convergent at each end point.

Example 8
) ) , L n(x+1)"
Determine the interval of convergence for the series Y, (—1) ———
. . . n=1 2
and also its behaviour at each end point.
Solution
c+1)"
Let u, =(=1)" M
2
a1 (A D+
Upy) = (_l) ! T
w, (=1)'n-(x+1)" g
Uy 2 D" D@+ 1) (x+ 1)
n 2
n+l x+1
12
l+l x+1
n
lim |——| = lim 1 ( 2 )
n—eo|Uy, n—sco l+l x+1
n
Ll 2
x+1
The series is convergent if
) >1
x+1
2> |x+1
lx+1l<2
—2<(x+1)<2
-3<x«l

The series is convergent in the interval (- 3, 1).
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Atx=-3,
L n(=3+1)"

un = (_]) 2,,

Su=3n

n=1 n=1

which is a divergent series.

Atx=1,
n(1+1)"
u — _1 n v i A
n ( ) 2"
=(-1)"n
u,|=n
lim|u,|# 0

n—oo

By Leibnitz’s test, the series is not convergent at x = 1.
Hence, the series is not convergent at each end point and the interval of convergence
is (=3, 1).

Example 9

For the series ZM

n=1

, find the radius and interval of
n

convergence. For what values of x does the series converge absolutely,

conditionally? [Winter 2015]
Solution
Let i (=D"(x+2)
n
(_])n+l (x + 2)n+l
ull+| = — =
n+1
Uy =D"(x+2)" . (n+1)
Wy n (_1)n+l (X % 2)n+l

| |
=—|1+—|
n) (x+2)
1+— |
n) (x+2)

=
x+2

= lim
n—oo

n

u

lim
n—eo

n+l
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The series is convergent if
1

x+2

>1

1>|x+2|
lx+2l<1
-1<(x+2)<1
-3<x<-1

Atx=-3,
- (_1)11(_3+2)n _l

n
n n

- o |

Su, =3+

n=1 n=l n

which is a divergent series.

Atx=-1,
3 (_1)"(_1 + 2)"
n ’1
_ (_])H
n
1
lu,| ==
n
; =. 1
lim |u”| =lim—=0
n—yeo n—e 1

By Leibnitz’s test, the series is convergent at x = —1.
Hence, interval of convergence is (-3, —1],i.e. -3 <x < —1.

Since condition for convergence is |x + 2| <1, radius of convergence = 1.

Since Z|”n’ is convergent, the series is absolutely convergent for -3 < x < —1.

n=1
Example 10

. - 1
Obtain the range of convergence of z —_—

= XX
Solution
1

Let u, =
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n

_ X
_n +1
X"+l
Uy = m
u, x" x2n+2 +1

2 +1
Uy iy X E] X

B x2n+2 +1
x(x*" +1)
| L2 ‘
2n
| |2 +1>1
If |x|>1,
5 |
X+ —
lim|—~| = lim
Said un+]

= n—oo 1
x(l i )
e

=|x>1 [ lim x> — oo]

n—yoo

Thus, the series is convergent for [x[>1, ie.x>Tandx<—1
Atx=1,

1
ull =
2
- 11 1
Nu,=—+=+=+:00
= 2 2 2
which is a divergent series.
Atx=-1, .,
_=D
u =
n 2
1
|un =
2
lim|u,|= L #0
n—yoo 2

Thus, by Leibnitz’s test, the series is not convergent at x = — 1.

Hence, the series is convergent for |x| >1 and range of convergence is x| > 1.
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EXERCISE 5.9

Obtain the range of convergence of the following series:

1. 1+ Xx+2x* +3x> +--+nx" +--- [Ans.: -1< x < 1]

3 n

X x
2, -+ —+—++ 4o [Ans.: -1 < x < 1]
2 3 4 5 n+2
- (=1)"x"
3. ; n+1) [Ans.: |x| < 1]
= (X +2
4. n:Zo(nH) [Ans.: -3 < x < -1]
= Xﬂ
5. -1)" Ans.: 1
;( log(n+1) [Ans.: Ix] < 1]
- n n 1 3
6. 2, (-2)"(n+1N(x-1) Ans.:.—<x<=
n=0 2 2
7. 2nl(x-1" [Ans.: x = 1]
n=1
= (!,
8. Z{(Zn)!x [Ans.: |x]| < 4]
= (=2)"(2x +1)"
9 —————————
nz:} n’ Ans.:—ESXS—l
4 4
i(_»l)ann
3 . _
10. == 2n)? [Ans.: -1 < x < 1]

Points to Remember

Sequence

A sequence {u,} is said to be convergent, divergent or oscillatory according as
]i_in U, is finite, infinite or not unique respectively.

n L

The infinite series Xu, is said to be convergent, divergent or oscillatory according as

lim §,, is finite, infinite or not unique respectively.
n-—yco

If a positive term series Zu, is convergent then limu, = 0 but converse is not true,
H—yoo

i.e., if limu, =0, the series may converge or diverge. If lim u, # 0, the series is
n—oo n— oo

not convergent.
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Comparison Test

. - . u .
If Xu, and Xv, are series of positive terms such that lim —~ =/ (finite and non-zero)
n—ee V,

then both series converge or diverge together.

D’Alembert’s Ratio Test

u
" =]then

If Zu, is a positive term series and lim
n—oo |

n+l
(1) Zu,is convergent if /> 1.

(i1) Zu, is divergent ifl<1.
(iii) The test fails itfl=1.

Raabe’s Test

. u
If XZu, is a positive term series and llmn[ -
n—oo

u

—1)21, then

n+l

(i) 2u, is convergentif/>1
(i1) Xu, isdivergentif /<1
(iii) Test fails if / =1
Cauchy’s Root Test I

If Xu,,is a positive term series and if lim (u,)" = [ then
n—oe

(i) XZu,is convergent if /< 1.
(i1) Zu,is divergent if /> 1.

This test is preferred when u,, contains n'™ powers of itself.
Cauchy’s Integral Test
If Zu,= X f(n) is a positive term series where f(n) decreases as n increases and let
[ F@ydx=Tthen
(i) Xu, is convergent if ] is finite.
(i1) Zu,is divergent if / is infinite.
This test is preferred when evaluation of the integral of f(x) is easy.

Leibnitz’s Test
An alternating series z =1

n=I1

"y, is convergent if
(i) each term is numerically less than its preceding term, i.e, u,,,, < u,, or

u, > Upiq

(i) limu, =0
n—oo
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Absolute Convergence

The series z u, with both positive and negative terms (not necessarily alternative)
n=1
is called absolutely convergent if the corresponding series 2 lu,| with all positive
n=1
terms is convergent.

Conditional Convergence

If the series Zu,, is convergent and Z lu, | is divergent then the series 2 u, is

n=1 n=1 n=1

called conditionally convergent.

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

1. The value of lim x sinl is [Summer 2014]
x—0 X
(@ 1 (b) () 0 (d) o
R
2. The sum of the series E is [Winter 2015]
n=1
3
(@ 0 (b) ) (c) 1 @ 2
=n" .
3. The series z is [Winter 2015]
n=1
(a) divergent (b) absolutely convergent
(c) conditionally convergent (d) nothing can be said

1
4. The series y' n(sn —1) is

(a) convergent (b) divergent
(c) oscillates finitely (d) oscillates infinitely
5. The series ! is
i n(log n)
(a) convergent (b) divergent

(c) oscillates finitely (d) oscillates infinitely
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. 1 . .. .
. Th — f
6 e series )| - is divergent i
(@ p>1 (b) p=1 (© p=1 (@ p=0

7. If lim 2L 5 1, then 24, is

x—0 u, n=1
(a) convergent (b) divergent
(c) may or may not be convergent (d) oscillatory
8. The series a+ar+ar’ +ar’ +-- oscillates finitely if

(a Irn<1 (b) r>1 (c) r=1 (d) r<-1
9. The series E+2+2—7+ﬁ+--- is
4 8 16 32
(a) convergent (b) divergent
(c) oscillates finitely (d) oscillates infinitely
- 1
10. The series ), — is
n=1 N
(a) convergent (b) divergent
(c) oscillates finitely (d) oscillates infinitely
11. The series g+ ar+ar® +ar’ +--- diverges if
(a Irn<1 (b) r=>1 (c) r<-1 d r=1

1
12. The series Z—p converges if
n

@ p>1 ) p<1 (© p=0 d p=1
1
13. The series 2—1 is
n4
(a) convergent (b) divergent
(c) oscillates finitely (d) oscillates infinitely
oo 32}’!
14. Th i i
e series nzzl 1 is
(a) convergent (b) divergent
(c) oscillates finitely (d) oscillates infinitely

- 1
15. The series ZSin— is

n=1
(a) convergent (b) divergent
(c) oscillatory (d) may or may not be convergent

16. lim - =1and 2 v, diverges then 2un is

n—a v,

(a) divergent (b) convergent
(c) oscillatory (d) oscillates infinitely



17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

Multiple Choice Questions 5.119

(d pz21

2 3 4 .
Z +—— 4+ —+--.00 converges if
27 3
(@ p<2 (b) p>2 © p>1
If Xu, is a series of positive terms such that lim u, =0 then Xu, is
n—oo
(a) convergent (b) divergent

(c) may or may not be convergent (d) oscillatory

1 .
Z— is convergent

n(log n)?
(a) forp>1 (b) forp<1
(c) for all real values of p (d) for no value of p

2 (2x)" is divergent if
n=0

(a) —1<x<1 (b) _%<x<% (c) —2<x<2

oo

The geometric series 2 ar" ,whenr=-1x2is

n=0
(a) convergent (b) divergent (c) oscillatory
!
If u, = then lim —2 =
nn x—ee un+l
(@ ¢ (b) e © e

The series 1+l+l+l+--- is

2 4 8
(a) convergent (b) divergent (c) oscillatory
23”
32

The series 2 is

n

(a) convergent (b) divergent (c) oscillatory

The power series 2(3x)" is convergent if

n=1
1 1 1 1
== b >— ——<x<—=
(@ x 3 (®) x 3 (© 35%<3

o 2
. n- .
The series z — 18
1 n!

n=

(a) oscillatory (b) divergent (c) convergent

(d)

(d)

(d)

(d)

(d)

(d)

(d)

[\
=
[\

| =
N | =

none of these

none of these

none of these
1

—<x<l1

3

none of these
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=3 1 n
27. The series Z(1+;j is

n=1
(a) oscillatory (b) convergent (c) divergent (d) none of these
2 2 3 n
28. The series ——+—— 4+ —— g 4
2 3.4 3. 5- 2n-1)2n
(a) p series (b) geometric series
(c) alternating series (d) power series

29. The series Z (- E converges only if
n=1 n
(a) -1<x<1 (b) -1=5x<1 () -1<x<1 d -1<x<1
30. Which of the following series is divergent?

1 1
(a) 2[1+ ) () Z © 2n7 (d) ZH—e

31. Which of the following series is convergent?

o 1 o | 1 1
@ Yoy ® X © X @ i

32. The series zcosnﬂ: is
1+n
(a) absolutely convergent (b) conditionally convergent
(c) convergent (d) divergent

33. The series Y,(-n) is

(a) divergent (b) convergent (c) oscillatory (d) none of these
34. The sum of the series [ — 1 + LS +... 1S [Summer 2016]
2 22 2?
(a) 2 (b) 3 (c) 1 (d) none of these
3 2 2
35. The series 2 is [Summer 2016]
n=1 (10g n)"
(a) oscillatory (b) divergent (c) convergent (d) none of these
1
36. The sequence sin(% + —) converges to [Winter 2016]
n

(@ 0 (b) 1 (c) -1 (d 0.5



37. The sum of the series z

n=1

(a)

oo

8. Y

n=1

T—e

2"

3n—-1

(b)

T—e

(a) convergent and sum is 0

(c) divergent

1 1

(=) e

(©)

Multiple Choice Questions

e—T

@ £
T

5.121

[Winter 2016]

[Winter 2016]

(b) convergent and sum is 1
(d) oscillating

39. Infinite series 1+l+—+—+--- is
2 2 3

(a) divergent

Answers

1. ()
10. (a)
19. (a)
28. (d)
37. (b)

2.(c)
11. (b)
20. (b)
29. (¢)
38. (¢)

3. (c)
12. (a)
21. (c)
30. (a)
39. (b)

(b) convergent

4. (b)
13. (b)
22. (b)
31. (d)

5. (b)
14. (b)
23. (a)
32. (a)

6. (b)
15. (b)
24. (a)
33. (a)

(c) oscillatory

7. (b)
16. (a)
25. (c)
34. (a)

[Summer 2017]

8. (d)
17. (b)
26. (c)
35. (c)

(d) none of these

9. (b)
18. (c)
27. (c)
36. (d)






CHAPTER

Taylor’s and
Maclaurin’s Series

Chapter Outline

6.1 Introduction
6.2 Taylor’s Series
6.3 Maclaurin’s Series

6.1 INTRODUCTION

In this chapter, we will study Taylor’s and Maclaurin’s series. A Taylor series is a
representation of a function as an infinite sum of terms that are calculated from the
values of the function’s derivatives at a single point. The concept of a Taylor series
was discovered by the Scottish mathematician James Gregory and formally introduced
by the English mathematician Brook Taylor in 1715. A Maclaurin series is a Taylor
series expansion of a function about zero. It is named after the Scottish mathematician
Colin Maclaurin, who made extensive use of this special case of Taylor series. It is
common practice to approximate a function by using a finite number of terms of its
Taylor series and Maclaurin’s series covering expansions by definition, by standard
expansion, by differentiation and integration and by substitution.

6.2 TAYLOR’S SERIES

Statement 1If f (x + h) is a given function of 4 which can be expanded into a conver-
gent series of positive ascending integral powers of i then

/(\+h)—/(v)+h/(\)+ f”( )+ f”’( ) [ P +F‘f”(x)+ .......

Proof Letf(x + h) be a function of & which can be expanded into positive ascend-
ing integral powers of &, then

fx+h)=ag+a h+ayh*+ayh> +a, h* +............. (D)
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Differentiating w.r.t. & successively,

fx+h)y=a,+ay 2h+ay-3h* +a,- 40>+ ................ . (2)
frx+h)y=ay- 2+ay- 6h+a, - 12h% +....... ......... . (3)
fx+h)y=ay-6+a, 24h+................ NG
and so on.
Putting 4 = 0 in Eq. (1), (2), (3) and (4),
ag=f(x)
ay=f"(x)

a, = %f”(’f)

1
— — £ (y) and so on
a 3!/ (x)

Substituting a,, a,, a, and a5 in Eq (1),

P
f(x+h)= f(r)+hf(x)+ f”( )+ f”’( T AL e

This is known as Taylor’s series.
Putting x = a and 7 = x — a in above series, we get Taylor’s series in powers of (x — a) as

fo) =@ E-a @rE= ) £ )+( ) £7(@) * oo +%f"(a)+ ......

Note: To express the function in ascending powers of x, express & in terms of x.

Example 1

Prove that f(mx) = f(x)+(m—1Dx f (x)+( )

X f7 ()

Solution
fmx)y=fmx—x+x)=f[x+(m-1)x]

By Taylor’s series,
. , hz o7 13 117
St = fO)+hf @)+ f (x)+%,/ ) T

Putting h=m-1)x,

(m )

fIx+m=Dx]=f(mx)= f(xX)+(m—-D)x f/(x)+——x"f" () +.........

Example 2

Prove that
X 3

f(l+ ) f(x )——f() 2,(1 e /= )—3,(1+ );f”'( x)+...
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Solution

2
X X

I1+x I+x
By Taylor’s series,

FGr+h) =f(x)+hf'<x)+%f”(x)—%f”’(x)+...

Putting fa o &
I+x
f(x— > ]=f[ "”]
I+ x 1+ x
2 5 Sy x* 7 x "
f[mj—f(x)—mf O ol (x)_m S F@)
Example 3

Express f(x) = 2x° + 3x> — 8x + 7 in terms of (x —2).

Solution
fx) = 20 435 —8x+7

By Taylor’s series,

)= @+ =) f @+ ) gy ) )f”'( 4ot ED
Putting a = 2,
2

@)= f@+ -0+ T y @+ D oy

f(x)=2x"+3x* =8x+7, f2)=16+12-16+7=19

f(x) = 6x> +6x-8, f'(2)=24+12-8=28

f7(x)=12x+6, f”(2)=24+6=30

f7(x) =12, 7@2)=12

Substituting in Eq. (1),

2 A3

=2) 30+4%=D" 1p
2! 3!

=19+428(x=2)+15(x—2)* +2(x-2)

F(x)=19+(x—2)28+

Example 4
Express 2x° +7x* +x—6 in ascending powers of (x — 2).
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Solution
Let f(x)=2x+7x*+x-6
By Taylor’s series,

(x— a)

(x— a)

S = f(a)+(x—a)f'(a)+ Sf7(a)+ S @)+
Putting a=2,
fe)= 1@+ -2 @+ 22 /"(2)+( D gy )
f(x)=2x+7x* +x-6, j (2)=40
F/(x) = 6x +14x+1, f'(2)=53
F7(x)=12x+14, f"(2)=38
S (x) =12, f72)=12
Substituting in Eq.(1),
2
£(x) =40 +(x—2)(53)+ (x;z) 38)+ 32) (12)
=40+53(x—2)+19(x—2)> +2(x-2)°
Example 5
Expand x* +7x* +x—6 in powers of (x — 3).
Solution
Let f(xX)=x"+7x*+x-6
By Taylor’s series,
f®) = f@+@-a) @)+ E=D “) PR ") £7(@)+--
Putting a =3,
_ ( i (B 3) 1
S =) +x=3) [ BG)+—— f 3+ S 3)+ (1)
f(xX)=x+7x* +x—6, f(3) =87
/(%) =3x" +14x+1, 1'(3)=170
f7(x)=6x+14, 17(3)=32
S (x)=6, 17(3)=6
Substituting in Eq. (1),
(%) =87 +(x—3)(70) + ——— i ) (32)+ (x 33) (6)

:87+70(x—3)+16(x—3) +(x=3)°
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Example 6

Expand xt=3x+2x° —x+1in powers of (x —3).
Solution

Let f(x)=x"-3x"+2x" —x+1

By Taylor’s series,

f(x)=./'(a)+(x—a)./"(a)+(x D fr(a )+(x 2 o )+(" 2 7 @+
Putting a = 3,
3 3
F)= G+ (x=3)f (3)+(X Y /"(3)+(Y Y 1)
( 3) 17 (3)+- (1)
f(x)=x4—3x3+2x2—x+l, f(3)=16
Fl(x)=4x> =9x? +4x -1, £'(3)=38
f”(x)=12x* -18x+4, f7(3)=58
F7(x)=24x—-18, £7(3) =54
¥ (x)=24, Y (x)=24
Substituting in Eq. (1),
@8 e =8P oo Gx=B)

(x) = =3)(3
fx)=16+(x-3)(38)+ Y (58)+ 3l (54)+ P (24)

=16+38(x—3)+29(x - 3)> +9(x—3)° +(x-3)*

Example 7
Expand 49+ 69x +42x> +11x° + x* in powers of (x + 2).

Solution
Let f(x)=49+69x+42x" +11x° + x*
By Taylor’s series,

f(x)= fla)+(x—a)f’ (a)+(x a) f"(a )+(x a) a)

+(x;‘a)4 (D

" @+
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Putting a = -2,
2 2
F0 = FE+ 2+ ) e+ L " pra)
(x+2) f1v( 2)4--
F(x)=49+69x+42x% +11x° + x*, f(=2)=7
F/(x)=69+84x+33x% +4x°, f(-2)=1
F7(x) =84+66x+12x2, f"(=2)=0
7 (x)=66+24x, f7(=2)=18
Vx)=24, 2)=24
Substituting in Eq. (1),
F =7+ e+ 20+ CFD 15y 52

=T+(x+2)+3(x+2)> +(x+2)*

Example 8
Expand f (x) = Yo+ P+ x-1in powers of (x — 1) and find
£(0.99).

Solution
fx)= Yot a1

By Taylor’s series,

F@=r@+@-af @+ &L S Y @
Putting a=1,
2 . c—1 2 ” 117
£ =10+ e+ S0y ED o
+(x;'1)4 (" 1) P F (D)
f@)=x-x"+x-x"+x-1, =0
£ =5x" —4x® + 307 = 2x + 1, f(1)=5-4+3-2+1=3
F7(x) = 20x° — 12x% + 6x - 2, F/(1)=20-12+6-2=12
F£7(x) = 60x% — 24x + 6, F7(1)=60-24+6=42
V() =120x — 24, V(1) =120-24=96

¥ ) =120, V() =120
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Substituting in Eq. (1),

(x 1) (x 1) (’f 1)

Sx)=0+(x-DA)+

12)+ (42)+

(x-1)*
= (96) +

=3(x—D)+6(x—1)" +7(x-1) +4(x—1) +(x—1)
Putting x =0.99,

£(0.99)=3(0.99— 1)+ 6 (0.99 — 1)* + 7 (0.99 — 1)’ + 4 (0.99 — 1)* + (0.99 — 1)

=3(=0.01) + 6 (=0.01)* + 7 (=0.01)> + 4 (=0.01)* + (=0.01)°
=-0.02939 approx.

6.7

(120)

Example 9

Expand f(x)=(x+2)" +5(x+2) +6(x+2)* +7(x+2)+8 in ascend-

ing powers of (x — 1).

Solution
F(x)=(x+2)" +5(x+2)° +6(x+2)* +7(x+2)+8

By Taylor’s series,

fe)= f@+ =) f @)+ 2 P “> G gy 62
Putting a =1,

| 1 1 )
@)= 1+ =0+ )f”(1)+(x )f"’(1)+(v vy

f(x)=(x+2)4+5(x+2) +6(x+2)° +7(x+2)+8, f(])—299

Fr(x)=4(x+2) +15(x+2)? +12(x +2)+7, f(1) =286
F7(x)=12(x+2)* +30(x +2) +12, £”(1)=210
F7(x) = 24(x +2)+30, F7(1) =102
¥ (x)=24, Ymy=24

Substituting in Eq. (1),

(x-1)° (x=1)° (x-1)*
2!

f(x) =299+ (x—1)(286) + (210)+ o (102)+ a0 (24)

=299+286(x—1)+105(x—=1)> +17(x=1)> + (x = 1)*

@+

(1)

Example 10
2 3
Prove that 1 =L, G+ G+ (42
l-x 3 3- 3 3
Solution

. 1
Let S(x)= -
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By Taylor’s series,

) (x—

f(x)= fla)+(x— a)f(a)+ f"(a)+—— f”’( L ——
Putting a = -2,
f(x)=f(—2)+(x+2)_/"(—2)+(x;z)_ =2+ (“2) P2 e -
1 : 1
f(x)= - f(=2)= 5
T 3
7 (X)_(l—x)z’ 7= D=3
9% _ 2 ) — 2
ST (x) = Fa=s
o n 23 oy 3!
S (A)_(l—x)4’ £7(=2) 7 and so on
Substituting in Eq. (1),
f(x)= L (xtz) + (x+12)2 + (x+42)3 C —
37 3 3
Example 11
Expand log x in powers of (x — 1).
Solution
Let f(x)=logx
By Taylor’s series,
: : ” (x— a) ” (x— a)
f)=fla)+(x—a)f'(a)+ S @)+ =———f"(a)+:=
+EZD @)
Puttinga =1,
x—1)°
1= 1+ a0+ D e O gy

f(x)=logx, . Fl)y= logl =0
1

S(x)=—, =1
X
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f7(x)= _Lgv Sy =-1
x
F7(x) = %, f”’(1)=2 andsoon
2.5

Substituting in Eq. (1),

2

<><>3

f®)=0+x-DD)+ (=g (s
3
ogr=r-n- &0 ¥_...
Example 12
Expand log sin x in powers of (x —2). [Summer 2014]
Solution
Let f(x) =log sin x

By Taylor’s series,

f)=fla)+(x-a)f'(a)+

(.X i 0)2 % (x B a)3 N4
a)+ a
2! 3!

Putting a = 2,

0= fO+ -2 @+ 2 @+ S D)
f(x)= log sin x, f(2)=1logsin (2)
Fx)= = cot x, f’(2)=cot (2)
sin x
f”(x) = —cosec” x, £”(2) = —cosec?(2)
£ (x)=2cosec” x cot x, £”(2) = 2cosec?(2) cot (2) and so on

Substituting in Eq. (1),

f(x)=1logsin (2)+(x— 2)c0t(2)+

[ cosec? (2)]

(x 2) |:2COSCC2(2)C()t(2):|+---

(x—2)2
2

log sin x = log sin (2) + (x—2)cot (2) — cosec? 2)

3
+ (& ;2) cosec’ (2) cot(2)+---
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Example 13

Expand log (cos x) about %

Solution
Let f(x) =log (cos x)
By Taylor’s series,

(x— a) (x— a)

)

S =f(@+(x-a) f(a)+ r@+——

V4
Putting a = 3

2 3
e S5l (5ot (5

f(x)=log(cos x), f(z]: Iog(cosz) = Iog(l) =-log2
3 3 2
f(x)= ;(— sin x) = —tan x, f’(z) -
cos X 3 3
3, ﬂ. 2 7[
4 PR 2 3 A ekl = - C“-—:—4
(%) sec” x i ( 5 ) se 3
V4 T
7 :_2 2.'t X, Garr| :_2 2_t =5,
(%) sec” xtan x f (3) sec 3 an 3
=-2(413

= —8\/3 and so on

Substituting in Eq. (1),

fx)= —log2+[x—%)(—\/?_a)+%(x—£)~ (—4)

2 3
log(cosx)=—log2—ﬁ(x—§J—Z(x—EJ —ﬁ(x—zj =



6.2 Taylor’s Series 6.11

Example 14

Obtain tan”' x in powers of (x — 1).
Solution

Let fx)= tan! x

By Taylor’s series,

1= r@+ -0 f @+ S @ ED s
Putting a = 1,
—1)° x—1)°
1= 10+ = W+ Sy ESD s ()
f(x)=tan™" x, f()=tan"1= %
f(x)= riy=+
_1+,\ : )
mey— __ 2X e oI
J7(x) A+2F" ST i
gy _ 2 8x w1l
D= (l+x2)3+(l+x2)3’ f (1)-2 and so on

Substituting in Eq. (1),

n (x-1) x-1°(1
F)=g+le= 1)() 21 (2)+ 3! (E)+ """

g r 1 2 3
tan” x=—+—(x-D-——x-D"+—(x-1)" +--
¥=7 2(\ ) 4( ) lz(x )

Example 15

Express 7+ (x+2)+3(x+2) +(x+2)* = (x+2)’ in ascending powers
of x.

Solution

Let f(x+2)=T+(x+2)+3(x+2) +(x+2)" —(x+2)’

f(x)=T+x+3x" +x* =x°
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By Taylor’s series,
02 3 SR S
fx+h)y= f(x)+ hf'(X)+Ef”(X)+§f”'(X)+Zf (X)gf () +--

Putting h =2,
f(x+2)=(T+x+3x +x* = x°)+2(1+9x” + 4x° - 5x*)

2

3
+2—(18x+12x2 —20x3)+%(18+24x—60x2)
4 5
+2—(24 120x)+2—( 120)

=17-11x—38x* —29x* - 9x* —x°

Example 16

Express (x — 1)4 +2(x — 1)3 + 5(x — 1) + 2 in ascending powers of x.
[Summer 2016]

Solution

Let f(x—1)=(x-D*+2(x-1)* +5(x-1)+2
f()c)=2+5x+2)c3 +xt

By Taylor’s series,
nt
f(x+h)=f(x)+hf’ (X)+ f”( )+ 3 f"'(x)+zf’v(x)+---
Putting h = -1,

3 4
Ll e

Jx=D=f)+EDf (X)+ f”(X)+

= (2+5x+2x +xH) +(=1) 5+ 6x% +4x°)

+—(12x+12 )+u(12+24x)+—(24)+0

=2+5x+2° + 3+ (DG +6x% +4x°)+(6x+6x7) + (=12 +4x) +1
=24+5x+2x° +x* —5-6x2 —4x> +6x+6x> —2—4x+1

=x* -2 +7x-4
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Example 17

Express 5+4(x—1)* =3(x=1)’ +(x=1)* in ascending powers of x.
[Winter 2013]

Solution

Let fx=1)=5+4(x=1)*=3(x=1) +(x=1)*

f(x)=5+4x" -3x" +x*

By Taylor’s series,
fx+h)= f(xX)+hf’ (A)+ /”( )+—/”’( )+—f”( K)o

Putting h = -1,

()

L e &

FE=1= F)+ (D )+ L e+ EX @

=(5+4x" =3 +xN)+ (- 1)(8x — 9x? +4x° )+( ) (8—18x+12x7)

( ) (~18+24x )+( ) (24)

=5+4x2 —3x° +x* —8x+9x% —4x> +4-9x+6x% +3-4x+1

=x* 7% +19x% —=21x+13

Example 18
V4
Find the expansion of tan (X + Z) in ascending powers of x up to terms

in x* and find the approximate value of tan (43°).
[Winter 2013; Summer 2016]

Solution

Let /’(\-+£)—tan(x+£)
¢ o T 4

f(x)=tanx

By Taylor’s series,

f(X+h)=f(-¥)+h./"(X)+ f"(\)+ f’"( )+ f”(v)+
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T
Putting = Z, hi=x;

(7 N () (BN X o (E) X m(E), X (®),
f(4+0 fLJ+V(4)+mf(@)+wf LJ+mf LJ+ o

) (r T
Xx)=tanx, —|=tan—=1
e ,1(4) z
. 2 T » T
'(x) =sec” x, ‘| = |=sec’—=2
S(x) f (4) 4
f”(x)=2secx-secxtanx, f"(%)=2tan%+2tan3%=4
=2sec’ xtanx
= 2(1+tan” x) tan x
=2tanx+2tan’ x
f”(x) = 2sec’ x+6tan” xsec’ x, f’”(%) =2+8tan’ %+6tan4 % =16

= 2(1+tan® x) + 6 tan’ x(l + tan” x)

=2+8tan’ x+6tan’ x
b4 b4 T
f’v(x) =16tan x-sec> x+24tan> x-sec’ % f’v (Zj = 16tanz-sec2 Z

+24tan® E-secz &
4 4

=80 andsoon

Substituting in Eq. (1),
T xZ x} X4

fl=+x]|=1+x2)+—#4)+—(16)+—(80) +---

4 2! 3! 4!

...(2)

4

2 1
tan(£+x)=l+2x+2x‘+§x3+?ox oo

Now tan 43° = tan(45°—2°)
(n 27r)

=tan| ————

4 180

= tan(f - 0.0349)
4
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=1+2(=0.0349) + 2(-0.0349)" + — (-0 0349)° + ( 0.0349)*

=0-9326 approx.

Example 19

Prove that
2 3

log[sin(x + /)] = logsinx + hcot x — " cosec’ x + " C.OS3 Y o
2 3 sin” x

Solution

Let f(x+ h) =log [sin (x + h)]

f(x) =log (sin x)
By Taylor’s series,
f(x+h) = f(x)+hf (x)+ f"( )+ f"'(x)+ ............ (1)

fiAx)= —cos x=cotx
nx
f”(x) = —cosec® x

2 2

f”(x)=2cosec’ xcotx = & and so on
sin® x

Substituting in Eq. (1),

’ h 2cosx

f(x+h)—logsmx+hcotx——cosec x+—
2! 3! sin’x

o

1-
log[sin(x + &)] = logsin x + hcot x — 77c09cc x+ h? Loo

sm’ X

Example 20

T
Expand log COS(X + Z) using Taylor’s theorem in ascending powers of

x and hence find the value of log (cos 48°) correct up to three decimal

places.
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Solution

Let f(x+£)—lorcos(x+£)
o 4) % 4

f(x)=logcosx

By Taylor’s series,

Sx+h)= f(x)+hf" (X)+ /‘"( )+ f"’(X)+

Putting x=—,h=x,

)5 5

f(x)=1logcosx, (E) = logcos— = log(—] = —log[

Ala

f'(X)——-L(—sinx) ’[ ) —[an_z_
COos x

j —sec( ] —2 and so on

f(£+ )z—logﬁ+x( 1)+—( Gt

=-—tanx

f”(.X)=—SCC2 X, r/(
Substituting in Eq. (1),

¢>|>a

logcos(§+x)= —log2 —x—x* +---

Now, log(cos48°) = log[cos(45° +3°)]
(n 3r )
= log| cos| —+—
[ 47180
= log[cos(g + 0.0523)]

= —log~/2 —0.0523 - (0.0523)*
=-0.402 approx.

(1)

..(2)
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Example 21
) —
Show that tan_l(x +h)= tan! x + (h sin a)# —(h sin oc)2 Sm-a
+(h sin o)’ sin 3o
where o= cot 'x. [Summer 2015]
Solution
Let fe+h)=tan”! (x + h)

f(x)=tan' x

By Taylor’s series,

(D)

4 h2 44 h3 44
fx+h)=f(x)+hf (X)+§f (X)+;f () e
fl)= >
1+x”
4 2
Fr=——
(1+x7)"
2 2x-4x  203x* -1
f(x)=- = a ,x2= (sz) and so on
(A+x7)" A+x°) (I+x7)
Putting x =cot ¢,
1 1
f’(cot o) = O =sin’ o
l+cot“ o cosec” o
2 cot . .
f"(cot o) = —% =—2sin’ asin’ & c?sa
(cosec” @) sino
= —2sin’ orsin o cos @ = —sin” orsin 2
2(3cot’ e —1)  2(3 cos® ax —sin’ &
f'”(COt a): ( CO > 3): ( COS6 Sll’; )
(I+cot” &) cosec’ o -sin” «
=2(3—-4sin” a)sin® o = 2(3sin & — 4sin’ o) sin’ o
=2sin3asin’ a
Substituting in Eq. (1),
. i | .2 ]'12 ) . 1‘13 . 3 .
f(x+h)=tan" x+hsin a+;(—sm asm2a)+?(2sm osin30)+ -+
=tan”' x+lzsma(¥)—(h sina)? S o +(hsina)’ M+
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Example 22
Expand tan' (x + h) in powers of h and hence, find the value of
tan"' (1.003) up to five places of decimal.

Solution
Let fx+h)=tan™ (x +h)
f)=tan' x

By Taylor’s series,

. , , no no
Fx+h)=f(x)+h f(x)+ %,/ ”(x)+ o 0 I (D)

f'x)=

1+x?

g 2x
S(x)= T+ 27

2 2x-4x 2(3x* -1)

= and so on
1+x*)?  A+x*)’  (A+x*)

S(x) =~
Substituting in Eq. (1),

f(x+h)=tan"' (x+h)=tan" x+h- %-&-h— —27)7,,
1+x* 2! (1+x%)°

h_{u] .........
31| A+x%)

Putting x=1, h=0.003,

tan”'(1+0.003) = tan"' 1 + 3

0.003 (0.003)2( 2) (0.003)3(1)
+ + = |+
2 2! 31 \2

tan~'(1.003) = % +0.00015-2.25x10"+2.25x10™"*  [Considering first 4 terms]

=0.78540 approx.

Example 23

2 3
Prove that \J1+x+2x* = 1+§+ %—%+
Solution
Let f(x)=+x

fx+h)=x+h
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By Taylor’s series,
f(x+h)= f(r)+hf(x)+ f”( )+ f”'(x)+ .........
Putting x=1,h=x+2x",
f(x+h)=x+h=V1+x+2x°
= F )+ (x4 25> )f’(1)+w £+ M () T )
Fly=qlx, fy=1
P |
f(x)_F S (1)—2
g2 (1 iy oL
fr(x)= 2( 2) % S 1
1 1 3
f7(x)= 5( 5)( )—; )= g andsoon
Substituting in Eq. (1),
VI+x+2x7 =l+l(x+2x2)—l(x2 A +4E) +§(x3 ey
2 3 : s gt
x Ix* X
=4+ 4+ =
2 8 16
Example 24
Expand N1+ x+2x* in powers of (x — 1).
Solution
VI x+2x% = J4+2(x -1 +5(x-1) [Expressing in terms of (x — 1)]
Let fx=+x

f(x+h)=~x+h

By Taylor’s series,

f(X+h)—f(X)+hf(X)+—f"( )+ f"'(r)+ .........
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Putting x=4,h=2(x-1+5(x-1),

fx+h)y=x+h=J4+2(x-17+5(x-1)

2(x=1)*+5(x-D]

= f@)+[2(x =D} +5(x =D (4)+ 1@ (D)

2!
f(x)=1x, f(4)=2
| 1
)= TR |
S(x) p f(4) 4
f( )=% —%)L%, f"(4)—-—$ and so on
x

Substituting in Eq. (1),

JA+2(x =1 +5(x—1) = 2+[2(x—1)2+5(x—1)](%)

2 2
L2G-D 2+’5(x—1)] (_L)+

V14 x4+2x2 =2+§(x—1)+l(x—1)2+ ............
4 64

Example 25
Show that

—[f(x) T a)f(a)+( a)

(x—a) a)

@y 1 @)+

Solution

By Taylor’s series,

(x— ) (x— ) (x- )4

S =f@)+(x=a)f (a)+——f"(a)+——f"(@)+——f" (a)

i “) T P (1)
S(x+h)= f(x)+hf’ (X)+ f”( )+—f”'( )+—f“( )+—f (x)+:-+ ...(2)

Now, fQRa-x)= fla+(a—x)]
Putting x=a,h=a-xinEq. (2),
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f[a+(a—x>]:f(a)+(a—x)f'(a)+(“ 9" ot )+ 2 g

(a— x)

(“ @+ 7@+
o (— )2 e @E=d) .,
1@a-9= f@--a @+ S r@-C50 @ .

O () B g

From Eqgs (1) and (3),

1 '
Sl - f@a-x)- [2(x a)f(a)+2( ) 7™a )+2( ) 7" (@)+- }

= (x-a)f"(a)+ &=L ) Fa)+ =2 ) 77 (@) ++

Example 26

Using Taylor’s theorem, evaluate up to four places of decimals:

G) J1.02 (i) v25.15 (i) /9.12
(iv) 10 (v) \36.12  [Winter 2014]

Solution
Let flx)= Jx
f(x+h)=A~x+h

By Taylor’s series,
. ‘ . B n
fx+h) = f (x)+h,/'(x)+%/"(x)+%f”'(x)+ ............ e

(i) Putting x=1,h=0.02,

f(x+h)=\/x+ h=+1+0.02 =+/1.02

—f(l)+(002)/(1)+( ) M +....... (2
f @)=+, f)=1
1 1
el ol
AP A UL
Frop=——t f”(l)=—% and 0 on

4x?
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Substituting in Eq. (2) and considering only first three terms,

0.02)° (1
J1.02 1+(002)() 0 (4)

= 1.0099 approx.

(ii) Putting x =25, h=0.15in Eq. (1),
fx+h)=VJx+h=+25+0.15

= f(25)+(0.15) f"(25)+ ——— @ 15) f7(25)+... ..(3)

fx0)=+x, f(25)=5

ey L rinsy— L _
.f(x)—zJ;, FH25) s 0.1

Fy=—

s

- |
3 f7(25) = —% =-0.002 and so on
4x2

Substituting in Eq. (3) and considering only first three terms,
V25.15 =5+(0.15)(0.1) + ——— o 5) (=0.002)
=5.0150 approx.

(iii) Putting  x =9, h=0.12 in Eq. (1),

f(x+h)=~x+h=~9+0.12

= f(9)+ (0. 12)f(9)+(0 12) /”(9)+ (@)
Flai=l», f©)=3
Y. oy L
S@=gr= SO=5

(9= —% and so on

£ =-

E °
4x2
Substituting in Eq. (4) and considering only first three terms,
0.12)° ( 1 )
A9.12'=3+(0.12 —
( )( ) 2 108

=3+0.02-(0.12)(0.06)(0.0093)
=3.0199 approx.

@iv) Putting x=9,h=11nEq. (1),
fx+h)=~x+h=\9+1=fO9)+ f (9)+ f”(9)+... .. (5
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Jo=3+l 1 [Refer (iii)]

6 216
= 3.1620 approx.
(v) Putting x =36, h=0.121in Eq. (1),
fx+h)=+Jx+h =36+0.12 =36 12
(0.12)°
21

= f(36)+(0. 12)f (36) +
fx)=+x, f(36)—\/_—6
|
’ & :_’ 6
f(x) T f()zr T

£ (36) 4+ ... (6)

[ = —;, f7(36)=— & - and so on

3
2

4x

Substituting in Eq. (6) and considering only first three terms,

J36.12 6+(012)( ) (.12 ( L)+

2! 864
=6.0099 approx.

Example 27

Find cosh (1.505), given sinh (1.5) = 2.1293 and cosh (1.5) = 2.3524.

Solution

Let f(x)=coshx
By Taylor’s series,

SG+h)= " f"’( )i

Putting x = 1.5, h=0.005,
f(x+ h) =cosh (x + h) = cosh (1.5 + 0.005)

= f(1.5)+(0.005) f(1. 5)+(0 005) 7.5+ ©. 005) A5+
f(x)=coshx, f(1.5)=cosh(1.5)=2.3524
f'(x) = sinh x, f’(1.5) =sinh (1.5) =2.1293

(D)

f(x) = cosh x, f”(1.5) = cosh (1.5) = 2.3524 and so on
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Substituting in Eq. (1) and considering only first three terms,

cosh (1.505) = cosh (1.5) + (0.005) sinh (1.5) + (0.0(),5)~

cosh (1.5)+...

=2.3524+(0.005)(2.1293) +(12.5)(107°)(2.3524)
=2.3631 approx.

Example 28
Find the approximate value of sin (30°30").

Solution
Let f(x)=sinx

sin(30°30") = sin(30° + 30) = sin (f - L)
6 60 180

= sin (f + 0.0087)
6
By Taylor’s series,

FGeth)= F()+ B (x)+ %f”(x) .

”

sin(x+/1):sinx+hcosx+%(—sinx)+--~

Putting x= % h=0.0087,

sin(%+0.0087) = sin%+(0.0087)(cos%)+m(—sin%)

2!
[Considering first 3 terms]

sin 30° 30" = 0.50752 approx.

EXERCISE 6.1

1. Expand €*in powers of (x - 1).

lAns.: e'[1+(x—1)+(x_1)2 +(x—1)3 +H

2! 3!
2. Expand 23 + 7x* + x - 1 in powers of (x - 2).

[Ans.: 45 + 53 (x - 2) + 19 (x = 2)% + 2 (x — 2)°]



10.

11.

12.

13.
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. Expand x> - 5x* + 6x° - 7x* + 8x - 9 in powers of (x — 1).

[Ans.: —6-3(x-N)-9(x =1 —4(x -1 +(x -1 ]
Expand x* - 3x® + 2x? - x + 1 in powers of (x — 3).
[Ans.: 16 +38(x —3)+29(x —3) + 9(x - 3)* +(x —3)* ]

Expand x> - 2x* + 3x - 5 in powers of (x — 2).
[Ans.: 11+7 (x—2) +4 (x = 2)% + (x - 2)%]
Expand 2x% + 3x% - 8x + 7 in terms of (x — 2).
[Ans.: 19 + 28 (x —2) + 15 (x = 2)® +2 (x - 2)°]
Expand 2x° + 5x* + 3x — 4 in powers of (x + 3).
[Ans.: =22 + 27(x + 3) — 13(x + 3)% + 2(x + 3)°]
Expand Jx in powers of (x - a).

(x-a (x-a
Ans.: L
[ns s 2Ja  8ava

. Expand /1+x+2x* in powers of (x - 1).

Ans.: 2+§(x—1)+1(x—1)Z + .
4 32

Expand sinx in powers of (x - a).

(x —a)’
21

[Ans.: sina+(x —a)cosa —

Expand cosx in powers of (x —%)

Expand tan x in powers of (x —%)

|A1z(g)z(§)]

Expand sin (%+ X] in powers of x up to x*.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

Expand tan (% + x) in powers of x up to x* and hence, find the value

of tan (46° 36').
{Ans.: (1 +2x+2x% + §x3 +?x4 +...), 1 .0574}

Find the approximate value of cos 64°.
[Ans.: 0.4384]
Expand log x in powers of (x — 2).

1 (=2 1 (x-2)

—- +
2! 4 3! 4

{Ans.: log2 + %(x -2)-

Expand logtan(% - x) in powers of x.

Ans.: 2x+ﬁx3 +ix5+...
3 3

Expand 7 + (x + 2) + 3(x + 2)> + (x + 2)*in powers of x.
[Ans.: 49 + 69x + 42x% + 11x° + x“]

Expand 17 + 6(x + 2) + 3(x + 2)° + (x + 2)* = (x + 2)° in powers of x.
[Ans.: 37 - 6x - 38x* - 29x° - 9x“ - X°]
Expand (x — 2)* - 3(x — 2)% + 4(x — 2)® + 5 in powers of x.
[Ans.: 61 — 84x + 46x* — 11x° + x“]
Expand (x + 2 +5(x+2)° +6(x+2)2+7(x+ 2) + 8 in powers of (x + 1).
Hint:f(x) = x* +5x> + 6x> + 7x + 8, f[(x + )+ 1] = f (1)

x+9* () +...

+x+10)f'(1) + T

[Ans.: 27 +38(x +1)+27(x +1)* + 9(x +1)* +(x +1)* ]

2
Prove that sinh (x + a) = sinh a + x cosh a + % sinha + ... If

sinh (1.5) = 2.1293, cosh (1.5) = 2.3524, find the value of sinh (1.505).
[Ans.: 2.1411]



6.3 Maclaurin’s Series 6.27

6.3 MACLAURIN’S SERIES

Statement If f (x) is a given function of x which can be expanded in positive ascend-
ing integral powers of x then

fx0)= /(0)+xf(0)+ f”(0)+ f”’(0)+ ......... +"‘;—',/‘"(0)+ .........

Proof Let f (x) be a function of x which can be expanded into positive ascending
integral powers of x.

f(x)=a0+a1x+a2x2+ a3x3+a4x4+ .......... .. (1)

Differentiating w.r.t. x successively,

() =a,+ay2x+ay- 3x2+a4~4x3+ ................ .. (2)
ff=a,-2+ay-6x+ay- 1267 4 oo, ..(3)
) =ay-6+a,-24x+ ..ol o (4)
and so on.
Putting x=01n Eq. (1), (2), (3) and (4),
ay=11(0)
=1"(0)

1,
a, :Z‘f )
= %f”’(O) and so on.

Substituting a,, a,, a, and a5 in Eq. (1),
fx)=f0)+xf (O)+ f”(0)+ f”'(0)+ ......... +“’\;—'f” (1) R R

This is known as Maclaurin’s series.
This series can also be written as,

1 ’( N

y=y(0)+xy, (0)+ V2 (0)+ v}(0)+ ...... +’\—'y (1) [ e
n.

Standard Expansions

Using Maclaurin’s series, expansion of some standard functions can be obtained.
These expansions can be directly used while solving the examples.

(i) Expansion of e* (Exponential series)

Proof Lety=¢"y(0)=¢"=1
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n

Now, y, =—(e")=¢",y,(0)=¢" =1

dx”
Substituting in Maclaurin’s series,

2 2O - xz X3
e =l+x+—+—+.........
21 3!

This series is known as the exponential series.

(a) Replacing x by —x in the above series,

(b) Replacing x by ax in the above series,

ax
e=14ax+ T+

(ii) Expansion of sin x (Sine series)
Proof Lety=sinx, y(0)=sin0=0

n . niw
Now, y, = d—(sin x)= sin(x+ ﬂ), »,(0)=sin| —
dx” 9 2
Putting n=1,2,3,4,5,.......,

y(0=1,50)=0,y;0)=-1, y,0)=0, y5(0)=1, and so on.

Substituting in Maclaurin’s series,

. X X
SMLX =X ——F " sermwonn
31 51

This series is known as the sine series.
(iii) Expansion of cos x (Cosine series)
Proof Let y=cosx, y(0)=cos0=1

d/r nw
Now, y, = a(cosx) =cos(x+%), v,(0)= COS(T),

Putting n=1,2,3,4,.....,

y1(0)=0, y,(0)=-1, y;(0)=0, y,(0) =1, and so on.
Substituting in Maclaurin’s series,
24
cosSx=1—-"—4"—ceeierees
21 4!

This series is known as the cosine series.



(iv) Expansion of tan x (Tangent series)
Proof Let y=tanux,
y, =sec’ x=I1+tan’ x=1+)7,
Y, =2y,
¥ =20 +2yp,,
Vi =49, 2y, + 2y,
=6y,y, + 2y,
Vs = 6y22 +6y,y, +2y,y,+2yy,
=6," + 81,7+ 2y,

Substituting in Maclaurin’s series,
3 5

6.3 Maclaurin’s Series 6.29

y0)=0

»n0)=1
1,(0)=2y(0)y,(0)=2(0)(1)=0
;(0) = 2(1)* +2(0)(0) = 2
Y,(0) = 6(1)(0)+2(0)(2)

=0
3,(0)=0+8(1)(2)+0

=16

% X
tanx—,\+§(2)+§(]6)+ .........

2 2%
=x+—+
15

This series is known as the tangent series.

Note: This series can also be obtained by dividing the sine and cosine series

. sinx
since tan x = .

COoSXx
(v) Expansion of sinh x

e —e™”

2
Substituting exponential series ¢ and e,

Proof sinh x=

xz x3
(l+x+—+—+...)—[l—
2t 3!
sinhx =

(vi) Expansion of cosh x

e +e

2
Substituting exponential series ¢* and ¢,

Proof coshx=

2 3

X X
1+x+—+—+...)+[1—
2! 3!

coshx = (
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(vii) Expansion of tanh x

Proof Expansion of tanh x can be obtained by dividing the series of sinh x and
cosh x.

Note: This series can also be obtained by using Maclaurin’s series (refer tan-
gent series).
(viii) Expansion of log (1 + x) (Logarithmic series)
Proof Lety=1log(l1+x), y(0)=log1=0
d” (n—1)!

NOW, y =—IJlog(1+x)]= (-1 n-l AP )0
¥ dr"[ g(l+x)]=(-1 1)

y,(0)=(=)""-(n=1)!
Putting n=1,2,3,4,.....
»O0)=1, y,(0)=-1, y;(0)=2! and soon

Substituting in Maclaurin’s series,

X x
log(l+x)=x——4+——.........
g(1+x) P

This series is known as the logarithmic series and is valid for -1 <x < 1.
Note: In the above series, replacing x by —x, we get expansion of log (1 — x).

lO (l ) xz x_} x-‘ x5
—X)=—Xx-———-"— -
g 2 3 4 5

(ix) Expansion of (1 + x)™ (Binomial series)
Proof Let y=(1+x)",y(0)=(1+0)" =1

m—n

Now, y,=m(m-=1)(m=2)......... (m—n+1)(1+x)
Y,(0)=m(m—-1)(m=2)......... (m—n+1)
Putting n=1,2,3,4,.....
Y1(0)=m, y,(0)=m(m - 1), y3(0) =m (m — 1)(m — 2) and so on
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Substituting in Maclaurin’s series,
-1 , -D(m-2
(I+x)" =14+ mx+ m('; ) x"+ i 3)'("1 ) Xt

This series is known as the binomial series and is valid for -1 <x < 1.

By Definition

Example 1
Expand 5" up to the first three non-zero terms of the series.
Solution
Let Jx) =
By Maclaurin’s series,
S(x)=f(0)+x 1" (0)+ /"(O)+ ......... (D)
f0=5, f0)=5"=1
F(x)=5"log5, F0)=5"log5=1log5
[ =5 (log 57, 17(0)=5" (log 5)* = (log 5)°

Substituting in Eq. (1),

5

5% = l+xlog5+';—'(log5)1 SR

Aliter: flx) =5 =¢85 = gloes

=1+xlog5+ m Forrennnns [Using exponential

2! series]
Example 2 "
Obtain the series log (1 + x) and find the series log(l—x) and hence,
=i

find the value of log, (191) [Winter 2016]
Solution
Let y=log (1 +x)

By Maclaurin’s series,

¥ 2 o

y= v(0)+xyl(0)+ ) (0)+ Z (O)+ y (1) [ S ...(1)
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y =log(l+x), »(0)=0
" =$, »(0)=1

¥ =—ﬁ, 7,(0)=~1
= (1(32)3 : 7,(0) = 2!
yo=- (1(+3,?)4 , »,(0)=-(31)

Substituting in Eq. (1),

.X2 ,\’3 x4
- - Sl Dl U
y=0+x 2!+3!(2.) 4!(3.)+ .........
2 x3 x4
log(l+x)=x——+———+.........
g(l+x) 23 4
Replacing x by —x,
x> x
log(l-x)= = ————u
gl-n=—x="-7"%

Now, 1og(:+—"‘) = log (1+x)—log(1-x)
=X

2 48
=2l x+—+=—+...

Putting x = %, and considering first three terms,

fogs| o fef e bl DL ey
9 ) "[10 "3 10y "5 10y

Example 3 5
=
If X’ +y* +xy—1=0, prove that yzl—g—ax3 —e
Solution
By Maclaurin’s series,
¥= 30+ 3,(0)+ 203, 0+ 5,0+ (1)

Xy +xy—1=0 (2
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Putting x=0,y(0)=1
Differentiating Eq. (2) w.r.t. x,

3¢ +3y7y, +xp, +y=0
. 1
Putting x =0, y,(0) = 3

Differentiating Eq. (3) w.r.t. x,
6x + 6yy12 + 3y2y2 +2y,+xy,=0

6(—1)_ +3y,(0)+2(—1): 0
3 . 3

12(0)=0

Putting x = 0,

Differentiating Eq. (4) w.r.t. x,
6+ 6y} + 12yy,3, + 3y°y; + 63y, 7, + 3y, + xy; =0
Putting x = 0,
1
6+6]——|+0+3y,(0)=0
( 27) ¥5(0)

-52
.(0) = —— and so on.
»;(0) 27

Substituting in Eq. (1),

6.33

(3

(4

Example 4
If X+ 2xy2 - y3 +x—1=0, expand y in ascending powers of x.

Solution

By Maclaurin’s series,
2
y= 70+ 2, (0) + T3, (0) o
x3+2xy2—y3+x— 1=0
Putting x=0, y(0)=-1
Differentiating Eq. (2) w.r.t. x,

3% + 2y2 + 4dxyy, — 3y2y1 +1=0

(1)
(2

. (3)
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Putting x =0,

2-3y,(0)+1=0
yi(0) =1

Differentiating Eq. (3) w.r.t. x,

6x + dyy; + 4yy; +4xyy + dxyy, — 6yy; —3y°y, =0
Putting x=0,
—8+6-3y,(0)=0
»,(0)= _§ and so on.

Substituting in Eq. (1),

Example 5
Ifx=y( +y2), prove thaty=x—x3 +3°+ ...
Solution

By Maclaurin’s series,

2 3 4 5

%t X7 X i
= v R — p—— ) — 1V () Fccceee 1
y= 3O+, + 2535 O+ T30+ 73, O+ T 050 + M
x=y(l +y2) ... ()
Putting x=0,y(0)=0
Differentiating Eq. (2) w.r.t. x,
1=y1+3y2yl ...(3
Putting x=0,
1 =y,00)
»n0) =1
Differentiating Eq. (3) w.r.t. x,
0=y, +6yy; +3y’y, (@)

Putting x=0, y,(0) =0,
Differentiating Eq. (4) w.r.t. x,

0=y3+ 12yy, 3, + 637 + 63y, 3, + 3y°y;



Putting x=0,

6.3 Maclaurin’s Series 6.35

0=y; (1+3y") + 18yy,y, + 6y] .5

0=y;(0)+6
¥3 (0) = =6

Differentiating Eq. (5) w.r.t. x,

0=(1+3y") vy + 6yyys + 18y7 y, + 18yy3 + 18yy,y; + 18y7y,

= (1 + 3y%) y, + 24yy,y; + 36y y, + 18yy3 ... (6)

Putting x=0,y,(0)=0,

Differentiating Eq. (6) w.r.t. x,

Putting x=0,

0=(1+ 3)’2) Y5+ 6yy vy + 24}’% V3 + 24yy 3 + 24yy,y, + 72)’1)’%
+36y,7y3 + 36yy,y; + 18y,y,”

0=y5(0)+24 (-6) + 36 (-6)

ys (0) =360 and so on.

Substituting in Eq. (1),

4 5
X

2 3 5
Y041+ 04 (=6)+ 0+ 360+
21 3l 41 s

=x—x +3x° e

By Standard Expansion

Example 1
Obtain the expansion of l

Solution

1+ x?
T

+X

1+x°
1+x*

=(1+x)(1+x*)"

=1+ A =x*+x8 x40 )
4

=1+x—x =410
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Example 2
2 3
¥ ¥ ¥
Fx=yp—"—4Z —Z Fovnen , prove that
Fa=y=5+37% P
3 4
X
PEXF Tt e and conversely.
2! 3! 4!
Solution
x =log(l+y)
l+y=e"
y=e" -1
I A —
2! 3!
Conversely,
}}=e.\'_1
e.\'=1+J}
x=log(l+y)
)2 y.z y
=Y e
2 3 4
Example 3
Expand \J1+sin x.
Solution o
J1+sinx = sinE+cos§
l.v 1(,\‘j :l |i 1 x): xT ]
=|l==—| = | Fie |+|]1==]=] + Zi ] =i
2 3112 "2 2
2 3 4
X X X
= ltb e
2 8 48 384
Example 4

Prove that cos’ x =1— x* +lx4 —— R
3 45

Solution

5 1
Cos™ x = E(l +cos2x)
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D 4 \6
:l[lﬂ_(z,\) L2900 @0 +]

6.37

2 2! 41 6!
=1—x2+lx4—ixr‘+...
3 5
Example 5
x4
Show that sin” x = x" ——+—x"+---.
3 45
Solution
2 1
in® x = — (1—cos 2x
sin” x 2( cos 2x)
1 4x*  16x*  64x°
e [ [y [ P s B R
2 20 41 6!
2 "74 2 6
=X _— P
3 45
Example 6
1343,
Prove that Cosh3x=—2 x>
4= (2n)!
Solution
cosh’ x = %(cosh 3x+3cosh x)
2 4 2 4
= U108 88 . leslis® 4% 4.,
4 2! 4! 21 4!
2 4
= (l+3)+3 e ST s I TR
4 2! 41
1 S 32"+3 2n
== X
4= (2n)!
Example 7
: ; 8 5. 32 0
Prove that sinxsinhx=x" ——x®+—x'"" — ..
. 6! 10!
Solution

9

3 5 7 9 3 5 7
X X X X X X X X
—+ ](r+ e e e

31 5171 9l

sinxsinhx:(x——+—— ——..
3t 51 79!

|
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) [ S ] S T N
51 (3 91 7131 (5| T

o \:_ﬁxﬁ+£ 0 _
6! 10!
Example 8
22x* 2248
Prove that cosx coshx=1-— —
4! 8!
Solution
x> xt x® i x> xt x® L8
cosxcoshx=|1-—+"——"—4—— || I+ —+—+—+—+---
2! 4! 6! 8! 2! 4! 6! 8!
2 2 1
=1+x* 3—% Figd| S = bz
41 (21 81 6121 (41)
_1_22x4+21x8_
BT TE
Example 9

Expand sin x cosh x in ascending powers of x up to X,

Solution

. & X Sl
sinxcoshx=| x——+——-- || I+ —+—+--
3t 5! 21 4!

( ,\'2 X4 ] x3 ( xz .\‘4 ] ,\‘S ( XZ x4 J
=x|l+—t— |- I+ =t [+ | I =t e [+
2! 4! 3! 2! 4! 5! 2! 4!

3 5 3 5 5
X X X X X

—+
2 24 6 62 120

[Considering the terms only up to x’]

Ao g

Example 10

1 t ’
Prove that logx=log2+(£—l)——(£—1) +_(f_1) oy
2 2\2 3\2

Solution

X
logx=log| 2-—
. *’( 2)
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X
=log2 + log—
g g2

:log2+log|:l+(%—lJ]

6.39

X 1(x ' Bfe )
=10g2+(5—1)—5(5—1J +§(5—1] e
Example 11

Expand log (1 + x + X+ 1) up to x5,

Solution

log (1 +x+x*+x°) =log [(1 +x) (1 +x)]

=log (1 +x) + log (1 +x%)

2 3 4 6 7 8 212 243 214
e T A A A a2 a'—(x) +(x) =)
2 3 4 S5 6 7 8 2% 3
X i % g 34
=xt+—+——x'+—t+—+——-x"+
2 3 4 5 6 7 8

Example 12 PR

Prove that log (1 +x+x0+x0 +xh) = x+7+?+?—---,

Solution

log (1 +x+ O+ +xh = log(] e ] [Using sum of G.P.]
=

=log(l—-x")—log (I —x)

X x3 x4
=x+—F
3 4
Example 13
x* x3 x4
Prove that log(1+sinx)=x——+———+

2 6 12



6.40 Chapter 6 Taylor’s and Maclaurin’s Series

Solution

; . sinx sin’x  sin'x
log(1+sin x) =sinx — + -
2 3 4

X X X
= X-——+———
2 6 12
Example 14
2 2 3
Prove that log(l+tanx) = x—%+ Tx+

Solution

2 3
tan® x tan” x

log(1+ tan x) = tan x —

Example 15

Prove that log(
x

Solution
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6.41

_x x4(3_L)+
T3 15 18
ol
=—+—x"+
390
Example 16
p hat lo (sinhx) x> x*
rove a o i —
< - 6 180
Solution
lo (Sinhx)=lo l x+x—3+£+
Bl 3 s I TR T
e Tl i
= 10g +§+§+
(xz x* ) l(x2 x* )2
=] —d—sre =] — s Foeenne
31 5! 2031 51
=A‘2-{—x4(L_L)+...
120 72
XA
6 180
Example 17
% 9 .
Prove that log(xcotx)=————x"+---
3 90
Solution
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Examp

Expand [log(l o x)]2

le 18

Solution

in ascending powers of x.

[log(1+x)] = [log(1+ x)]- [log(1+ x)]

( X X X4 ) xz( xz X" )
=x| x-S
3 4 2 2 3

¥ 2 =
+— ) Sl Ty PRl i P
3(” 2 ) 2
[Considering the terms only up to x’]
3 4 5 3 4 5 4 5 5
A A . MY A
2 3 4 2 4 6 3 6 4
=r3—x3+ﬂx4—9x5+
12 12
Example 19
2x 2 4 6
P that log —log2+x T2
rove — |= et s e
7 2 12 45
Solution
1 2x ) ]
]og( +f ]=log(e"‘+e")
-
= log(2cosh x)
=log2+logcoshx
¥ x X
—log2+log(1+2—!+z+a+...)
x _x 1f «* . »* 1 X )
=log2+| —+—+—+.. |-—| =+—+.. | +=| =+.. | +
21 4! 6! 21 2! 4! 3( 2!
1

2 4

= 10g2+[i+i+
2! 4!

24 8

2 4

6
X

6!

6

:log2+i—x—+i—...
2 12 45

1
s [
S

% 1
:10g2+%+x4(i—— +x
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Example 20

X

1] in ascending powers of x up to the terms in X,

xe
Expand 10g( .
e f—

xe.\‘ e\_l
log| — =—log =
e —1 xe
—_p l—e')
1 2 o ab @
=-log| —341-|l-x+———+———+:--
X 2! 31 4! 5!
—1 2 X X
=—log|—|x——+—-—+—+-
| x 2 6 24 120
i 2 3 4
X X X X
=—log|l-| =——+————+-
| (2 6 24 120 ]]

(x X ¥ X ) I(x x> X Y 1fx 2 3
2 6 24 120 202 6 24 312 6

Solution

”
_%(g _) _} [Considering the terms only up to x*]
¥ ¥ £ % 1|:)c2 x’ (A) X (Y) x’
=l -t =+ || =+ =2 = || —— |+2| = || — |+~
2 6 24 120 2L 4 36 2 6 2)\ 24
1| % (x)z x’ 1 x*
t=| =43 2 | | == oo |42t
3] 8 2 6 4 16

2 3 4 2 4 3 4 3 4 4
X X X X X X X X X X X

—— e S e
2 6 24 120 8 72 12 48 24 24 o4

2 4
X X X

=== +
2 24 2880

Example 21

2 4
X

; X x
Prove that log(l1+e*)=log2+—+——-——+
8l ) . 2 8 192
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Solution

. . ® . %
log(1+e )—log[l+1+x+a+§+z+---

X x2 X3 )(4
=log| 2| 1+=+—+—+—+...
2 4 12 48

X X2 X3 X4
=log2+log| 1+ =+—+—+—+...
2 4 12 48

x x % x 1(x x* X 3 1{x x° i
=log2+| =+—+—+—+..[—=| =F+—F+—=+..| +=| =F+—+...
2 4 12 48 202 4 12 302 4

XY (1 1) (1 1 1) 1 1 1 1 1
=10g2+ - |+x|--—-|+x|-+— |+ |+ ——— |+
2 4 8 12 8 24 48 32 24 16 64

] 1
=10g2+£+x_+0+(__ xt
2 192

8
X x2 x4

=log2+—+——-———+
28 192

Example 22

1 5 .
Prove that log| log(1+x)* |= _f+ Sx _x_+ 251 e
2 24 8 2880

Solution

1
log(1+x)* = i log (1+x)
X

X Xz x3 4\’4
:1— —_—— ——t ..
(2 3 4 5 )
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i
Now, 10g|:log ( +x)-"j| =log(1-y)

55 X 251

Example 23

1
1+e* ) .. 2
Expand o) uP to the term containing x”.
-

1+e*
2e"

Solution

0| —

|
P —
N | —
Q
|
+
N | =
~—_
e

x x* 1
S
4 8 8 4
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Example 24
Expand ¢ up to x".
Solution
v=eCOSV\
=ee[_%+:_!_m]
_ Fl S 4 1 ;o 3
=el|ll+ _2'+4’_... .1.z _z.;.... 4o
p xl r4 4
=e|l-—+—+ +J
2! 24 8
X~ \'4
=l T= i
V2% )
Example 25

3
! x %
Prove that e" cosx=14+x————

Solution

e’ cosx:[l+

X+—+—+

3

2 3 4

21~ 3t

x( > xJ
+—| 1=
3! 21 4!
2 4 3 2 4
X X X X X
=] s g e s e
2 24 2 2 4 6
3 X"l
=l+x———-—+
6

+)



6.3 Maclaurin’s Series 6.47

Example 26
2 3 5
Prove that @™ =14x+2 -2 1L oa X,
rove that "y 3 24 5 :
Solution

=l+x+——-——-— s
24
Example 27
. x4 xﬁ
PI"OVE l.hal_ e.rsm.\' - 1+X2 + 4+
3120

Solution

. 2 . 3
(xsinx) +(xsmx) +}
2! 3!

3 5 ) 3 5 2 3 3 5 3
x . X% X x .. X 5 x X
:l+x(x——+——~~]+—(x——+——---) +—(x——+—-—---) Ho
3t 5! 2! 3t 5! 3! 3t 5!

el 4(_1 l) e(L_l l)
=1+x"+x += |+x += |+
6 2 120 6 6

e = [1 +xsinx+

X 6
=147+t
3120
Example 28

ox 2 5x3
Prove that ¢ =e|l+x+x +?+--- )
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2 e dferd
Jo-]

6 2 6

+---]u+%(x+...)"+--~:|

Expand (1 + x)" in a series up to the term in x*.

Solution
o [l+.\+;+%
e =e
—ee T'H
=e[1+(x+x—
2!
=e 1+x+x3(l+l)
2 2
=e(1+x+x“+§A +
Example 29
Solution
(1+x),\' = elug{lﬁ-.\')(
Ze\‘log11+_\')
=1+( -
=1+(, 2
Example 30

1
Prove that (1+x)* = e—§x+

Solution

. llog(l+.\‘)

(1+x)* =e*
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Example 31
Expand (1 + )" "2 up to the term containing X,
Solution

x s (14+x))
(1+x)(l+\) — 610"'( +x)

- e( 1+x)log(1+x)

=e " [Considering the terms only up to x’ ]

r 1 g ] 1 3
=14 | xF——=—Fv |l xt—=ew | F=(aA) F
2 6 2! 2 3!

[Considering the terms only up to x’]

2 g 1 X :
=1+ x+__x_+... +— x'+2~x-L+--- +l(x’+...)+...
2 2 6
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Example 32
2
C X 5
Prove that sin(e* —1)=x+———x"+
2 24
Solution
2 3 4
sin(e"—l)=sin(x+x—+i+i+---]
21 31 4!
[ ; X-‘ 'x-i ] 1( ; YJ J‘
= x+ =ttt |- =+ —+=—+ +
21 31 4! 3! 2! 3!
e 2N L2
6 6 24 4
T S EY
24
Example 33 -
X
Prove that x cosec x= 1+ —+—x"* +--.
) 6 360
Solution
X COSeC x = —
Sin x

[Using (1—-x)" =1+ x+x" +--]

[Considering the terms only up to x*]
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Example 34

X

X

e —

Expand

up to x* and hence, prove that

X 2 4
xe +1 x bs

2&=1 12 720

Solution

X x2 x3 xJ X x2 x3 ]
=l-|l-+—+—4+—+ |+ =F—+—+
2 6 24 120 2 6 24

J 1 1 1 1 1
+x - —t—+———+— |+
( 120 36 24 8 16)
4

“1-24 X L0 -2 . (1)
2 12 720

xe'+1 x 2
—— ==|1+—
2e -1 2( e“—l)
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[Using Eq. (1)]

X X
=4
2 e -1
X X xz 4
= — _t———
2 2 12 720
IR 4
12 720
Example 35
Prove that
) 2
_ xsin@ ; 5 SR X
tan 1(7):xsm9+—sm26+—sm39+---,
1—xcosO 3
Solution
Let y=tan"(
xsin@
tany = ————
1—xcos@
e’ —e”  xsin@

i(e"+e”) l-xcosf

¥ —e” ixsin@

¢ +e”  1-xcosf
Applying componendo—dividendo,

¢ 1-x(cosf—isinh)

e"” 1-x(cosO+isin0)
0
2y _ 1—xe”
€= i0
1—xe

2iy = log(l—xe ™) —log(l - xe”)

I
N
|
=
8,
%
=
)
|
o]
3
=
w
|
w
I

xsin@
l1—xcos@

2 3
3 W X : 55 X 3 5
=x(e” —e '9)+—2 (e’ -e 2’6)+—3 @ —e®)+...

2

=x-2isin0+%~2isin20+%-2isin39+...

2 3

y= xsin9+%sin20+%sin30+...
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Example 36
2 2 2 2
- -b -3b
Prove that e* cosbx =1+ ax+ {a )x2 4 a(a 3 )x3 ETR
xcos o . o X" '
and hence, deduce e cos(xsina) = z — cosna.

n=0 n:
Solution

e™ coshx = ™ - Real Part of (¢™)

=RP of """

+7\2 7\3
=RP of [l+(a+ib)x+(a+lb) # 3 14110 xu..}

2! 3!

2 _p?424i : 33 . 27 2
=RPof|:l+(a+ib)x+(a bz;’- azb)x_+(a i +331'a b5k )x3+...]
=l+ax+(a-_b_)x2+a(a__3b_)x3+...

2! 3!

Putting a=cos o and b =sin ¢,

(cos> a—sin*a) , cos’a—3coso-sin® o |
X+ X +
2! 3!

"% cos(xsino) =1+ xcos o+

cos2a , cos’a—3coso(l—cos’ o)
+ 2.

n 3!

=1+xcoso+

2 3

X X
= 1+xcosa+;cos2a+;cos3a+....

Example 37

. 1 1 9
Prove that ¢* =1+tan x+—tan’> x——tan’ x——tan* x+---.
2! 3! 4!

Solution

Let e =a,+a tanx+a, tan’ x+a, tan’ x+a, tan* x+-eeeeee (D)
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W 2 2 3 : 12 %
=a,+aq (x+—+...)+a,[x+—+...] +a}(x+—+...] +a4[x+—+...) Fony
3 ) 3 ‘ 3 3

x3 ) 2~x4 3 4
=gy +ay| x¥F—+.. [Fa,| x*+——+. e Fa)Fa, (T F L) Fa
3 . 3

a
=a, +a,x+a,x’ —k(—'+a3 )x“ +(——a2 +a, )r“ T — 2
2 3 4
But ¢ =ltx+—++2 4 3)
u 3 STRETRP TR

From Egs (2) and (3),
2 3 4

b S - , [ q ar 2
I+ Xt —tbsa = Gt @X +@x +=+a; ¥ +| =6 +a; |x -+
21 30 4! ; 3 3

Comparing coefficients of x, xz, x> and x* on both the sides,

1 a, 11
a,=la =lLa,=—=—,—+a, =—=—
21 273 316
1l 1 1 1 1
6 3 6 3 6 3
11 1 21 /) 7

_(12+a4=—=—’ a4= . =——=
3 4! 24 24 3 2 24 4!

Substituting in Eq. (1),

\. PP ST
e =l+tanx+—tan" x ——tan" x ——tan" x+...
2! 3! 4!

Example 38

Find the values of a and b such that the expansion of
x(1+ax)
+ Ox

in ascending powers of x begins with the term x*
x4
and prove that this term is ——.

log(1+x)—

Solution

x(1+ ax)

Let  f(x)=log(l+x)— Py
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. & & ) )
=l x——+=—=—+ |- (x+ax’)(1+bx)"
5 s 4 ( X )
X, 2 2.2 733
=l x——+———+ |- (x+ax" ) 1-bx+b"x" -b'x" +:-)
2 3 4
2 3 4
X X X 2 2.3 3.4 9 3 2 3
= x—7+?—7+---)—(x—bx +b°x —b'x" +ax” —abx’ +ab°x" —ab’x> +------ )

If the expansion begins with the term x*, the coefficients of x* and x* must be zero.

1 1
——+b—a=0, b=a+— and l—b:+ab=0 . (D
2 2 3
Substituting b in Eq. (1),
L a+l +a a+l =0
3 2 2
l—a l—a+az+—a=0
3
1 1 1
—a=—, a=—
12 6
fodgd o2
6 2 6 3
3 2
Coefficient of x4=—l+l73—ab2=—i+ 21 -42) oL
4 4 |3 63 36

4
Hence, the expansion begins with the term _L,
36

EXERCISE 6.2

1. Expand e* sec x in powers of x using Maclaurin’s series.
[Ans.: 1+ X+ x* +...]

2
. . . ' X
2. Using Maclaurin’s series, prove that e =1+ x + = +oe

2
3. Using Maclaurin’s series, prove that ag* =1+ xloga + %(loga)z i
x* 2 )

4. Prove that sin® x = x> ==+ —x% +...
' 3 45
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5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

2 4
Prove that secx=1+x—+si+-~
2 24

: 1
Hint : secx =
COS X

3

. Prove that e”*sin2x = 2x + 2x* —x?+-..

3

X
. Prove that e* cosx =1+x—?+---

2,4 4 .8
. Prove that cosxcoshx=1—2 <] +2 - SO
4| 8!
x2 5
. sin(e* =) =x+———x"*+---
Prove that ( ) T
x* x*
Prove that cos"x=1-n-—+n(3n—-2)- — —---
2! 4!
2 4
Hence, deduce that cos’® x :1—3L+15X ..
2 48
Prove that sinh3x=z(3 ) Ll anl ]
8-n!
4 6
Prove that €*"* =1+ x* EF . ST
3 120

Prove that logx = (x—1)—%(x =) +%(x o | o

x: 2%
Prove that log(1—x+x2)=_x+7+T_m
Prove that logcoshx:lxZ LR L
2 12 45
2 3
Prove that log(1+tanx) = x _x7+2%+ .........
i 2 4 6
Prove that log(w)z_(x_er_Jr = +)
X 6 180 2835
tanx) x> 7
P tht[o( ):—+_x4+ .........
rove that log 5750

Prove that e*log(1+ x) = x+x7+x?+...
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20. Expand logtan(§+ x) upto x°.

1+ tanx
1-tanx

[Hint : logtan(% + x) = log( ) = log(1+tanx) —log(1— tanx)]

Ans.:2x+ix3 +ix5 +...
3 3

X = +y2+y3+y“+ i —X—X—2+X—3—ﬁ+
21. Prove that x =y TRETRIPT if Y= 2 3 4

By Differentiation and Integration

Example 1
2 4 6
X x X
Prove that log(secx) = —+—+—+ [Summer 2017]
2 12 45
Solution
Let y =log (sec x)
dy
= -secxtanx
dx secx
=tanx
3
e D (D
3 15
Integrating Eq. (1), 2ot 2
y=Cc+—t—t—- ...
2 12 15 6
2 4 6
log(secx) = c~+L+X—+L+ ........
) 2 12 45
Putting  x=0, log(sec0)=c+0
c=logl, ¢=0
X X-‘ Y6
Hence, log(sec x) =il ol sl
2 12 45
Example 2

3 5

3134 1.3

Prove that sin'1x=x+lx_+1 x 135 e
23 245 2.46
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Solution
Let y=sinx
dy 1
dx 1-x°
1
=(1-x") 2
SIS
o 2 2 22 2 2 2 2.3
=1l4+—x +T(—x) + 31 (=x7) +
" 1
=1 x—+—3x“+ 35x°+.
2 24 2:4-6
« (1)
Integrating Eq. (1),
L% 135 1:35 x
yEeEdF = ————F i LTI
23 245 2467
. 1x 1.3x 135 %
sm x=c+x+—- —+— —+ — s vsens
23 245 2467
Putting x=0,
sin” 0=c
c=0
.. I 18x 18547
Hence, sin” x=x+——+——+———+c0-
23 245 2467
Example 3
P that cos™ x="2 x+1x3+1.3x5+
rove tha S T e R |
2 23 245
Solution
Let y:cos’lx
dy _ 1
dx 1-x"

1 lx 132
€oS "X=C—| Xt —m——F——iF
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Putting x =0,
cos'0=c
b2
o L
2
Hence LT 1x 13
) COS” X=——[x+—-—+—"—+--
2 23 245
Example 4
X3 XS x7
Prove that tan” x=x——+——-"—+
. 3 5 17
Solution
Let y:tan"lx
1 5 .
iv=l —=(+x) =1-x +xt =2 +... . (D
x 1+x°
Integrating Eq. (1), JERRNER
y=ctx——+——-—+...
3 5 7
’3 XS .X7
tan”' x=cH+x——+———+.......
3 5 7
Putting x=0,
tan"' 0=c
e=0
3 5 7
Hence, tan")tzx__.kx___)‘__,_
3 5 7
Example 5
3 5
o g x 3x
Prove that sinh™ x = x——+=——
6 40

Solution

Let y=Sinh“1x:log(x+\/x3+l)

dy 1 ( % ]
-—= 1+ =
dx x+\/x2+l 2\/x‘+1
1
x*+1

1
=(1+x%)?
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L
L 2 22
=l-—x"+ o (x7)
=1—lx2+§x4— . (D)
8
Integrating Eq. (1),
x 3 i
y=ct+x——+—"—-—
6 8 5
3 5
sinh"x=c+r—L+3x =
40
Putting x=0,
sinh’0=c¢,c=0
3 5
sinh_'x:x—x—+3x -
6 40
Example 6
k 5
- X X
Prove that tanh™ x = x+—+"—+---.
3 5
Solution
Let y=tanh™ x= 1108 () l[log(l +x)—log(1-x)]
2 "(1-x) 2
dy 1
dx 1-x°
=(1-x)"
=1+x +x* + 28+ (1)

Integrating Eq. (1),
3 5
y=cH+x+—+—+-
3 5

3 5
tanh™' x=c+x+—+—+-
3 5

Putting x=0,

tanh™ 0=c,c=0
x3 5
Hence, tanh“‘x=x+?+?+---
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Example 7
2 4 6
Ifx=1—)2)—!+i—!—%+ ........ , find y in a series of x.
Solution
y .y 9
x=1-= e b
2! 4! 6!
=cosy
y=cos_'x

Proceeding as in Example 3,

T x3x°
y=——|x+—+ A
T2 6 40

Example 8
Show that tan™ L x+x—3+3—xs+---
ow 1+x 4 20776 40
Solution
Let y=tan" I=x
1+x

Putting  x = cos26,
_, |I=cos26
y=tan" /7
. 1+ cos26
1 |2sin’ @
= tan 5
2cos” 0

=tan ' tan@

By Substitution

Example 1
Expand sin”'(3x —4x’) in ascending powers of x.
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Solution
Let y =sin"' 3x—4x%)
Putting x =sin 6,
y=sin"'(3sin@—4sin’ 6)
=sin"'(sin30)
=30

=3sin~' x

_3( 1 ¥ 1.3x° 1.3.5% )
=3 x+— 4 — 4~ ...
5 8 245 @ 2:46 T

Example 2
x 3
i -1 3 = _—4 — 5 + ..
Prove that sinh™ (3x + 4x”) S(x = an X )
Solution
Let y =sinh™' 3x+4x’)

Putting x =sinh 6,
y =sinh ' (3sinh @ + 4sinh” 6)
= sinh ' (sinh 30)
=36

=3sinh™' x

X3
=3l x—-—+—-...
6 40

Example 3
P l‘]’l[SiI’lvI 2x =2 x—x—3+x_5_x_7+...
rove tha T 8"y g .

Solution

23
Let y= sin”' ( v - )
1+ x”
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Putting x=tan®,
. 4 2tané
y=sin"| ———
1+tan” @
=sin"'(sin 20)
=26
=2tan"' x
v % 1
=2 x——+—-"+...
(555
Example 4
1
Expand SGC_'( ,).
P - 24
Solution 1
-1
y = sec ~
Let (I—Zx'j
Putting x =sin®,
=)
y=sec” | —————
1—-2sin” 6
|
=sec
(00321‘)]
=sec ! (sec 20)
=20
=2sin"'x
33,8
=2| x+—+—"+
6 40
Example 5

x—x! X X X
Prove that cos™" —~ =g-2lnrt+x——+———+...|.
xX+x 3 5

Solution

Let

7

y=cos™ 2 cos™ (xz _1)
x+x ¥’ +1
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Putting x=tan 6,

- (tan2 9—1)
Yy = COS =
’ tan” 6+1
=cos ' (—cos 26)
= cos™'[—cos (2nm +20)]
[Considering general value of cos 20]
=cos '[cos {m — (2nm+20)}]
=n—-2(nw+06)

=r-2(nw+tan”' x)

2 X X
=r-2|nr+x——+———+...
3 5 7

Example 6

3 5
Prove that cos” ' [tanh (log x)]= 7 —2(x—x?+x?—...).

Solution
Let y = cos '[tanh (log x)]
4 elog,\' _e—log,\'
=iC0s log x —logx
e~ e
af x =%
=COos g
X=X
4 x* -1
=CO0s 5
x"+1

Putting x=tan 6, R
o (tan‘ 6—1)
y=C08 | —5 ——
tan~ 6 +1
=cos ™' (—cos28)
=cos ™' [cos (7 —20)]
=7 —20

=z —2tan"' x

3 5
=r-2| x4
3 " 5
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Example 7
Ji+x2 -1 1 " %
Prove that tan”' (+] = 5 (x — x? + x? — ) [Winter 2013]
Solution
Let y=tan" —‘Mz_l)
X

Putting x=tan 6,

v=tan"'( 1+tan29—l]
) tan @
tan”! (sec@—lj
tan @
- tan”! (l—cosej
sin @
2sin® g
=tan”! 2
2sin—cos—
=tan"! (tan g)
2
_9
2
I
= Etan X

Example 8
- 3 5 7
Prove that tan™ P gx :tan'ﬁ—(x—x—+x——x—+...).
q+px q 3 5 7
Solution
P_y
Let y=tan™ q
l+£x
q

" 2
Putting x =tané, £ tan A
q
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v—tan"( tan 4 —tan 6 )
. l+tan A-tan @

= tan '[tan (4 —6)]

=4-8
=tan"' 2 —tan'x
q
SP ( 2 X i )
=tan 'L | x4 4,
q 35 9
EXERCISE 6.3
-
1. Prove that tan—x:x—ix3+§x5—....
1+ x? 3 15

3 5
2. Prove that tan™ o } zz[x__er____.].

_ w3 3 5
3. Prove that tan™ L :3(x—x—+x——...).

W3 3 5
4. Prove that cot™ i =£—3(x—x—+x——...).

1=3x? 2 3 5
5. Prove that tan™| — =x+lx3+—x5+....
1—x? 6 0
_ 3 5 7
6. Prove that tan™ 1_x) L (VNPT AN
1+ x 4 3 5 A

3 5
7. Prove that tan™ 1_—XJ :z—l(x+x—+3i+...).

3 5
8. Prove that cot“x:z— x—x—+x——... A
2 3 5

3
9. Prove thatcos‘1(4x3—3x) =3 — x+x—+ix5+... .
2 6 40

3 x5

10. Prove that SeC_1(\/1+XZ)=X—X?+?—.....



Points to Remember

_ 3 5
11. Prove that tan“(u) = an“z— Bl
3+2x

Points to Remember

6.67

Taylor’s Series

n

h? n /
Q) fOe+h) = f(0) + hf'(x) + %f”(x)+ %f”’(x)+ o+ %f"(x)+

(x — (x— a)3

a)z 4 "
S @+ T @

(i) f()=f(a)+x-a)f'(a)+

(x—a)"

+ ...+ @)+ ...
! [ (a)
Maclaurin’s Series
2 3 n

F(x) =£(0) + xf7(0) + %f"(O) + %f"’(O) +...+ %f”(O) + ...

List of Expansion of Some Standard Functions

2 3
(1) Folel ¢ Bap ity
1! 2! 3!
e £ XX i
(i) sinx=x— — 4+ — — — + ..
3t 517
2 4 6
(iii) cosx:l—L+L_L+
2! 4! 6!
. D
(iv) tanx=x+ — 4+ — +
3 15
3 .5 7
) sinhx=x+ - + X+ % 4 .
3 51 w
2 4 6
(vi) coshx=l+—+x—+L+
2! 4! 6!
.. % 2x°
(vil) tanhx=x- — + — —
15
(viii) log(1+x)=x i+£ i
g 5 3 Rl

m(m—1) ,
—2! X+

(ix) A+x)"=1+mx+
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Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:
1. The expansion of log (1 + x) in Maclaurin’s series is

2 3 4 2 3 4
(@) x——+—-—+ b)) x+—+—+—+
2 4 4
2 3 4 2 3 4
(c) x+?+?+%+ (d) x—?+%—%
2. The expansion of tan x in Maclaurin’s series is
35 3
2
(@) X+ttt (b) x—"t xS
2! 3! 3 15
35 3
© x—?+%—--- (d) x+%+%x5+~-
3. The Maclaurin’s series of sin x is
3 5 2 4
(a) O - D (b) e X L
3t 5! 21 4!
2 4 3 5
X x X7 X
-+ 4. d - 4.
© 1 2!+4!+ (d x TS
4. The nth term in Maclaurin’s series expansion is
"(x "0 x 0
w L0 O © 1@ @ 1O
n! n! n! n!

. . 1 .
5. Taylor’s series expansion of y=— aboutx =1 1is
X

@ 1-(x=D+x-D*=(x—=1)°+---

®B) I+x=D+x-D>+x=17>+--

+(x—1)2 _(x—1)3+m
2! 3!

Ty 13
+(x D +(x 1) e
2! 3!
6. Taylor’s series expansion of y = sin x about x = % is

© 1-(x-=0D

@ 1+(x-1)




10.

11.

12.

Multiple Choice Questions

T 1 =)’ 1 Y
© |x——=|-—=|x——=| +—|x——| —-
2) 3! 2 5! 2
T z) zY
d |x——=|-|x—=| +|x—=| —
2 2 2

Maclaurin’s series of f(x) is

2 n
@) FO)+ f )+ f7 () e f () 4
1! 21 n!

2 n
() FO)+T O+ f/(O) 4 7 ()
2 n

X ., X ” X n
(© 1 D+ 2 [t o [ 1)

2 n

@ 1+ )+ )+ A ()
1! 2! n!

The Taylor’s series expansion of log x in (x — 1) is

1 , 1 3

(a) (=Dt @ =D+ 3@ =]) 4

(b) (x—l)—l(x—1)2+l(x—1)3—---

2 3

(©) 1+(x—1)+l(x—1)2+l(x—1)3+---
2 3

(d) 1—(x—1)+1(x—1)2—l(x—1)3+---
2 3

Which of the following is the coefficient of x” in the expansion of ¢*?

1 1 1
@ - () 11! © -~ @ -

The coefficient of x° in the expansion of cos x is

1 1 1
a) 0 b) — c) —— d —
(a) (b) p (©) 51 (d) 5
The coefficient of x'% in the expansion of log (1 — x)*is
1 1 1 1
a) — b) ——— c) —— d —
@ 100 ®) 100 (© 50 @ 50

The constant term in the expansion of 7+ (x+2)+3(x+2)> +(x+2)* is

(a) 40 (b) 48 (c) 49 (d) 50

6.69
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13.

14.

15.

The coefficient of x* in the expansion of ¢ cos x is
1 1

(a) 5 (b) -1 (c) 0 () -5
The coefficients of x* and x° respectively, in the expansion of
(x=2)* =3(x=2)° +4(x=2)> +5(x =1) =100 are

(@ (1,1 (b) (0,0) (¢) (0, 1) @ (1,0)

The expansion of x* —3x® +2x% —x+1 about 3 is

(@) 16+38(x+3)+29(x+3)* +9(x+3)* + (x+3)*

(b) 16+38x+29x* +9x° + x*

(©) 16+38(x—3)+29(x—3)* +9(x —3)* + (x = 3)*

(d) 16-38(x+3)+29(x+3)> =9(x+3)° +(x+3)*

16. The Maclaurin’s series of sin x is [Summer 2015]
o 2n+l1 0 (_1)}’! x2n+l
X
(a) —_— (b) ST
Z&(znﬂ)! z::‘) (2n+1D)!
oo 2n =3 2n
X X
(©) (d) ="
Zg) (2n)! % 2m)!
17. The Maclaurin’s series of ¢ is [Winter 2015]
& X" & (=)' & x" g (D"
@ Z‘(‘)? () ,% n! © nzzl n! d) nz:1 n!
35
18. The series x + ENl + 3 + -+ represent expansion of [Summer 2016]
(a) sinx (b) cos x (c) sinh x (d) cosh x
2 3 4
19. The series x — > + 3771 + -+ represent expansion of [Summer 2017]
(a) e (b) log (I +x) (c) sinx (d) cos x
20. The coefficient of x° in the expansion of " is [Winter 2016]
1 1 1
(@ — (b) — () — (d5
5 4! 5!
Answers

l.L@ 2.(d) 3. 4® 5@ 6@® 7.0 8@® 9
10.(@) 11.(c) 12.(c) 13.(c) 14.(d) 15.(c) 16.(b) 17.(b) 18.(c)
19. (b) 20. (c)
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Fourier Series







CHAPTER

Fourier Series

Chapter Outline

7.1 Introduction

7.2  Periodic Functions

7.3  Orthogonality of Trigonometric System
7.4 Fourier Series

7.5 Trigonometric Fourier Series

7.6  Fourier Series of Functions of Period 2/
7.7 Fourier Series of Even and Odd Functions
7.8 Half-Range Fourier Series

7.1 INTRODUCTION

Fourier series is used in the analysis of periodic functions. Many of the phenomena
studied in engineering and sciences are periodic in nature, e.g., current and voltage
in an ac circuit. These periodic functions can be analyzed into their constituent
components by a Fourier analysis. The Fourier series makes use of orthogonality
relationships of the sine and cosine functions. It decomposes a periodic function into a
sum of sine-cosine functions. The computation and study of Fourier series is known
as harmonic analysis. It has many applications in electrical engineering, vibration
analysis, acoustics, optics, signal processing, image processing, etc.

7.2 PERIODIC FUNCTIONS

A function f(x) is said to be periodic with period 7> 0, if f(x) = f(x + T) for all real x.
The function f{x) repeats itself after each interval of T. If f(x) = f(x + T) = f(x + 27)
=f(x+ 37) = ... then T is called the period of the function f(x).

For example, sin x is a periodic function with period 2. Hence, sin x = sin(x + 27).
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7.3 ORTHOGONALITY OF TRIGONOMETRIC SYSTEM

7.3.1 Orthogonality of Functions

A set of functions f(x), f5(x), f3(x), ..., f,(x) is said to be orthogonal in the interval
(a, b) if

.[:fm(x)fn(x)dxzo, lfm;én
* O, lfm =n
7.3.2 Orthogonality of Trigonometric Functions

. . . . . Nmx nwx
Consider a set of trigonometric functions sin —— and cosT ,wWheren=1,2,3, ...
in the interval (c, ¢ + 2I) for any value of c.

Let  f,(x)= sin$, n=1,23,..

g, (x)= cosmlr—x, n=1,2,3,..

Consider

c+21
M [ fug, (0 dx

= JT+2] sin mrx cos _n7lrx dx
c+21 —
_ lJ- +2 sin (m+n)wx +sin (m—n)wx dr
27¢ [ [
c+21
1 (m+n)rx l (m—n)nx l
= —|—<cos —<cos , m#n
2 l (m+n)m l (m—n)77:|C
_ l cos (m+n)(c+2Dr _ cos (m+n)cr
2(m+n)m | [
I [ (m=n)c+2Drm (m—n)erm
- cos —cos , m#n
2(m—n)r | l
=— ! cos (m + mem +2(m+n)m ;p—cos M
2m+n)r | l l
- ! cos (m—n)c7r+2(m_n)n —COSM , m#n
2(m—-n)m | l l
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[ { (m+n)crm (m+ n)cn}
—cos

2(m+n)r l
l (m—n)crw (m—n)crw
- cos —cos , mM#n
2(m—-n)r l [
[ cos(2nm +0) = cos 9]
=0, m#n
If m=n,

c+21 c+
.[-+ fn(x)gn(x)dx:.[ SinmrTxcosmlr—xdx

dx

1 pev2t | 2nmx
—I sin

l
c+21

1 2nwx ) |
=—|—| cos —
2 l 2nmw .

I [ 2nc+2Dm 2nem
=-— cos —cos
4nr | [ /
1| 2ncm 2nem
=———-ocos +4nm |—cos
4nr I
[ 2 2
=- ! cos new _ cos ner [ cos(4nm+0) = cos 0]
4nm | [ l

mﬂx mlt—xdx 0 forallm, n

c+21
Hence, J. sin
c

Now consider,

) [ f, 0, (0 dr

c+21, mIXx . nmx
—_[ sin sin —dx

dx

1 H . (m— n)nx} l { . (m+ n)ﬂx} l Tm
=—|[4sin —<sin ,m#n
2 l (m—-n)rw [ (m+n)r B

_J-c+21{ (m— n)n'x — cos (m+ln)7rx}




7.4 Chapter 7 Fourier Series

l { . (m=n)(c+2Dhmr . (m—n)cﬂ}
= sin —sin
2m—-n)xw [

l
[ [ . (m+n)(c+2Dhmr . (m+n)c7r}
- sin —sin , m#n
2(m+n)r l
- {sin{(m LNy n)ﬂ?}— sin U= 1CR ”)C”}
2(m—n)r [ l
- ! {sin{(m-l-n)ar +2(m+n)7r}—sin —(m+n)c7r} m#n
2(m+n)r l l
l { . (m—n)m . (m—n)cﬂ}
= Sin —Sin
2(m—n)r l l
l [ . (m+n)r . (m+n)cir}
- sin —sin , mM#n
2(m+n)r l
[ sin(2nm + ) = sin 9]
=0, m#n
If m=n,

ct2l c+2l
7 s o= i T g

1 pet2t 2
=—j+ 1—cos nex dx
27¢c l

1 . 2nmx ) I

=—|x—| sin —

2 [ 2nw
1 2

_1 {(c+2l)—c}— l sin n(c+21)7z'_Sin 2ncerw
2| 2nm l

= l 21— —l sin _2nc7z' +4nm |—sin _2nc7t
2 i 2nmw l l

_ 1 2 l (sin 2nem _sin 2nc7rﬂ

c+21

c

2|7 onm ! !
[ sin(4nm +6) =sin6)]
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Again consider,

c+21
i) [ 808, (x)dx

c+2l mmwx nwx
= J cos cos T dx
c

c+21 —
= %J‘ ’ [cos (om +ln)7rx +cos (om n)nx}dx

c+21

l

1‘{ . (m+n)7tx} l { . (m—n)n'x}
=—[{sin +<sin
2 l (m+n)mwx [ (m—

Proceeding same as in part (ii),

c+2l mmnx nmwx
_[ cos cosde=0, m#n
C

If m=n,

c+21 42l
j-+ g,,(x)gn(x)dx=j‘+ coszgdx

c+21
=l‘[ ' 1+0052n7rx dx
27J¢ l

Proceeding same as in part (ii),

c+21 mmwx nmwx
_[ cos 7 cosdezl, m=n
C

mmx

c+21 niwx
Hence, J cos cosde =0, m#n
C

=, m=n

NEN
n)i'cx|c

From (i), (ii), and (iii) it is evident that the set of trigonometric functions

sinm—x and cosme , where n =1, 2, 3, ... is orthogonal in the interval (c, ¢ + 21).

7.4 DIRICHLET’S CONDITIONS FOR REPRESENTATION BY

A FOURIER SERIES

Representation of a function over a certain interval by a linear combination of mutually

orthogonal functions is called Fourier series representation.
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A function f(x) can be represented by a complete set of orthogonal functions within the
interval (c, ¢ + 2[). The Fourier series of the function f(x) exists only if the following
conditions are satisfied:

(1) f(x) is periodic, i.e., f(x) = f(x + 2I), where 2/ is the period of the function
S ).
(i1) f(x) and its integrals are finite and single-valued.

(iii) f(x) has a finite number of discontinuities, i.e., f(x) is piecewise continuous in
the interval (c, ¢ + 2I).

(iv) f(x) has a finite number of maxima and minima.

These conditions are known as Dirichlet’s conditions.

7.5 TRIGONOMETRIC FOURIER SERIES

. . Nmx nwx . .
We know that the set of functions smT and COST are orthogonal in the interval

(c, ¢ + 20) for any value of ¢, wheren=1,2, 3, ....

. c+2l | mmx . NmX
1e,J n sdexzo m#n

=l m=n

c+21 mrx nwx
J cos cosdezo m#n
c

=l m=n

2l | mmx nmwx
J. sin cosde =0 forall m, n

Hence, any function f(x) can be represented in terms of these orthogonal functions in
the interval (c, ¢ + 2I) for any value of c.

- X . NTX
xX)=a,+ Y a,cos——+ » b _sin——
0 n n !
n=1

n=1
This series is known as a trigonometric Fourier series or simply, a Fourier series. For

example, a square function can be constructed by adding orthogonal sine components
(Fig. 7.1).
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S

K

<

S

.

S 4

S

0

Fig. 7.1 Representation of a function in terms of sine components

One sine component

Addition of two sine
components

Addition of three sine
components

Addition of many sine
components

Square function

7.6 FOURIER SERIES OF FUNCTIONS OF PERIOD 2(

7.7

Let f(x) be a periodic function with period 2/ in the interval (¢, ¢ + 2[). Then the Fourier

series of f(x) is given by

f=ay+Sa, cosTJer ’;

n=1

Determination of a,

Integrating both the sides of Eq. (1) w.r.t. x in the interval (¢, ¢ + 20),

J»c+21f(x)dx aOJ~c+Zl J~c+21[za C()s ]dx jc+2l[2b . l’lﬂ'xj

=ayc+2-c)+0+0

= zlao

1
Hence, ay=—

21

c+21

(D

(2)
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Determination of a,

nwx
Multiplying both the sides of Eq. (1) by COST and integrating w.r.t. x in the interval
(c, c+2D),

21 21
.[C+ f(x)cosde aojc+ cosnﬂ—xdx J.CJr [Za cos J smltxdx

n=1

JC+2[(2b s1n—] nlﬂdx

n=1
=0+l/a,+0

=la,
c+21
Hence, a, =%j.+ f(x)cos””Txdx .3

Determination of b,

. nm
Multiplying both the sides of Eq. (1) by smnl—x and integrating w.r.t. x in the interval
(c, c+2I),

21 21
J- f(x)sm—dx aOJ‘H sinmlt—xdx+J‘c+ [Za cos%]smm;xdx

J-HZI[Zb sm JsinMTxdx

=0+0+1b,
=1b,

21
Hence, b, =% [ f(x)sin"—’;xdx (4

The formulae (2), (3), and (4) are known as Euler’s formulae which give the values

of coefficients a, a,, and b,. These coefficients are known as Fourier coefficients.

Corollary 1 Whenc=0and2/=2n
f(x):a0+2an cosnx+2bn sin nx
n=l1 n=l1
h 1 J-an( )dx
where a, =— by
O axdo
2
a, =lj ”f(x)cosnxdx
Y0

1 f2n .
b, =—I f(x)sinnxdx
7T vJ0
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Corollary 2 Whenc =-mand 2/ =2r
f(x)=a,+ Zan cosnx + an sinnx
n=1 n=1
where a —LJ‘” f(x)dx
O g den
a, =ijn f(x)cosnxdx
Ty
b, =ijﬂ f(x)sinnxdx
Ty
Corollary 3 Whenc =0

< X  ~ . nWX
xX)=a,+ Y a, cos——+ Y b sin——
0 n n /

n=1 n=1

1 2t
h -
where ay=—; [ FOdx
12 nwx
a, :EJAO f(x)cosde

12 . Nmx
b, _7f0 f(x)sin == dx

Corollary 4 Whenc =-1

~ X ~, . HNTX
f(x)=q, +Zan cos—+2bn smT
n=1

n=1

where a4 = j ' Fodx
0
1t nwx
a, :EJ‘—zf(x)COSde

1t . nmx
bn =7J-7[f(x)sdex

Fourier Series Expansion with Period 27

7.9

Example 1
Find the Fourier series of f(x) = x in the interval (0, 2m).
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Solution
The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1

1 ¢2n
ay=7— [ reodx

1 r2n
=—] xdx
2w Y0
2

2

1 x

2ml|2
0

L(“L)
2\ 2

=T

_1 2 dx
a”_;.’-o f(x)cosnx

1 p2n
:_J-o xcosnxdx

T
1 sin nx CcOoSnx
=— x( )—(1)(_ 2 )
n n
1 (cosznﬂ _cos Oj [+ sin2n7 = sin0 = 0]
n n

2

0

T

=0 [ cos 2nm =cos0 = 1]
b = [ f(x)sinmrdx
= ;JO f(x)sinnx

1 p2n
=—j xsinnxdx
Y0

— 1
Hence, fx)=m— ZZ—sin nx
n

n=1
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x= ﬂ—2(sinx+%sin2x+%sin3x+---)

Example 2

Find the Fourier series of f(x) = x* in the interval (0, 2m) and, hence,
2

deduce that n__i_i_i_ 1

Solution
The Fourier series of f(x) with period 27 is given by
f(x)=ay+ Z(Jn cosnx+ zbn sinnx
n=1 n=1
L7 pod
ay =— X
0 270

1 27 ,

"ozt

_ L]
2r| 3
0

L(?ij
2\ 3

_ 4r?
3

2r
x3

1 f2n
a, =—I f(x)cosnxdx
Y0

1 ¢2
=—_[ " x? cosnx dx
Y0
. . 2r
:lxz(smnxj_zx[_cosznxj+2(_51n3nxj
/4 n n n o
1 2
:—{471(005 ZMH [+ sin2n7 = sin0 = 0]
T n
1(4
=—(—7;) [ c052n7r=1]
T\ n
_ 4
)
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1 2z .
b, =—] " f(x)sinnxdx
T J0

2
= lj ﬂxz sin nx dx
T J0
2 (_ cosnxj_zx(_ smznx)Jrz(cosSnxj
n n n o
_ 1[47[2 (_ cosZmr)+2(cos§nnj_2(co§0n
T n n n

2r

1
T

1{ 4rn?
=—(—Lj [ cosZnn':cosO:l]
V3 n
_ 4rm
n
- 1
Hence, flx)= T+4Z—2005 nx—4my —sinnx

n=1 n=1

4r? 1 1 1
¥ =i+4(—zcosx+—2cos2x+—zcos3x+---)
1 2 3

3
1. 1. 1.
— 4| —sinx+—sinx+—sin3x+--- .. (1)
1 2 3
Putting x = win Eq. (1),
4z’ 1 1
7r2=L+4 —cosn+—cos2n+Lcos3n+--- +0
3 12 2 32
4m? ( 1 1 1
=—+4 -+ -+
3 1> 22 3

Example 3 .

Find the Fourier series of f(x)= 5(7[ —Xx) in the interval (0, 27).

Hence, deduce that ~=1-++ 114 [Winter 2013]
ence, deduce that - 375 7 inter

Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ a,cosnx+ Y b, sinnx

n=l n=l
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1 r
ay =5, i

1 (ol
— ”—(n x)dx
21 Y0

1 r2n
an=—J- f(x)cosnxdx

2z |
=—J- —(77: x)cosnxdx

( _ )(smnx) ( 1)( COSI’Z)CJ
n

1 [ cos2nrmw COSO:|
=—|- +
2 2 2

n n
=0 [ cos2nm =cos0 = 1]

2r

0

2 1
=—J —(71' x)sinnxdx

=L(n__x)(_cosnxj - 1)( smnxj
2r n n

2r

0

7.13

= L{(—ﬂ)(— M) - n(— wﬂ [ sin2nm =sin0 = O]
2r n n

! (n+n) [ cos2n7t=cos0=1]
n

— 1
Hence, f(x)= Z—Sin nx
)

1 1 1 1 1
—(r—x)=sinx+—sin2x+—sin3x+—sin4x+—sinS5x
2 2 3 4 5

+lsin6x+lsin7x+---
6 7

(1)
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Putting x=§ in Eq. (1),
1(nm 2 1. 3n 1. 1. 5¢
—| — |=sin—+—sinzw+—sin—+—sin 27w + —sin—
2\ 2 2 3 2 4 5 2

1. 1. Trx
+—sin37+—sin—+---
6 7 2

Example 4 ,
Obtain the Fourier series of f(x)= (%j in the interval 0 < x <27
21 1 1

Hence, deduce that 7;—2 TS + Pl [Winter 2014]

Solution

The Fourier series of f{x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx
n=1 n=1
1

2r
ay=—], fdx

1 2ﬂ7r—x2
L1
2m 0 2

1 r2n
a”:;-[o f(x)cosnxdx
2
1 ¢2 -
=—J ﬂ(n x) cosnx dx
0 2

(70— x)? (Sinm)—Z(n—x)(—l)(— cosznxj N 2(_1)(_1)(_ sin3nx)
n n n

2r

_ L
ar 0
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7.15

= L g 082 ) pp[ 080 [+ sin2n7 =sin0 = 0]
A }’12 nZ

:L 2—ﬂ+2—” [ cosZmrzcostl]
A n2 I’L2

_1
n2

b = [P F(x) sinnrd
”_;J-o f(x)sinnx

2
1 ¢2 -
:—J. n(” x) sin nx dx
70 2

2r
| .
LS PR _cosnx —2(7 = x)(=1) _ sinnx F2(-1)(=1) cosnx
4r n n* n’ 0
1| o cos2nm 2cos2nr o cosO cos0
=—|77| - + - 7| - +2
ar i n n’ n n
[ sin 2nm =sin 0 = 0]
2 2
:L —7[—+i+7[——i [ cos2nm =cos0=1]
¥ 4 n n3 n n3
=0
2
b3 1
Hence, f(x)=—+ —- cosnx
fw=15+ X
2
i —n—+—cosx+L0052x+Lcos3x+~~ 1)
> TREE Py 32 v
Putting x = win Eq. (1),
LA U B S
Z_L_1
12 12 22 32
Example 5
Find the Fourier series for f(x) = e* in (0,2m),a>0. [Summer 2018]
Solution

The Fourier series of f{x) with period 27 is given by

f(x)=q, +Zan cosnx+2bn sinnx

n=1 n=1
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1 2z
ay=—], O
1 ¢2z

“onde €k

2r
ax

1 e

T2
1

2am
=——(e" -1
2a7r( )

a
0

1 p2n
a, = —.[ f(x)cosnxdx
70

1 p2n
= —J e™ cosnxdx
7 J0

1 ax 2r
=== 2(acosnx+nsinnx)
T|la +n
0
1| ¥ a s sin2nm =sin0=0
=== 2(acosZnﬂ)— >
T|la +n a+n cosO0=1
a 2am
=ﬁ(6 -1 [ cos 2n7t:1]
n(a”+n)
1 27 .
bn—;fo F(x)sinnx dx
1 ¢2
=—J. " 4 sin nxdx
7T Y70
2
1 ax
=—|— 2(asinnx—ncosnx)
Tia” +n
0
1| & n s sin2nr =sin0=0
=— (—ncos2nm)+
7| a®+n® a®+n® cos0=1
n 2ar
=————(1-¢*") [+ cos2nm =1]
m(a”+n")
1 oD 1
Hence, f(x):—(eza”—1)+a(e )z S5 cosnx
2ar T —1a +n
l_eZan' oo
+ sin nx
T ,,2=Ia2+n2
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7.17

Example 6
3x? — 6xm + 27°

Find the Fourier series of f(x)= in the interval (0, 21)

12

n? 11
Hence, deduce that — =1+—+—+...
6 22 32

Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1
_ 1 r2n dx
ay=o—f, S

1 o2 2 2
_ n3x° —6xm+2m dr
2w 70 12

x3 )C2
3(—} - 67r[—J +27%x
3 2
0
3 2
= —1 3(8ij—67r(—4ﬂ: ]+47r3
24w 3 2

=0

2r
1

" arn

1 p2n
a, =—J f(x)cosnxdx
Rl

1 Jzn 3x> —6xm+2m”
0

cosnxdx
]

- b

127 n> 3
1 cos2nrm cos0
=— (67r)( j— (—67r)( j -+ sin2nw =sin0=0
127 |: n2 n2 [ ]
1
= ?(6—75 6—’;) [+ cos2nm =cos0=1]
T\ n n
1
2
n

b _1 2 . dx
”_;-[0 f(x)sinnx

(3)(32 _6xn_+2ﬂ2)(smnx)_(6x_6ﬂ_)(_ COSI’UC)+6(_ Sin nx
n

2r

)

0
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2 2
_Lprfacsameant)
12
2
B N cosnx —(6x—6m) - sinnx L gl cosnx
12 n n’ n’ 0
1 (12” 1272 42 )( cosZnﬂ)+6(cos2n7tJ Q) ( cosO)
1271' n n n
cos0 . .
—6( 3 ﬂ [ sm2n7‘c=sm0=0]
n
=0 [ cosZmrzcostl]
=1
Hence, f(x)= Z—zcos nx
n=1 1
2 2
w=cosx+l0052x+icos3x+--- (D
Putting x = 0 in Eq. (1),
2
n—=cosO+icos0+LcosO+---
6 2? 3?
.
= +2_2+3_2+...
Example 7
Find the Fourier series of f(x) = e in the interval (0, 27).
T 1 < (-1
Hence, deduce that —— S0l [Summer 2014]
2 s1nh7t o 1 241
Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b,sinnx

n=1 n=1

1 p2r
ay=—— jo Fx)dx

1 ¢c2r ..

=— e
21 70

1
=—1|—e
2

2r
—X

0
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2
1—e™"

2r

1 r2n
a, =—J. f(x)cosnxdx
T 70

1 27 _
=—J- e~ cosnxdx
Y0

2r

0

1| e™ .
=— (—cosnx +nsinnx)

T(n"+1

1| " 1
=—{ 62 (—cos2nm)—

Tin +1

1

:2— _6—271')

(n” +1)

1jon,
b, =—] " f(x)sinnxdx
Y0

1 ¢2n __ .
:—_[ e sinnxdx
7T 70

_1 -

Vs

n*+1

1

2

T|n +1

[ cos2nm =cos0 = 1]

(—sinnx —ncosnx)

e—2ﬂ
=— (—ncos2nm)—

2r

0
1
n?+1

21 o

T

S

= + —e7) [+ cos2nm =cos0=1]
w(n® +1)
- - & 1
Hence, f(x)= + cosnx +
21 n Z{ n? +1

Putting x = win Eq. (1),

1_6—2717 1_6—2717 o (_l)l’l
m)= +
fm = Y
e_” _ 1_6—2717 l_e—zﬂf _l o (_l)n
27 T 2 Snt+l

1_672” i (_1)}1

T n=2 n2+1

|

n=11 +1

7.19

5 (—cos 0)} [ sin2nm =sin0 = 0]
n"+1

(—ncos 0)} [ sin2nm =sin0 = O]

.. (D

[ cosnm = (=1)", sinnz = O:I
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e —e no - +1
T 1 $ED

Hence, 2 sinhm ,,z_; n?+1

Example 8

Find the Fourier series of f(x)=~1-cosx intheinterval (0,2r). Hence,
| Q- 1

deduce that —= Y, —

Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1

f(x)=+l-cosx = \/Esing

1 r2n
ay = EJ‘O f(x)dx

2
=L ”\/Esinidx
2w 0 2

N

2

X 2r
—2Cc0s—

0

2
=—(-2cosm+2cos0)
2r

2

T

[ cosm=-1,cos0=1]
1 ¢2n

anz—J f(x)cosnxdx
770

:ljhﬁsinzcosnxdx
Y0 2

V2 x| (2041 (2n-1
=— sin X —sin x |dx
21w Y0 2 2
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N 2n+1 2 m-1) [
= —| COS X+ COS X
27| 2n+1 2 2n—1 2 o
2 2 2 2 2
=£ — cos(2nmw+ )+ COSO-I——COS(Z}’UT—TC)— cos0
2| 2n+1 2n+1 2n-1 2n—1
2[ 4 4
=£ —————1 [+ cos@n+Dr=cos2n-1r =—-1cos0=1]
2r | 2n+1 2n-1
42
T 4n* -1

1 c2n .
b, =—j f(x)sinnxdx
7T J0

= %Jjn\/isin%sinnxdx

:ﬁjzn{cos(zn_ljx—COS(2n+1jX:|dX
21 J0 2 2

2| 2 .(211—1) 2 .(2n+1) ”
=— s X— sin X
27 [2n-1 2 2n+1 2
=0 [. sin(2n-1)z =sin(2n+1)w=5sin0=0]
_2\/5_4\/52
a T

ToaS4n -1

0

Hence, f(x) cosnx (D

Putting x = 0 in Eq. (1),

22 42E 1
0)=0= -
f(0) . ;4#-1

1 & 1

5_,,2:;4;12—1
Example 9
Find the Fourier series of f(x)=-1 O<x<rm

=2 T<x<2m

Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay +2an c0snx+2bn sinnx

n=1 n=1
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1 2
ag = EJO f(x)dx
1 b4 2
= EUO (~Ddx + jﬂ 2dx}
1 T 2r
= | ol |
= i [(—n) +(4n-2m)]

l
2
1
= —j f(x)cosnxdx

2r
=—U (—1)cosnxdx+'[ 2cosnxdx}
ARl T

. 2
|smnx| |smnx|
A L e,

=0 [ sin2nz=sinnz=sin0=0]

2
b, =ij " F(x)sinnx dx

J (- 1)smnxdx+J- ZSlnnxdx}

1

xl

1 |cosnx| 2cosnx|
;_| |0+‘_ n |n':l
1
x|
i

[cosnm  cosO 2cos2nﬂ+200sn7r
n n n n

=" -1 [+ cos2nm =cos0=1, cosnz = (~1)"]

Hence, f(x)= % + i i l:%:l sin nx
T n=1

n
:l+i(—2sinx—gsin3x—gsin5x—---)
2 & 3 5
1 6

. 1. 1.
=———(s1nx+—sm3x+—sm5x+---)
2 7 3 5
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Example 10

Find the Fourier series of f(x)= x° O<x<mrm [Winter 2012]
=0 T<x<2m

Solution

The Fourier series of f{x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1

1 p2n
ty =], fCdx

:L:j;’ﬁdﬁ J.jn0~dx}

T

x3
310

7_[3

1=
2| 3

1 ¢2n
a, =—J f(x)cosnx dx
0

1 2
=—[J‘nx2 cosnxdx+J ”O~cosnx dx}
LYo T

. . b4
sinnx cosSnx simmnx
2 j_zx[_ L j+2(_ j
n n n

0
1
= —(2717 cosnn) [ sinnm =sin0 = 0]

T n2

1
T

- %(_1)” [ COSNT = (—1)"]
n

1 r2r .
b, =—J f(x)sinnx dx
T 70

T oo 2r .
J.Ox s1nnxdx+J 0-sinnxdx
Vs

. V3
cosnx sinnx cosnx
xz(——j—Zx[— - )+z( - j
n n n 0

i 2
= —nz(cos””)u(ws”’r)— COSO} [+ sinnm =sin0 = 0]

3
n n n’

Q|-
I

ERE

Q|-
T
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( 1) ( n 2 B N _
75 " _n3 ns} I: cosnm = (-1) ,cosO—l:l
Hence, f(x)= +22( DA cosnx +— Z{ D" 2( 1) i}sinnx
6 n’ n n’ n
Example 11
Expand f(x) in Fourier series in the interval (0, 27) if
- O<x<m
f(x)=
X—T m<x<2m
1 2

and hence, show that z S — . [Winter 2016; Summer 2018]

n=0 ( n+ 1) 8
Solution
The Fourier series of f{x) with period 2r is given by

f(x)=ay+ Y, a,cosnx Y b,sinnx

n=1 n=1

1 2n
ay = ! f(x) dx

fimses fi-na]
=—||(m)dx+ | (x—m)dx
2r K .
i 2
_L (—7[)|x|n+ x2 i
2 | o ]2 .
i 2
- L —7r2+27r2—27r2—7r—+7r2}
2r | 2
__T
4
1271'
— | f(x) cosnx dx
I

0

-
-

S m

T 2
J( —1m) cosnx dx + J(x n)cosnxdx}
0 T

sin nx COSnx
"o m{322) oo

sin nx

+

1
T

2r
n
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l[0+ (e n)(sinnx)+(cos2nxj
T n n

{ 1 D" } [ sin2n7m = sinnw = 0]
— -

2r

] [ sinnm =sin0 = 0]

T

n2

_ ="
T n?

1 2r
b, =— | f(x)sinnxdx
T 0

[cos2nm =1, cosnm = (=1)"]

T 2r
=l[j(—n) sinnxdx + j (x - ﬂ)sinnxdle
4 0

_1 n )‘ cosnx +(x—7r)(— cosnx)_(l)(_smznx)zﬂ]
T 0 n r
[ n . 2
_1 {ﬂ—l}+—(x—n)(c"s”x)+(“nij :l['.'cosnn'=(—l)"]
T n n n n .
:ﬂ—l—l['.'cos 2nr =1, cosnm = (=1)", sin2n7w = sinnx = 0]
n n on
_EDt 2
o n
1
=—[(-D"-2]
n
Hence, f(x)=—£ li{l D" }cosnx+i l[(—1)"—2]sinnx
4 © = a1

T 2|1 1 1
=——+—|—cosx+—cos3x+—cosS5x+:---

—SSinx—%Sin2x —sin3x —---

__r,2 iw—i{ﬂ}sinrﬂ D)

4 n-n:O (27’l+1)2 n=1 n

Putting x = win Eq. (1),

oz, 2 &)
= — 0
= r Z‘O (2n +1)
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T2
Iim f(x)+ hm (x) ———
2|:x—>n' f x—at f :| 4 x ; (2n+1)2
l[—7r+0]+£:—E ! 3
2 4 T, Zo@2n+1)

2 & T
;20 Qn+1? 4
- b4
Lo s

Qn+1)°

Example 12
Find the Fourier series of f(x) = x + x* in the interval (-m, @), and
hence, deduce that

ot 111

0 ETE TR

1 1 1
(i) =ttt [Winter 2017, 2012]
6 12 2% 3?
Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1
1 ¢r
ay = EJ—E Sodx

L 2
—EJ_E(X+X )dx

2 3"

X7 x
__+_
2 3

-
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1 ¢7
a, =—J f(x)cosnxdx
Ty

1
= —Jﬂ (x+x2)cosnxdx
Ty

_1 (x+x2)(Sinnx]_ (1+2x)(— cosznx)+2(_ sin;zx) i
T n n n r
1 CcoSnm cos(—nm)

=— (1+27r)( 3 )—(1—27‘:){—2}}

T n n

= 1 4717( cos2nn' ﬂ [ cos(—nm) = cos(nn')]
Tl n
4

(;21)" [ COSATT = (—1)"]

17 .
by=—]" f(x)sinnxdx
TY-n

1 = 24 .
=—| (x+x7)sinnxdx
Ty

(x+x2)(— cosnx)_(1+2x)(_ 51n2nx)+2(cos3nxj
n n n r

_(n ) ”2)(_ cosnm ) s ( c0s3n77: j emend) { cos(—nrr) } L { cos(—snﬂ:) H
n n

T

n n

1] 2
=— ——”cosnn’} [ cos(—nn')=cosn7r]
Tl n
=2(-D"
= =D [ cosmrz(—l)”:l
n
2 oo 1\ o 1\
Hence, f(x)=%+4z( 12) Cosnx—ZZ( D" ginnx
n=1 N n=1
2
1 1 1
x+x° =ﬂ—+4(——cosx+—cos2x——cos3x+~-)
3 1? 2? 32
1. 1. I .
—2| ——sinx+—sin2x ——sin3x+--- ..(1)
1 2 3
(1) Putting x =0 1in Eq. (1),
2
1 1 1
0=”—+4(——c050+—cosO——cosO+---j
3 12 22 3?
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(ii) Putting x = win Eq. (1),

, 7w 1 1 1
T+n" =—+4|——coSmT+—cos2m — —cos3mw +---

2 1 1 1
=?+4 1—2+2—2+3—2+... (2)

Putting x = - in Eq. (1),
, 1 1 1
—n+n° =—+4| ——cos(—m)+—cos(—2m) — —cos(-3m) +---
3 12 2? 3?

=”—2+4(i+i+i+...) 3)
3 Tt g
Adding Eqgs (2) and (3),

o1

6 17 27 3?
Example 13

Find the Fourier series expansion of the periodic function f(x) = x — X

in the interval —nt < x £  and show that

1 1 1 n’
_——t — — = —
1> 22 3 12 [Summer 2017]
Solution

The Fourier series of f{x) with period 27 is given by

f(x)=ay+ Y, a,cosnx+ Y b, sinnx

n=1 n=1

1 T
a, :ﬂ J‘ f(x)dx

)
=— | (x—xP)dx
2 -

1| x? x3ﬂ
Torl2 3L,
1 |:7'L'2 AR n%}
Toarl2 3 2 3
1 [ 27:3]
AR

2



7.6 Fourier Series of Functions of Period 2( 7.29

1 T
a,=— J f(x) cosnx dx
n-—n'

1 T
=— j(x—xz)cosnxdx
n
-

1 (x—xz)(Sinnxj—(l—Zx)(— cosznx)+(_2)[_ Sin;lxj T
b2 n n n

-

V3

_1 (- 12 (sinnx) i _2x)(cosznxj N 2sirinx
T n n n _r
_ l[(l —om S o E } {Sin e = 0}
T n n cosnw =0
1 {(—1)" 2w = 2w }
nl n? n’ n’ n’
1 [_ 4m(=1)" }
e
A(-1)"

b, _1 j F(x) sinnxdx
T -t
17 Ny
=—j(x—x ) sinnx dx
Ty
(x_xz)(_cosnx)_(l_zx)(_ sinznxj_i_(_z)(coznx) m
n n

n -
_1 _(x_xz)(cosnxJ+ (l_zx)(smzx)_z(cos;zx)
T n n n .

- (x* _ﬂ)ﬂ_2ﬂ+(_ﬂ_n2)_(—l)" +2—(_1)n}
n n’ n 3

T

[ cosnm = (—1)", sinnm = sin(—nm) = 0]
DR TG L A Vi }
T n n n n

_ - 27:(—1)"}

=

n
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21"
n

= (—1)" = (—1)"
-4 zl(nz) cosnx —2 Z‘I( n) sinnx

2

Hence, f(x)=-

w |

2
1 1 1
x—xt=—" 4| —= cosx+— cos2x — — cos3x + -
3 12 2? 3

—2(—1511171)6 +l sin2x—lsin3x+---j (1)
1 2 3

Putting x = 0 in Eq. (1),

2
T 1 1 1
O=———-4|-—+———+--

ror,ro .=
222 3
Example 14
Find the Fourier series of f(x) = x + x| in the interval - < x < 1.

[Winter 2015, 2014]

Solution
The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1
1 ¢m
ay = ELﬂf(X)dx
1 ¢m
=EJ-7”(x+Ix|)dx

=$|:anxdx+‘[;|xldx:|

_[_aa Joydx = 2_[: f(x)dx, if f(x)is even function

1 T
=—[0+2j0 Ix| dx}
2r =0, if f(x)is odd function

1
=;J;“1x
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[

Ll
2

0
L
2

1 ¢m
a, =—J f(x)cosnx dx
Ty "
1
=—[" (x+1xlcos nx dx
Ty "

1] ¢ 3
=— J. xcosnxdx+J [ x| cosnx dx
mwbLi-m -z

1 n - xcosnx is odd function
=— O+2j I xlcosnx dx ) .
T 0 and | x| cos nx is even function

2 em
=—), xcosnx dx

T
. n
sin nx cosnx
x -] -
n n2
0

2

T

_z[cosnﬂ 3 cosO

T 2 2

} [ sinnm =sin0 = 0]
n n

= Lz[(—l)n - 1:| [ cosnm =(=1)", cos0 = 1]
n

I .
b, = —j f(x)sinnx dx
Y

1= .
=—j (x+ lxl)sin nx dx
TY—rn

n . n .
J xsmnxdx+j lesmnxdx}
- -

T -+ xsinnx is an even function
2]0 xsinnxdx+0

| x I'sin x is an odd function

x(— cosnx]_(l)(_ sinznx)
n n

2
b4
2 TTCOSNT
b4

T

0

} [ sinnm =sin0=0]
n

- _;(—1)" [ cosnm = (—1)"]



7.32  Chapter 7 Fourier Series

Hence, f(x):g {( D" - }cosnx 22( sinnx
7T =1

n’ n

T 2 2 2 2
x+|xl=—+—| ——cosx——cos3x——cosS5x—---

2 x|l 12 32 52

1 1 1
—2‘:——sinx+—sin2x——sin3x+~--}

1 2 3

T 4(1 1 1
== _— _cosx+—0053x+—0055x+
2 n\1? 3? 5

+2(sinx—lsin2x+lsin3x—~--j
2 3

Example 15
Find the Fourier series of f(x) = e*" in the interval (-, 7).

[Winter 2013]
Solution

The Fourier series of f(x) with period 27z is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1

1 ¢m
ag = Ej_ﬂf(x)dx

1 7 4
=—11 e
2r Y-

ell.)C

a

T

1

2r

-7
1 —an

=—(e -—e
. a( )

_ sinhan

na
a, =lj‘n f(x)cosnxdx
T

1 ¢7
=—| e cosnxdx
T -t
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/1
ax

1
T

= (acosnx+nsinnx)

2 2
a +n

-

1 ean’ e—aﬂ,’
= —| 5 (acosnm) - ———{acos(-nm)} | [+ sinnz = sin(-nm) = 0]
a”  +n

Tla +n
(-1)"2asinharn n
= Loesmm=cr]

1 ¢7 .
b, = —j F(x)sin nxdx
Td-n

1 ¢7 .
= —J e™ sinnxdx
T —-T

1| e* . "
== (asinnx —ncosnx)
Tla”+n
-
1 ar —an
= —{ 2e 3 (—ncosnm)+ s > {ncos(—nﬂ:)}}
Tla +n a +n
—%( e [+ cos(—nm) = cosnr]
m(a”+n)
2n(-1)" sinh
= — w I:'.' cosnmw = (—l)n:l
n(a”+n)
h 2 h < (=1)" 2 sinh arm < 1
Hence, f(x)= sin! an asinhar Z ) _cosnx— sin anz n(-1)" s1n .
T “at+n? = a +n?
smh aﬂ 2sinhar z (-1 . (acosnx — nsin nx)
ar T Sd+n
Example 16
Find the Fourier series of f(x)=0 -r<x<0
=x 0<x<7m [Summer 2013]

Solution

The Fourier series of f{x) with period 27 is given by

f(x)=ay+ a,cosnx+ Y b, sinnx

n=1 n=1
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1 ¢=
ay = Ej—n f(x) dx

=%U_°ﬂo dx+j;rxdx}

1 ¢7
a, = —j f(x) cos nx dx
T -t

1
= —jnxcosnx dx
0

T

1 sm nx _cosnx
7r n n’ 0
T
S L C"io} [+ sinnm =sin0=0]
T n n

_1 (_12)" _n%} [+ cosnm =(=1)", cos0=1]

1 ¢x .
b, =—f f(x)sinnx dx
T

1 ¢n .
=—f xsinnxdx
Y0

:lx( cosnxj (1)( smnxjﬂ
T n n

0

_L _M} [ sinnm =sin0= 0]
TL n
:i - (_l)n} [ cosnnz(—l)”]
TL n
o
n
Hence, f(x)=% li{( D’ l}cos nx — 2(_ )" sin nx
T —1 n=1 1
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T 1( 2 2 2
=—+—| ——-cosx——-c0s3x——-cosSx—---
4zl 12 32 52

—(—1sinx+lsin2x—lsin3x+---)
1 2 3

T 2(1 1 1
=———| —cosx+—cos3x+—cosSx+---
4 T 12 32 52

+(sinx—lsin2x+lsin3x—---)
2 3

Example 17
Find the Fourier series of f(x)=—T -r<x<0
=X O<x<m
1 1 1
Hence, deduce that ? = 1—2 + 3—2 + 5—2 +... [Summer 2016, 2014]
Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1

1 =
ay =] f0dx

1 0 T
:E j_ﬂ(—n)dx+jo xdx]

1 0 i
=—||-mx__+|—

2w T

L 0

L +”—2}

2w | 2
__r
4

1 ¢m
a, =—j f(x)cosnxdx
Ty T

1 0 T
=— J. (—n)cosnxdx+_[ xcosnxdx
|- 0
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|: |SlIll’l)C|

_ l{cosnﬂ cos0

. /4
sin nx cosnx
i T2
n n 0

} [ sinnm=sin0=0]

:ll—

;]

( )" —1] [+ cosnm = (=1)", cos0 =1]
n

17 .
b,=—|" f(x)sinnxdx
Ty

LI mysinnrdr+ [ wsinnrdx
o T)sinnx 0 xXSmnx

[ 0 . b
cosnx cosnx sin nx
= —TT|— + x| — o
n -z n n 0

/4 {—COS 0 - —COS(_MI)} +7 (——COS n7r H [ sinnz =sin(0 = 0]

n n n

Q|-

1
ﬂ .
1

—[1-2cosnr] [ cos0 =1, cos(—nm) = cos nn’]
n

=Ly [ cosnm=(-1)"]
n

Hence, f(x)= —% + l i {%} cosnx + i {ﬂl sinnx
T

n=1 n n=1 n
Atx =0,
£(0)= [ lim f()+ lim f(x)} ”; 0_ ‘%

Putting x = 0 in Eq. (1),

__r__r 1yt
fO=-T==-7+ Z;{ 5 }

Y/ n

DG
Example 18
Find the Fourier series of f(x)=—x-T -r<x<0

=x+7 O<x<m
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Solution

The Fourier series of f(x) with period 27 is given by

f(x)=a, +Zan cosnx+ Y, b, sinnx

n=1 n=1

1 =
ay =] fldx

- L JO —X- dx+_[” +m)dx
—271__ _n( X—T) O(x )
i 0
1 x? x? ¥
=—I||-—-7mx| +|—+7x
2 2 . 2 o
1 (2 2
2n [\ 2 2
T
2
1
a =—J-” f(x)cosnxdx
n ﬁ —r
1 0 r
=— J. (—x—n)cosnxdx-i—f (x+7r)cosnxdx}
wl'-m 0

0

(—x— n)( sin nx ) —(-D) (_ cosznx)
n n r

(x_’_ﬂ)(sinnnx]_(l)(_ cosznx)

n

Q=

+

T
0
1 cos0 cos(—nm) cosnmt  cos0 " sinnw = sin(—nw)
=—|{- + + -
Y3 n’ n’ n* n’ =sin0=0

— 2 =1 -1 [ cos(—n1) = cos nt = (=1)", cos 0 = 1]
717’12

17 .
b, :—J f(x)sinnxdx
YT

1] 0 . b .
=— j (—x—n)smnxdx+-[ (x+m)sinnxdx
|7 0
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1 cosnx sin nx
_;[H_m(_ o) s
+(x+ﬂ)[_coinx) (1)( mznxj | }
H(_ )( Osoj}+{(2ﬂ:)(—COS””]+H(COSO)H

n n

“s sinnm = sin(—nw)
=sin0=0

0

= 21— [+ cos0=1,cos(nm) = (-1)" ]
n

il:( i } 0snx+2§[ﬂ}sinnx

n=1 n

Hence, f(x)=

42
T =
4( 1 1 1
-—|=¢ 0sx+—cos3x+—cos§x+
T\l 32 52

(SR} t\)|h|

+4(lsinx+lsin3x+lsin5x+wj
1 3 5

Example 19
Find the Fourier series of f(x)=0 -r<x<0

=sinx O<x<m

1 1 1 1
Hence, deduce that 5 =—+t—+—+...

Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1
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1
=—(—cosm+cos0)
2r

1
— [+ cosm=-1,cos0=1]
/4

17
an:—J f(x)cosnxdx
7[ -
0
ZLD 0-cosnxdx+'|.”sinxcosnxdx}
mll-n 0
_Lj”[sin(n+l)x—sin(n—l)x]dx
2w 90

1 3 cos(n+1)x N cos(n— 1)x|7r

, n#1l
2| n+l n-1 |,

1 __cos(n+1)7'c+cosO cos(n—l)n_cosO}
2r | n+l1 n+l1 n—1 n—1

1 1 “+ cos(n+ D = (=)™
1] S ) 1

=—|- + + - ,n#l|  cos(n—1m=(-1)""
2r n+1 n+1 n—1 n—1

cosO=1

= _+[1+(—1)”], n#l
n(n* 1)

Forn=1,

17 .
a =—J sinx cos xdx
T J0

1
=—jnsin2xdx
2m 70
_L _cos2x d
21 2
_L{_ cos2m . COSO:|
2r 2 2

=0 [ cosZﬂ:=cosO=l]

1 ¢7 .
b, =— j F(x)sinnxdx
T —-T
1] 0 . T, .
=— j 0~s1nnxdx+J. sin x sin nx dx
Tl 0

= % J;T [cos(n—1)x—cos(n+1)x]dx
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1 [sin(n=Dx _sin(n+Dx|*

, nz1
2717| n—1 n+1 |0

=0, n#l [ sin(n—Dr=sin(n+1)7 =sin0=0]
Forn=1,

Ler ..
b, =—J. sin xsin xdx
0

=L "1 —cos2x)dx
—%J‘O(—cos X)

T

1

2r

sin2x
2

xX—

0

= L(7t) [ sin27 =sin0 =0]
2r

1
2
{1 (=)

2

1
cosnx+—sinx
n -1 2

Hence, f(x)= 11 i
v/

T n=2

=l——[lcosbc+icos4x+ic0s6x+-'-)Jrlsinx - (1)
n T 15 35 2
Atx =0,
f(O):l{ lim f(x)+ lim f(x)}:O
2| x>0~ x—0"
Putting x = 0 in Eq. (1),
1 2(1 1 1
f(O)—O—n—ﬂ(3+15+35+...)
1 1
= ———+
2 13 3.5 5.7
Example 20
_ ) _ - —-r<x<0
Find the Fourier series of f(x)=
x—nm O<x<rm
[Summer 2015]
Solution

The Fourier series of f{x) with period 27 is given by

f(x)=ay+ a,cosnx+ Y b, sinnx

n=l1 n=1
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1 (=
ay = Ej_” f(x) dx

=—:'[i)ﬂ(—ﬂ:)dx+j:(x—7t) dx}

1 0 x° "
=—|(-mlxl, + 7_7”

21
0
_ 1 i 7[2 2)
—E_(—ﬂ)[—(—ﬂ)]Jr(?—n }
2

_1 _,rz_ﬂ_}

2w L 2
_L(_ﬁ]
Y AN
_ 3
4

1 7
a, =—J- f(x) cosnx dx
Ty

- i
=— _[ (—n)cosnxdx+j (x—n')cosnxdx}
L7 0

=%_(—n') sin nx 0 + (x_ﬂ)(sinnx)_(l)(_cosznxj”}

nol_g n n~

. Vs
= Lm0+ n)( o ’”‘)+ = } [+ sin(-nm)=sin 0=0]
T L n n 0
1[ 1
- cosZnn __2} [sinnr=sin0=0,cos0=1]
|l n n
RS
- u__} [ cosnm =(=1)"]
T n2 n2

1
=—[(-D)"-1
D]
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1 7 .
by=—|" f(x)sinnx dx
T -t

:Ji (=m)sinnx dx + '[;T (x =) sin nx dx}

=l_(_n_)_cosnx 0 . (x_ﬂ)(_cosnxj_(l)(_sinznxjﬂ]
n n

- n 0

1 cosnm
T—— +
| n n 0

_l_ 1 _cosnm) (1 ~ssinnw =sin0=0
_ﬂ_ﬂ(n n )+( n)(nﬂ [ cos0=1 ]

T

2

n n

] [ cosO0=1]

COS X sin nx
+

—(x—ﬂ)[

_1 E_ﬂ_ﬂ} [ cosnm =(-1)"]
TLn n n
1 (—1)”}
TL n
_ ey
n
_( I)I’H—l
a n

3r 1S 1 < (-
Hence, f(x):——n+—2—2[(—1)" -1] Cosnx+z( )
4 ”nzln n=1

sin nx

3 2( 1 1 1. 1 . 1.
=———— —cosx+—20053x+--- + Ismx—zsm2x+§sm3x—---

4 12
Example 21
Find the Fourier series of f(x)=x 5 <x< By
T 3n
=T—x —<x<=—

2 2
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Solution

The Fourier series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx+ Y b, sinnx

n=1 n=1

|
a=7- J—% fla)dx

3r

1 I% 2
=— ”xdx+_[” (m—x)dx
| 2

3
x? x%|2
= 4|mx-=—
2

T

3n

1 -
a, = ;-[,ZE f(x)cosnxdx

2
e 3
=— Izﬁxcosnxdx+Jn2 (= x)cosnxdx
ﬂ = -
2 2

3r

r _x)(sinnxj _(_1)(_ Cosznx) 2
n n K2
2

+
T

T
1 sin nx cosnx )2
Ao
T n n o

T

2
1| = . 3nt . nw 1 3nm nrw
=—| ——| sin——+sin— |——| cos—— —cos—
| 2n 2 2 n? 2 2
1| = . w2 . . nm
= —| ——sinnmw cos— +—-sinnmwsin—
| n 2 n2 2
A-B
. sinA+sin B =2sin cos 2
. . B-A
cos A —cos B =2sin sin

=0 [. sinnz=0]
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3r

1 5 .
b, =;J._2£f(x)smnxdx

2
N s
- Jzﬂxsinnxdx+J.”2 (7 — x)sinnxdx
n — -
2 2

B n 3n
1 COS X sinnx |2 COSnx sinnx \[ 2
T n n T n n K3
L 2
1[ = nt 3 . nm W 3nm 1 . 3nm
=—|——coS—+—8in—+—cos—— ——sin——
| 2n n? 2 2n 2 n> 2
1|z 3nm nmw 3 .nm 1 . 3nrm
=—|—| cos— —cos— |+—sin— — —sin——
| 2n 2 2 n2 2 nz 2
[ = . . nx 3 . nmw . 3nrw
=—|——sinaxsin—+—sin— ——sin——
T n 2 2 n? 2
1 ) .3 .
=— 3s1nﬂ—s1nﬂ [ smnﬂ=0]
nn? 2 2

I« 1 nm 3nm
H , f(x)=— ) —|3sin——sin—— [sinnx
ence, f(x) n’z 2{ 2 2}

n=11

Fourier Series Expansion with Period 2(

Example 22

Find the Fourier series of f(x) = x° in the interval (0, 4). Hence, deduce
1 1 1
that — = —2+—2+—2+...
6 1° 2 3
Solution
The Fourier series of f (x) with period 2/ = 4 is given by
f(x)=aq, +2an cosnlﬂ+2bn sinnlﬂ

n=1 n=1

- X ~, . NUX
=ay, +2an cos—+2bn s1nT

n=1 n=1
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_l6

21
a, :%J-o f(x)cosm;—xdx

1 ¢4
=—.[ X2 cosm—xdx
270 2
4
=lx2 isin@ -2x)| - 4 cosnnx +2| - 8 sinmrx
2 nmw 2 nzn'z 2 n371'3 2 0
[ ( 4 . .
=—| 8| ——cos2nrw [ sm2n7r=sm0:0]
2| \n’n?
1[.( 4
=—|8| — [ cos2nm =1]
2| \n*n?
_ 16
n*n?

12t . nmWX
b, = ;jo f(0)sin==dx
1 ¢4
=—| xsin nrx dx
20 2

4
1

2 2 nmwx 4 | nmx 8 nwx
=—|x"| ——cos— |—2x| — sin +2 cos
2 nmw 2 n27'[2 2 n377:3 2

=l 16(—10052nn’j+2 8 cos2nmw |—2 8 cos0
) - B S

— l(_ﬁ) [ cos2nm =cos0=1]
2\ nm
_l6

0

niw
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16 16 < 1 ntx 161 . nmx

H X)=—+—» —cos————» —sin—-—
e f( ) 3 77:2 n=1 : 2 77:”:171
, 16 16(1  mx 1 1 3mx
X7 =—+—| 08— +—COSTTX +—COS——+--
3oo2\r 2 22 32
16(1 . mx 1 . 1 . 3nx
——| =sin——+—sinx+—sin——+--- (D
m\1 2 2 3 2

16 16(1 1 1 j
O=—+—|5+—>+5+...

(Ldit) ”
3 g2 \2 22 32T

— —+—+—+...
3 22\ 22 3
21 11 )
3 g2\ 22 32
Adding Eqgs (2) and (3),

l_i(L+L+L+ j
3 72\ 22 32
1 1 1

?21—2+2—2+3—2+...

Example 23

Find the Fourier series of f(x) = 4 — ¥ in the interval (0, 2). Hence,
2
T 1 1 1
deduce that — = S+ttt
6 1° 2° 3
Solution
The Fourier series of f(x) with period 2/ = 2 is given by

- NTX  ~ . X
f(xX)=ay+ Zan cos—+ an sin——
n=1 n=1

=ay+ Zan cosnwx+ an sinnmx

n=1 n=1
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1
=—j0(4—x2)dx
2
3
:l4x—x—
2 3,
:l(g_§)
27 3
_8
3

1 p2t nwx
a, _;jo f(x)cos—=dx

2 2
= Io (4—x")cosnmxdx

. . 2
_ ‘(4_ xz)(SIH nﬂx]_(_zx)(_ COSZHZX)+(_2)(_ SIHSHZXJ
niw nrm nrm

0

2
= —4(%J [ sinnm =sin0=0]
n'm
4
=— [ cos2nm=1]
n’r’

1 p2t . nmX
bn—YJ‘O f(x)sin==dx

2 2 .
=j0 (4—x*)sinnmxdx

. 2
_ (4—x2)(— cosnnxj_(_zx)(_ s1n2n7zx)+(_2)(0053n73rxj
nm n°m nn

0

2 0 0
=_2(COS3 an+4(cos )+2(0283j [ sinnm =sin0=0]

nmw nw nw

=— [ cos2nm =cos0=1]
nw
8 4 &1 4 31
Hence, X)=——— ) —cosnTx+— Yy —sinnmwx
f( ) 3 71'2 2 2 n.z n

n=l n=1

4-x° =§—iz(izcosmﬁ%cosZﬂ:x+L2cos3ﬂ:x+-~-j
3 77\ 2 3

4(1 . 1. 1.
+—| =sinwx+—sin2xx+—sin27wx +--- (D)
m\1l 2 3
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Putting x = 0 in Eq. (1),

.. (2)

..(3)

Find the Fourier series of f(x) = 2x — X’ in the interval (0, 3). Hence,

EEEAPSAECR
Example 24
7 1 11
deduce that ?—1—2+2—2+3—2+...

Solution

[Summer 2016]

The Fourier series of f(x) with period 2/ = 3 is given by

- X  ~ . NEX
f(x)=aq, +2an cos—+ an smT
n=1 n=1

- 2nmx . 2nmx
=a0+2anc0s +ansm 3

n=1
1 21
ay = [, fdx

_1 3 ’
_EJ-O (2x—x")dx

n=1



7.6 Fourier Series of Functions of Period 2( 7.49

12 nwx
a, _;IO f(X)COSTdJC

23 2 2nmx
_gjo(zx—x )cos dx
=g (2x—x2) isin 2nmx —-(2-2x) —Lcos 2nmx
3 2nw 3 an*r? 3
3
+(—2)(— 2T _sin 2”’”}
8n’r 3,
2 9 9
=—|4| —————cos2nm |+2| —————cos0 [ sin2nm =sin0 = 0]
3|: ( an’r? j ( an’r? j:|
2 9
==|——(4-2 2nmw =cos0=1
3|:4n27r2 ( )} [ cos2n cos ]
__9
n’m?
12 . NTX
b, =7Jo f(x)sdex
23 2. . 2nmx
—5_[0 (2x—x7)sin dx

2 2 2
=2 on e ) — 2 cos 2 |2 — ) — o gin 2MEX
3 3 in

27 onax )\
COS
8’ 3

2 3 27
= 5 {(—3) (— % cos 2n7t) -(2) (T cos Znn)

8n'm

+(—2)(

0

2
+ 2(% cos Oj [ sin2nm =sin(Q = O]
8n’m

= E(L) [+ cos2nm =cos0=1]
3\ 2nr

3

niw

9.& 1
Hence, f(x)= ——22—2005
T =1 nn:l n
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2 9 (1 2rx 1 4rx 6mx
2x—x" = ——| —cos——+—-cos——+—cos——+---
7T2 12 3 2 3 2 3
3(1 . 2mnx 1 . . bmx
+—| —sin +—sin +—sin + .. (1)
T 2
Putting x =0 in Eq. (1),
9 (1 1
O=——| 5+—+—+...
71'2(12 2% 3 )
111
Putting x = 3 in Eq. (1),
_ _i[L+L+_+ )
7'[2 12 22 32
Z_1 1
3017 22 3¢ -9
Adding Egs (2) and (3),
n’ 11 1
— =2 =+ —+—+...
3 1> 27 3
_1 11
6 12 22 3 7
Example 25
. X 0<x<2 . . .
For the function fx) = , find its Fourier series.
4—x 2<x<4
1 1 1 n? .
Hence, show that —+—+—+--=— [Winter 2015]
“ 3 5 8

Solution

The Fourier series of f{x) with period 2/ = 4 is given by

> X  — . NTX
fx) = a, +2an cos—+2bn smT
n=1 n=1

= a, +ian cosm—x+ibn sin

n=1
c+2l

1
d= o j F(x) dx

n=1

nmwx
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1 4
Z{f(x)dx
[2

1 jxdx+}(—x+4)dx]
4_0 2

2

N
T 1

%[(2 —0)+{(-8+16)— (-2 +8)}]

%[2+(8—6)]

1

c+2l

% | f(x)cos,@dx

4
1
E{ f(x) cos% dx

2 4
1

— Jx cosm—x dx+f(4—x)cosﬂdx
2 2 5 2

2
nix nwx
1 sin—— cos——
= |0 D] -
2 nw n*n?
. 2 4 ()
4
nwx nwx
sin—— cos——
+|(4—-x) —-(=D| -
nrw n’m?
2 4 5
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= %[ cos(nn)—ﬁ— n24 3 cos(2nm)+ ;:12 cos(mr)}

= % 5 COSnTT — ;;_2 } [ cos2nm =1]

- 4 [( D" -1] [+ cosnm = (-1)"]
C+2[

b= — j flx )sdex

- %‘([f(x) sin% dx

4
- stinm—xdx+J(4—x)sinm—xdx
2 2

(=}

™ |
S
)

2 4
4
nmwx . nmTx
COST sSin——
+@d-x)| - —(-D| -
e n27t2
2 4 5

1 4 4

= —|———cosnm+—cosnrx
2| nm nw

=0

o 1 n
Hence, fx) = 122 {( ) } cos n72rx
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8 |1 X 3wx Sr
=1l-—|—cos—+— —t— —+
”2 2 2 32 2 2 2
- 1 2n+1
e
n? S 2n+1) 2

Putting x =2 in Eq. (1),

8 « 1
2= 1——2 Z{W}COS Cn+hr

T p=0

7.53

(1)

o n+1y?
LR S O
23528
Example 26
Find the Fourier series of f(x)=7nx O<x<l1
=0 1<x<2
Solution

The Fourier series of f(x) with period 2/ = 2 is given by

s ATX  ~ . NmX
f(x)=ay+ Zan COST+ an smT
n=1

n=1

=ay+ 2 a, cosnmx+ an sinnmx

n=1 n=1
1 21
ay =], fdx

=%(j;mdx+j]20-dx)
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21
a, = %jo f(x)cosﬂlxdx

1 2
= Jo 7rxcosn7rxdx+j1 0-cosnmxdx
sinnmwx COSNTX
=|mx |5
nw n'm o

cosnm cos0 . .
:[n(ﬁj_ﬂ[nznz ﬂ [ sinnm =sin0 =0]

= ZL[(—I)" —1] [ cosnt =(-1)", cos0 = 1]
n'm

1

1 p2t . nmwXx
b, = ;jo f()sin==dx
1 . 2 .
=.[07tx51nn7txdx+_[1 0-sinnmwxdx

COSHTTX sinnmwx
=|rx| — —T| -5
nw n'm

1

0

= TCOSHR 1. Sinnm =sin0=0]

nw

_1 n
- &b [ cosnn:=(—1)"]

n

1 < (=D =1 < (=D
Hence, f(x)=£+—2 % cosnﬂx—z( ) sinnmwx
4 ﬂn:l n n=1 n

T 1 2 2
=—+4—| ——COSTX——COS3TX —""*

1. 1 . 1.
—| —=sinzZx+—sin2wrx——sin3wx+---
1 2 3
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Example 27
Find the Fourier series of the periodic function with a period 2 of
fo)=x 0<x<1
=r(2-x) 1<x<2 [Summer 2013]
Solution

The Fourier series of f{x) with period 2/ = 2 is given by

- nwx  ~ . NmX
xX)=a,+ Y a, cos——+ » b_sin——
0 n n /
n=1

n=l

=ay+ Zan coSnmx+ an sinnmwx

n=1 n=1
ljzzf( )
ay =— X
0" 21Jo

=%U;7r dx + LG(z—x) dx]

2 2
L [P P
2 2,

b/ 1
. (1)+(4—2—2+—)
2 2
i
4

_1 21 e
a, _TJ.O f(x)cosnmx

1 2
= jofrcos nmx dx + L m(2—x)cosnmxdx

z‘n(sinnnx) ﬂ(z_x)(sinnn:x)_(_n)(_cos,q,zrsz
nr ni

2
nrmw 1
_( cos2nmw . COSnm

1

+
0

3 > ] [ sinnm =sin0=0]
nm nrm
1

== [(—1)" - 11 [ cosnrm = (=1)", cos2nm = 1}
n°m

, L .
”_7-[0 F(x) sinnmx dx

I 2
= Jonsinnnx dx + L (2 —x)sinnmx dx
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1 . 2
COS nmwx cosnmwx Sinnmwx
[ A
nmw nm

1

nw

0

_cosnrm cos0 COSnm . .
ﬂ' +7 +m| — [ sinnm =sin0=0]
nw nw nmw
1

2COSI’Z7L') (COSO)
n

2( 1" [ cosnﬂ'=(_1)n’coso=l:|

1-2(-1)"

sinnmwx
n

Hence, f(x)= %+%i{¢} cosSnmx + i[

n=l n n=1

37t 2(cosmx cos3mx cosSmx

3. 1. 3.
+| —sinwtx——sin2rx+—sin3xx—---
1 2 3

Example 28
Find the Fourier series of f(x)=nx 0<x<l1
=0 x=1
=m(x—-2) I<x<2
Hence, deduce that £=1—l+——...
' 4 1 3 5

Solution
The Fourier series of f(x) with period 2/ = 2 is given by

fx)= a0+2a cosT+Zb smT

n=1

=ay, +Zan cosnmx+ an sinnwx

n=1 n=1

1 p2!
=)y Fodx

=%U;nxdx+jfn(x—2)dx}
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) 1 2

X

2
0

2
= ——2x
2

T +T

1
2

=0

12 nwx
a, = ZJ-O f(x)cosde
1 2
= J.o mxcosnmxdx+ J.l m(x—2)cosnmxdx

- ‘x(sinnnx)_(l)[_ coszmg'xj (x_z)(sinmrx)_(l)(_ cosm;xj2
nmw n°mw nmw

1
+
2
nrw |
[cosnn cosO cos2nm cosnrw
=7

0

- - [ sinnm =sin(0 =0]
2t nlnl N ) }

=0 [. cosO=cos2nm=1]
12 . NmwX
b, _7j0 f(x)sin="=dx
1 . 2 .
= J-o mxsinnmxdx + L m(x—2)sinnmxdx

. 1
COSNTTX sinnwx
x[‘ j_(l)(_T)
nrw nn

0

=T

+

. 2
(x— 2)(_ cosnﬂx] B (1)(_ s1n2n7§x)

nw n'mw 1

COSNT COSHT . . .
=r|-—— [ sin2nm = sinnm = sin0 = 0]
nr nmw

2" [

= . - cosnm = (—1) ]

Hence, f(x)= ZE[— S0l
n

n=1

}sinnn’x
1 1 1 1 1
= Z(Isinﬂx—Esin27rx+—sin37rx——sin4n’x+gsin57rx—---) . (1)

Putting x =% in Eq. (1),

1 (1. r 1. 1. 3¢ )
fl=1=2| -sin———sinw+—sin——:--
2 1 2 2 3 2
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Example 29
Find the Fourier series of f(x)=x -1<x<0

=2 O<x<l " [Winter 2012]
Solution

The Fourier series of f{x) with period 2/ = 2 is given by

— nmwx . NmXx
(x)=a,+ )Y a,cos——+ » b _sin—
0 n n i
n=1 n=1

=ay+ 2 a, COSnITX + an sinnmx
n=1 n=1

1 1
aozijlf(x)dx
1 0 1
= dex+J2dx]
-1 0

‘ﬁ
L2

0

1l nmwx
a, = ;L f(x)eos= = dx

1] ¢0 1
=—U xcosnﬂxdx+j 2cosn7rxdx:|
1L 0

. 0
Sinnmwx cosnmwx
=‘x( )—(1)(—7)
nw n’rw B

cosO cosnr . .
=ﬁ_T [ smnﬂ:=sm0=0]
nrmw nrmw

:%[1_(—1)"] |: COS():l,cosmr:(—l)"]
n’rm

. 1
sinnmwx
+2

1

nmw 0
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11 . nmx
bn = YJ_Zf(X)SIHTdX

1
1| 0

=—{J‘ xsinnnxdx+_[25inn7rxdx}
171 0

. 0 1
COSNTTX sinnmwx COSNTTX
=x(_ j-(]) -——— | +2
nrw nm ) nw o
cosnmw 2cosnm  2cos0 . .
=— — + [ sinnm =sin0 = 0]

niw nw nw

= sy +2] [ cosnr= (=1, cos0=1]
nmw

1 n
- E[2_3(_1) ]

7.59

The Fourier series of f(x) with period 2/ =5 — 3 =2 is given by

fx)= a0+2a cosT+2b s1nTx

n=1

=aq,+ zan cosnmx+ an sinnmwx

n=1 n=1

1 &1 1 2 1"
Hence, f(x)—E —22 # cosnmx+— 2 L sinnmwx
4 T p=1 n n=1 n
3 1(2 2
—+—| = oszrx+—cos37rx+—cos§7rx+
+l(§sin7rx—lsin27rx+ésin37rx—lsin47rx+-~j
r\l 2 3 4
3 2(1 1 1
=—+—| —=cosmx+—cos3Tx+—cosSnx+---
4 72\1? 3? 5
5 1 . 1(1 . 1.
+—[ 1n7rx+—sm37rx+-~)——(—sm27rx+—sm47tx+~-)
T 3 T\2 4
Example 30
Find the Fourier series of f(x)=4—x 3<x<4
=x—4 d<x<5
Solution
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1 pet21
a, =Z . f(x)dx
1
=2 [ reoar
=%-J‘:(4—x)dx+‘|.j(x—4)dx]
) 5
=% 4x—x— +x——4x
_L {(lﬁ_ﬁj_(lz_2)}+{(E_ZO)_(&_@H
2| 2 2
_1
)

1 pe+2i nwx
=— cos——dx
ay=5]. " Feos

4 5
= _[3 (4—x)cosnn'xdx+J4 (x—4)cosnmxdx

eofta ol foofa) o

niw nmw nmw

5

4
+
3

4

1
=— (cosdnm —cos3nm)+ (cos5Snm —cosdnm) [ sin3nm =sinSnm = 0]

n277,'2 n27l'2
1
= -5 =D = (=" = (=D +(-D*"]
nrTm
2
=l 1)

1 pe+21 nmwx
b =- sin——dx
= Twsin=

4
= L (4—x)sinnnxdx+ﬁ(x—4)sinn7rxdx
COSNIX sinnmwx
el
niw n°r 3

(x—4)[— cosnﬂ:x]_(_])(_ sinnﬂz:xj ’
nw

2
)|,

4

+

1 1
=—cos3nmr——-cosSnm [ sindnrn =sin3nx = sinSnw = 0]
nrw nw

=0 [ cos3nm = cosSnm = (—1)"]
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7.61

1 2 & (=D -1
Hence, f(x)=—+ —22{%} COSNTTX
2 T =1 n
1 2 2 2 2
=—+— ——cosnx——cos37rx——c0557rx—~-j
2 22\ 12 3? 52
1 4(1 1 1
=———| —cosmx+—cos3mx+—cosS5mx+---
2 22 \1? 3? 5
Example 31
Find the Fourier series of f(x)=0 -5<x<0
=3 O<x<5
Solution

The Fourier series of f(x) with period 2/ = 10 is given by

- X ~o, . NIX
fx)=ay+ Zan cos——+ an sin——
n=1 n=1

=a, +Zan cosﬂ+2bn sin 2%
n=1 5 n=1 5
1 ¢!
a =", [ reax

=%(f50dx+jj3dx)

1 5
:be'o

1l nwx
4= L f(x)cos= = dx

0 5
21 '[ O-cosﬂdx+j SCosmdx
5\7-5 5 0 5
_3| 5 nmx
5\nm 50

=0 [+ sinnm=sin0=0]



7.62  Chapter 7 Fourier Series

1 ¢! . nmwx
b, —;Jl[f(x)sdex
0 5
=l(j o-sin@dﬁj 3sin@dx)
5\7/-5 5 0 5

5 ( m‘cxj
—| —cos——
nrw 5

3
= —/[-cosnm+cos0]
nw

5

0

= i[1 —-(-D"] I: cosnm = (=1)",cos0 = 1]
nmw

1—(=1)" }in nx

3 3¢
Hence, X)=—+—
f&) 2 n'nx_;l: n 5

3 3[2 _mx 2.3 )
=—+—| —sin—+—sin——+
2 1 5 3 5
Example 32
Find the Fourier series of f(x)=x -1<x<0
Solution =x+2 O<x<l

The Fourier series of f(x) with period 2/ = 2 is given by

< nmx  ~ . WX
xX)=ay+ Y a, cos——+ Y b _sin——
0 n n /
n=1 n=1

=a,+ Zan cosnmx + an sinnmx

n=1 n=1
1 ¢!
ay =, F0dx

_1 ji xdx+ j; (x+ 2)dx}

) 0 1

X

2

+E 4 2x
2

-1 0

1 _1+(1+2)}
2l 2 \2
1
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1 ¢t nmwx
a, = YL f(x)cos==dx

0 1
= -[—1 xcosnmxdx+ '[0 (x+2)cosnmx dx}

. 0 .

sinnmwx COSNTTX sinnmwx COSnmX
e o )
nw nrm ) nw n'mw
{cosO cos(—mr)} {cosnn’ a cosO

n’n? n’n? N S

1

+

0

H [ sinnw = sin(—nmw) = sin0 = 0]

=0 [ cos(—nm) = cos nﬂr]
1! . NnmWx
b = YL f(0)sin==dx

0 1
= _L xsinnmxdx+ Io (x+2)sinnmx dx]

_ x(— cosmrxj_(l)(_ sin2n7§x] 0 - 2)(_ cosmrx) B (1)(_ Sinzm;x] 1
nmw n’r? )| i o )|
= _{— M} + {3 (——COS n7t j -2 (_ cos0 )H |: sinnw = S.in(—nﬂ')i|
I nrw nrw nrw =sin0=0
-(=D" 3=D" . 2
nw niw nmw

+

:I [ cos(—nm) = cosnm = (—1)", cos0 = 1]

= 2 [-2¢-1)"]
nmw

Hence, fo)=1 +;z

n=1 n

2 [ﬂ}”

2(3 . 1 . 3.
=1+—| —sinwtx——sin2xx+—sin37x—---
r\1 2 3

EXERCISE 7.1

Find the Fourier series of the following functions:
1. f(x)=¢€" O<x<2rm

r - 3 .
Ans.: € 1 lJrZCOSHX2 nsinnx
T 2 n=1 n-+1
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2. f(x)=1 O<x<rm
=2 T<X<2mw

Hence, deduce that %=1_%+__1+___

n=1 n
3. f(x) O<x<m
=2r—-X T<X<2rm
[Ans —+—2[(_1)2_ }cosnx:l
n=1 n
4, f(x)=1 -t<x<0
=-2 O<x<rm
Ans. : _l_gi sin(2n +1)x
2 mim 2n+1
5. f(x)=—x -n<x<0
=0 O<x<rm

oo oo n-1
{ Ans.; T_2¥cos@nidx ()

: sinnx
4 T 7o (Zn + 1)2 n=1 i|

6.f(x)=% -n<x<0
_X O<x<rm
T
1 cos(2n—1)x

Ans.: —— sin2nx

{ 2 nznz{ (2n-1? Zn }
7.fxX)=x-m -n<x<0
= X O<x<rm
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o 111

Hence, deduce that —=—+—+—+...
8 1 3 5
Ans.: _r —+— 43 1 —Cos(2n+1)x + 42 1 sin(2n +1)x
2 i (2n+1) =2n+1

8. f(x)=cosx -w<x<0
=sinx O<x<nm

o

1 1
Ans.: —+—(cosx +sinx)
[ T 2( 2

:1

cosan ——z 1sinan}

X2
9. f(X)=2—7 0<x<2
2 31 231 .
— —CcosneXxX +— —sinnrX
7r2;n2 n;n

|—|
w|-t>

10. f(x):%(n—x) O<x<2 )
{Ans ) +— z sinnzx

1. f(x)=1 O<x<1

oo

2 1
Ans.:3-— in(2n-1
{ ns nz(Zn—1)Sm( n—1N)rx

n=1

12. f(x)=x O<x<1

=0 1<x<?2
1 1S =) -1 1< (=)
Ans.:—+— cosnNzex +— Y ———sinnzx
{ 4 ﬂZ;|: n* } g n; n d
13. f(x)=2 -2<x<0
=X O<x<2

(=0)"—1|cosnzx 2 _.ﬂ
ARty
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7.7 FOURIER SERIES OF EVEN AND ODD FUNCTIONS

A function f(x) is said to be even if f(—x) = f(x) and odd if f(—x) = —f(x) for all x,
(Fig. 7.2).

S (x) )

\/‘\/x ‘ X

f(x)=cosx f(x) =x2
e Even functions 0
/ N\ J
W/ VA .
f(x) =sinx
flo)=x
0Odd functions

Fig. 7.2 Even and odd functions

Properties of Even and Odd Functions

(1) The product of two even functions is even.

(i) The product of two odd functions is even.
(iii) The product of an even function and an odd function is odd.
(iv) The sum or difference of two even functions is even.

(v) The sum or difference of two odd functions is odd.

(vi) Tf f(x) is even, j_’l Fx)dx = 2]5 F(x)dx
(viii) 1/ is 0dd. [ f()dx=0

We know that the Fourier series of a function f(x) in the interval (-, /) is given by
n=l n=1
where gy = i_[lf(x)dx
2171
= %ﬂf (x)cos ™ dx

1 ¢! . nmXx
b, _7L f(x)sin==dx
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Case | When f(x) is an even function, LII f(x)dx = 2_[; f(x)dx

1
ay = 7]; Flx)dx

Since the product of two even functions is even,

2 ¢l nwx
a, —TJOf(x)cosde

Since the product of an even function and an odd function is odd,

b,=0
Corollary The Fourier series of an even function f(x) in the interval (-7, 7) is given
by
f(x)=aq, +2an cosnx
n=1
h L
where a —;_[0 f(x)dx

a, zgj.nf(x)cosnxdx
770

Case Il When f(x) is an odd function,
a,=0 and a,=0

1
b, =%_[0f(x)sinm;—xdx

Corollary The Fourier series of an odd function f(x) in the interval (-7, 7) is given

by
f(x)=> b, sinnx
n=1
where ay,=0 and a,=0

b, = % [7 reosinnxdx

Thus, the Fourier series of an even function consists entirely of cosine terms while the
Fourier series of an odd function consists entirely of sine terms.

Example 1
Find the Fourier series of f{x) =xin-T<x < T. [Summer 2014]
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Solution
f(=x)=—x —-T<—Xx<T
f(=x)=—f(x) w>x>-w or -T<X<T

fix) = x is an odd function.
Hence, ap=0and a,=0
The Fourier series of an odd function with period 27 is given by

flx)= ibn sin nx

n=1

b, =3j” F(x)sinnx dx
7T 70

2 ¢
=—J xsinnx dx
7T 70

T

2

2 x(— cosnx)_(l)(_ sinznx)
n n

T

0

2
[—n cos nn} [ sinnmw =sin0 = 0]
n

- _%(_1)” [ COSATT = (—1)n]

Hence, fx)= Z—z(—l)" sin nx
n=1 I

(, sin2x sin3x )
x=2 smx——2 +—

3
Example 2
Find the Fourier series of f(x) = x° in the interval (—m, 7). Hence, deduce
2
/4 1 1 1
that — = ———+——... [Summer 2016]
Solution

fx) = x*is an even function.
Hence, b, =0
The Fourier series of an even function with period 27 is given by

f(x)=a,+ Zan cosnx

n=1
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1 ¢m
ag =] o

%j:x2dx

2 em
=—J x% cosnxdx
7T 70

sin nx COSnx sin nx
2 3
n n n

4 . .
=—-cosnm [ sinnm =sin0=0]
n

= iz(_l)" [ COSHTT = (—1)"]
n

T

0

2

Hence, f(x)= % + 42 (_12) COS nx
n=1 N

2
X2 :ﬂ:—+4 —Lcosx+L0052x—Lcos3x+~-
3 12 22 3?

Putting x = 0 in Eq. (1),

2
0=”—+4 —i+i—i+...
3 P22 3

7.69
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Example 3
Find the Fourier series of f(x) = x* in the interval (—, T).

Solution

fx) = x> is an odd function.
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Hence, a,=0 and a,=0
The Fourier series of an odd function with period 27 is given by

f(x)= ibn sin nx

n=1
2 (7 .
by=— jo F(x)sinnxdx
2
=—j”x3 sin nx dx
T 70
. . T
3 (_ cosnxj_,sz (_ s1n2nxj+6x(cos3nx)_6[smfx)
n n n n

0
2
= —(—7[3 cosnr +61m cos mrj [ sinnm =sin0=0]

T

T n n3

ERE

> 6
=2(-1)" [‘ +_3] [+ cosnm=(-1"]
n

- 6
Hence, f(x)=2)(-1)" [——+—3j sin nx
n n

n=1

©o _1 n oo _1 n
= —ZﬂZZQSin nx+6z( 3) sin nx
n=1 n n=1 N

=212 (sinx—%sin2x+%sin3x—---)

1 1
—6(sinx—?sin2x+37sin3x—--~)

Example 4
2 2
Find the Fourier series of f)= E—T in the interval (—-m, ) and
2
deduce that T _ iz_iz"'iz_""
23
Solution
2 2
f(x)= 7 is an even function.

Hence, b, =0
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The Fourier series of an even function with period 27 is given by

f(x)=ay+ Zan cos nx

n=1

1 7
a, =;_[0 f(x)dx

_lJ'” i_ﬁdx
Cxdol12 4

1 n’x x37r
P
_1(7:3 7t3j
Trl12 12
=0

2 em
a, =;Jo f(x)cosnxdx

2 2
=£Jn r_x cosnxdx
r0l 12 4

e e

= 2(—%0% nn) [ sinnr =sin0=0]

T\ 2n
=ZE0 [ cosnr=(-1y']
n
Hence, f(x)= z _(_21) cos nx
n=1 n

n? X

1 1
— ——=—C0SX——C0S2x+—cCcos3x—...
12 4 12 22 32

Putting x = 0 in Eq. (1),

7.71
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Example 5
Find the Fourier series of f(x) = sin ax in the interval (-, 7).
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Solution
f(=x) =sin a(—x) = —sin ax
f(=x) =~f(x)

f(x) = sin ax is an odd function.
Hence,a,=0 and a,=0
The Fourier series of an odd function with period 27 is given by

fx)= ibn sin nx

n=1
2w .
b, = ;jo F(x)sinnxdx

2

= —jﬂsinaxsinnxdx
Y0
1 ¢7

== j [cos(n— a)x — cos(n +a)x]dx
Y0

sin(n—a)x sin(n+a)x |ﬂ

n—a n+a |0

= } [ sin0=0]

1
'

_1|sin(n—a)r sin(n+a)x
;{ n—-a  n+a
1

n—a n+a

N

_ ( SIN 77T COS am —SIN Az COSNT SN 1T COS AT + Sin a4z CoS N )

n—a n+a

B ll:—(—l)” sinar  (=1)"sinaz
T

} I: sinnm =0, cosnm = (—l)nJ

_—(—1)"sina7r( 1 . 1 )
T n—a n+a
_ 2n(=1)"sinar

7r(a2 - nz)

sin nx

2sinan < (=1)"'n

25

n=1a —n
2sinarn 1 . 2 . 3 .

sinx————sin2x+————sin3x—---

= 2_q2 a2 22 a2 —32

Hence, f(x)=

sinax = —
az—

Example 6
Find the Fourier series of f(x) = x sin x in the interval (—r, 7). Hence,
-1 1 1 1

4 13 35 57

deduce that
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Solution
f(=x) = —x sin (—x)
=xsinx
=f(x)
f(x) =x sin x is an even function.
Hence, b, =0

The Fourier series of an even function with period 27 is given by

fx)=aqa, +Zan cosnx

n=1
1 ¢m
ay _;jo Fx)dx
1
=—J-”xsinxdx
w90

= %|x(— cos x)—(—sin x)|g

= l[n(— cosm)] [ sinzw=sin0=0]
T

=1 [. cosm=-1]

2 orm
a, =;_[0 f(x)cosnxdx
= zJ.ﬂxsinxcosnxdx
Y0
1 ¢m
= —I x[sin(n+1)x —sin(n—1)x]dx
T J0

_ 1
T

,n#l

[ cos(n+Dx  cos(n—1)x } { sin(n+1)x  sin(n— l)x} "
x| - + -~ St 3
n+1 n—1 (n+1) (n—1)

0

1 cos(n+ 1w cos(n—1)m
=—|-1m +7
V3 n+1 n—1

:|,n #1 [ sin(n+Dr =sin(n—1)z = 0]
D" "
n+l n-1
_=2(=1)"
- n* -1

~ 2(_1)n+1

b
n> -1

[+ cos(n+1)m = cos(n—Dym = —(~1)" ]

n#l

Forn=1,
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2 ¢m
a, =— | xsinxcosxdx
70
1 ¢n .
=—J xsin2xdx
Rdl
1 cos2x sin2x|"
=—|-x +
T 2 4 |
1 2
=—(—nmj [+ sin27 =sin0 = 0]
b3 2

1
=—— cocos2m =1
> [ ]

1 oo (_1)n+1
Hence, f(x) :1—7+22 3 cosnx
n=2 -
1 o _1 n+l
xsinx=—+22( 2) cosnx

n=2 N -1

1 1 1 1

=——2(—0052x——cos3x+—cos4x—--~) (D
2 3 8 15

Putting x =§ in Eq. (1),

T . 1 1 1 3 1
—sin—=—+2| ——CcoSmT+—CcoS— ——COS27T +---
2 2 2 3 8 2 15
T 1 2 2
— =———COST——COS2mT—...
2 2 3 15
T—1 1 1
_— =+
4 1-3 3.5
Example 7
Find the Fourier series of f(x) = cosh ax in the interval (-7, 7).
Solution
f(=x) = cosh a(—x)
= cosh ax
=f(x)
f(x)=cosh ax is an even function.
Hence, b, =0

The Fourier series of an even function with period 27 is given by

f(x)=aq, +2an cosnx

n=1
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1 ¢m
ay =;j0 F(x)dx

1
= —J.ﬂcoshaxdx
T J0

1 7| e¥ +e™
=_J' £ 7% ax
0 2
ax —axﬂ
e e
—+
a —a
0

221%(611” _e—un)

sinh ar

L

2r

Ta

a, = %J-”f(x)cosnxdx
Y0

AY
= —I cosh axcosnxdx
T 70

2 ax+ —dax
=—J” £ re cosnxdx
0 2

1 ¢7 _
= _-[0 (e™ cosnx+e “ cosnx)dx
T

ax —ax i
e ) e .
- (acosnx+nsinnx)+ - (—acosnx+nsinnx)

a*+n a’+n .

1
T

ACOSNTT 4
T2, 2\ \¢
m(a” +n”)

acosnw .
=————2sinharn
m(a” +n”)
_ (=D"2asinhan

71'(a2 + nz)

—e "y [ sinnm =sin0=0]

sinhar 2a . < (=D
Hence, f(x)=-———+=—sinh aﬂz(z—)2cos nx
Ta Y n=1a tn

Example 8
Find the Fourier series of f(x) = e ™ in the interval (—m, 7).
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Solution
flr)y=e™
flex=e
=" =Ff(x
fx) = ¢ is an even function. 1o
Hence, b, =0
fx)=e —m<x<0
=e¢” O<x<m

The Fourier series of an even function with period 27 is given by

f(x)=ay+ Zan cosnx
n=1

1 ¢7
aq :;jo F(x)dx

1
== [Tedx
7T J0
L
V4 0
1
=—(1-¢)
T

2 e
a, =;.|.0 f(x)cosnxdx

2 ¢m _
=—‘[ e~ cosnxdx
Y0

T

20 e )
=— (—cosnx +nsinnx)
T|n"+1 o
= —22 [67” (—cosnm)+cos 0] [+ sinnm =sin0=0,cos0=1]
n(n”+1)
2 -
=————[1-(-D"e"]
n(n”+1)
1 23] 1=(=1yre
Hence, f(x)=—(1-e")+—=) | ————|cosnx
ence, f(x) 7r( ﬂ;{ e :|
Example 9

Find the Fourier series of f(x) = Icos x| in the interval (-7, 7).

Solution

f(x) =lIcos x| is an even function.
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Hence, b,=0

The Fourier series of an even function with period 27 is given by

f(x)=cos x

=—COS x

f(x)=aq, +Zan cosnx

n=1

1 ¢=
ay=—J, f(dx

i n
_ 1 | . |5 | . |lr
= smxo smxﬁ

2

2 ¢m
a, :;-[o f(x)cosnxdx

O<x<£
2

b4
—<x<7
2

T
=— J.02 cosxdx+ J.g (—cos x)dx}
2

. ( . n)
SiIn——| SIN7T —S1n—
) 2

[ sinﬁ =1,sinxw = 0}
2

20 2 T
=— J‘z cosxcosnxdx+J,, (—cos x)cosnxdx
m|J0 B

2

sin(n+1)x 4 sin(n—1)x

jof{cos(n +1)x+cos(n—D)x}dx— J._nﬁ{cos(n +1)x+cos(n—1)x}dx

|7T

T
| sin(n+1)x N sin(n—1)x|2

| n+l1 n—1 |0
nmw nmw
COS7 C057
— , nzl
n+l n—1
cos , n#1

n+1

n—1

E:

|

7.77
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Forn=1,

V3
a, = E IOZ cos? xdx + J.g (- cos? x)dx}
T 2

zz J-% 14+cos2x dx_-[;r(lJrcost)dx
7| Y0 2 > 2

‘ sin2x|§ ‘ sin2x|ﬂ
=—||x+ -

2 |o 2 |ﬁ

2

__(n-_—ﬂ [+ sinz =sin2x = 0]

&~ x|~

- 1 nmw
z 2 COS——cCcosSnx
- n —1 2
1

S NN )

3

I
+
S|~ 3

lcosx|l=——— ——cost+Lcos4x—Lcos6x+...
15 35

lcost—icos4x+Lcos6x—...
3 15 35

Example 10
Find the Fourier series of f(x) = |x| in the interval |-r, 7).
2
/4 1 1 1

Hence, deduce that — = — + —+ —+. .. [Winter 2016]
8 17 3 5
Solution
fx) =1 —T<X<T
ie., fx)=—x -r<x<0
=X 0<x<rm

f(x) = Ixl is an even function.

Hence, b, =0

> "n

The Fourier series of an even function with period 27 is given by

f(x)=a, +Zan cosnx

n=1



7.7 Fourier Series of Even and Odd Functions

a, =%J'(:rf(x)dx
1 ¢7
=;_[0 xdx

277.'

X
2

1
T
0

%)

2
a, =—j”f(x)cosnxdx
7T 70

1
I3
T
2

Y
=—j xcosnxdx
7T 70

V3

2 sin nx cosnx
==|x +——
T n n 0
2 (cosnmt cosO . .
=— - [ sinnm =sin0 = 0]
T 2 2
n n

2 n n
:ﬁ[(_l) —1] [ cosnm = (-1) ,costlJ

T 2 (=1D)"-1
Hence, fx)=—+— %cos nx
n=1 n

T 4(1 1 1
|x|=———| —cosx+—cos3x+—cosS5x+...
Putting x = 0 in Eq. (1),

T 4(1 1 1
O=———| +—=+—+...

1 1 1

8 17 3% 3

7.79
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Example 11
Find the Fourier series of f(x)=—k -n<x<0

=k O<x<nm [Winter 2014]
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Solution
f(=x) =-k —-T<-x<0 or O<x<rm
=k O<—x<m or —-m<x<0
f=x) =-f(»

f(x) is an odd function.
Hence, a, =0and a,=0

The Fourier series of an odd function with period 27 is given by

flx)= ibn sin nx

n=1

b, = %jo” F(x)sinnx dx

2

== [Tksinnx dx
0

_ 2k| cosnx 4
T n 0

2
= —k(— cosnm +cos0)
nmw

= %[—(—1)” +1] [+ cosnm=(=1)",cos0=1]
nmw
2% .,
il
Hence, flx)= %il[l —(=1)" | sinnx
n=1 n

. 1. 1.
=—/| sinx+—sin3x+—sinSx+---
T 3 5

Example 12

T+x —-nw<x<0

Find the Fourier series of f(x)= {
r—x O<x<rm

[Summer 2015]

Solution
f)=m-x O<x<nm
f(x)=rm+x -r<x<0
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Jl=x) = flx)
f(x) is an even function.
Hence, b, =0
The Fourier series of an even function with period 27 is given by

f(x)=q, +Zan COS nx

n=1

1 ¢n
ay =;j0 F(x)dx

/4
=—| (r—x)dx
0
1 x? "
=—|mx——
T 2
0
1 2
=_(n2_n_J
T 2

2
a, = —Jﬂf(x) cosnx dx
T J0

2 ¢om
= ;J.o (7 — x)cosnx dx

2 sin nx cosnx )"
=—(n—x>( ]—(—D(— . j
T n n
0
. V9
2 sin nx cosnx
Heoof)
T n n~ |,
_2 _COS””JFCOSO} [+ sinnm =sin0 = 0]
| A’ n’
B 1\
2|1 _&D [ cosnmr = (=1)", cos0 = 1]
7Z'_n2 n2
_2[1-c
T n2
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Hence, f(X)—3+% {1_( D’ }cosnx

2 12

T 4(1 1 1
=—+—| —cosx+—cos3x+—cos5x+---
n 3? 52

Example 13
Find the Fourier series of the function f(x) given by
2
1+=% ~r<x<0
/4
fo)= oy
1-— 0<x<rm
/4
I 1 1
Hence, deduce that — + — + — +.
P35
Solution
f(—x)=l+M -r<-x<0
=1- 2_x 0<x<rm
T

T

=1 Z_x —-7<x<0
T
f=x)=f(x)

f(x) is an even function.

Hence, b,=0

The Fourier series of an even function with period 27 is given by

fx)=ay+ zan cosnx

n=1

[Winter 2016]
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T

_E (1_ﬁj[sinnx)_(_gj(_cosnx)
i i1 n T n?
2 _( ZxJ(sinnx) 2 }ﬂ
=—||1—-— — — cosnx
T T n n 0

2 2 2
=—|-——5 cosnm +—} [ sinnt =sin0 = 0]
n

0

n 77:1’12

4
=— 2[l—cosnn']

4
= W [1--D"] [ cosnm =(-1)]

oo

Hence, f(x)=0+i22 Lz[l—(—l)”]cosnx

T ,=1 n

:izi |:1_( 1) :|COSI’DC

=4_22(1i2 osx+31 cos3x+51 cosSx +-- ) (1)
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Atx=0,

5= lim )+ lim (0]

1 2
0O)=—[1+1]==—=1
f(0) 2[ +1] 5
Putting x = 0 in Eq. (1),
81 1 1
f(O)—? 1—2cos(O)+3—zcos(0)+5—200$(0)+~~-
8111
CrlrtEtet
LR S S
2 3 558
Example 14
Find the Fourier series of f(x)=cosx -m<x<0
=—COSX O<x<m
Solution
J(=x) =cos (=x) -rt<-x<0
=—cos (—x) O<—x<rm
J(=x)=cos x O<x<m
=-Cos X -n<x<0
f0)=-f)

f(x) is an odd function.
Hence, ay=0 and a,=0
The Fourier series of an odd function with period 27 is given by

fx)= ibn sin nx

n=1
2 e .
b, = —J f(x)sinnxdx

0

2 om .
= . _[0 (—cos x)sinnxdx
- 1 J.o” [sin(z +1)x + sin(n — 1)x]dx

T

L
T

3 cos(n+1)x _cos(n— Dx |ﬂ
n+l1 n—1 |0

,nzl
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_l{cos(n+1)n+cos(n—1)n_ 11 }nil

i n+l1 n—1 n+l n-1

1(1+cosn7t+1+cosn7t

-—— ,n#1l [ cos(nm+m)=cos(nmw—m)=—cosnrm]
n+1 n—1

v/

2
= _—n(1+cosn7r), n#l

n(n®-1)
= _%[1+(—1)”], n#l [ COSNTT = (—1)"]

Forn=1,

b, zzj.ﬂ(—cosx)sinxdx
Rl

1

= ——j”siandx
7T Y0

_ _l _cos2x 4
T 2

1
=—-(cos2m —cos0)
2r

=0 [+ cos2mw=cos0=1]

=

Hence, fy=-2 y = 1 [1+(=1)"]sin nx
n=21 -

= —E(EZSian+i25in4x+£25in6x+~-)
w\3 15 35

= —i(lsin2x+lsin4x+isin6x+---)
T 15 35

Example 15
Obtain the Fourier series of periodic function f(x) = 2x, where
-1 <x< 1. [Winter 2016]
Solution
flx) =2x
fl=x) == 2x = —f(x)
fi=x) =—fx)

f(x) is an odd function.
Hence, ay=0 and a,=0
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The Fourier series of an odd function f (x) with period 2/ = 2 is given by

I
b, zzjf(x) sinm—xdx
[ 0 [

)
= 2j 2x sinnmx dx
0

1

COSNTTX sinnmwx
=2 Zx(— )—(2)(—7)
nrw n'rw 0
1
2x .
=2|-—cosnmx + 5 SINATx
nmw nrmw 0

= 2(—i cos nn) [ sinnzm =sin0=0]

nrw
4
- (=n" [ COSNT = (—1)"]
(_1)}’l+1 i
nrw
= 4
— -1 n+l T s
Hence, f(x) nz::l (=D - sinnmwx
Example 16

Find the Fourier series of f(x) =1 — x° in the interval (-1, 1).

Solution
fEn=1-(0’=1-x=f@)
fx)=1- x” is an even function.
Hence, b, =0
The Fourier series of an even function with period 2/ = 2 is given by

- nwx
f(x)=ay+ Zan COST
n=1

=a,+ Zan COSNTTX

n=1
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2 ¢l nwx
a, = YJOf(X)COSTdX

=2J;(1—x2)cosnﬂxdx
. 1
22‘(1_‘x2)(slnnﬂx] ( 2 )[ COSnﬂX] ( 2)( Sln}nﬂ;'x)
nm P :

norim 0
- 2(—2 cosnr ) [+ sinnm=sin0=0]

n’m?
—4(-1)" n
== [ cosnm = (—1) ]
n°m
Hence, f(x )_———z COSNITXx
1-x2 ———(——COS?T)C+—COSZ?TX—3%COS37TX+ )
Example 17

Find the Fourier series of f(x) = X*-2 in -2<x<2. [Winter 2014]

Solution
fx) = x* — 2 is an even function.
Hence, b, =0

The Fourier series of an even function with period 2/ = 4 is given by

fx)=ay+ ) a, cos%

n=1

- nwx
=aq,+ Zan COST

n=l
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1
a =7J-(jf(x)dx

=lx——2x
2(3 0
12y
2\3
__2
3

202 5 nwx
—Ejo (x —2)cosde

(x? - 2)(isin ””—x) - (Zx)(—
nr 2

2
_ b o) s ) - B gin X
2 2 I’l377,'3 2

2
nrmw 0

4
= — 4 —
( )( e cosnn)

= ;62 cosnmt [ sinnm =sin0=0]
nm
16 . n
:ﬁ(—l) ['.' Cosnﬂ:(—l) :|
n°m
2 16 <1 nwx
Hence, X)=——4+—Y» —(-1)"cos——
Y
) 2 16( nx 1 1 3nx )
X =2=————] c0OS———COSTTX +—COS———-"-
3 7? 4 9 2

Example 18
Find the Fourier series of f(x) = xlx| in the interval (-1, 1).
Solution
f(x) = xlxl
f(=x) = —xI-xl
=—xlxl=-f(x)

f(x) = xlxl is an odd function.
Hence, ay=0and a, =0
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fo) == -1<x<0
=x O<x<1
The Fourier series of an odd function with period 2/ =2 is given by

F0) = b, sin >
n=1

= i b, sinnmx

n=1
2 ¢l . Nmx
b, = 7j0 f(x)sin==dx
1
= 2'[0 x% sinnzxdx

. 1

cosnmwx SINnmwx cosnmwx

=2 xz(— )—2;{— — ]+2( — ]
nw nmn nmw 0

_s _cosnﬂ+2cc3)sgz7r_2c30$30} [+ sinnm =sin0 = 0]
| nmw nn n'n
[yt o2 2

=2 ) + (3 2 - [ cosnn=(—1)",0050=1:|
i nmw nrm nm

i

Hence, f(x)= Z{ D" 2(_1)n_ 2 :Isinnn'x

Example 19
Find the Fourier series of f(x) = x — Yin-1<x<l1. [Winter 2013]
Solution
f(—x)z—x+x3 -l<x<1
=—(x—x")
=—f(x)

flx)=x- x° is an odd function.
Hence, ap=0and a,=0
The Fourier series of an odd function with period 2/ = 2 is given by

h nwx
f(x) E , Sin ]

= 2 b, sinnmx
n=1
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- %jéf(x)sinﬂ

1
= 2_[0 (x—x>)sinnmx dx

1
(x— X)(—Cosn) (1-3x )[ Sm”’”j +(—6x )(cosmrx) (6)(&;2”7?]
nw Ps . T

0

=2

- [—6 cosnr } [+ sinnz =sin0 = 0]

=12 _3 - [ cosn=(-1)"]

sin nzwx

Hence, f(x)=- —z i

T

3 12
X=X =—
b

sin2zwx sin3mwx
sinz

Example 20

FMdMeRmﬁwswwmﬁij:%+x —%<x<0

1 1
=——x O<x<—
2 2
Solution
f(—x)—l—x —l<—x<0 or O<x<l
2 2 2
=l+x 0<—)c<l or —l<x<0
2 2 2
f(=x)=f(x)
f(x) is an even function.
Hence, b, =0

The Fourier series of an even function with period 2/ = 1 is given by

- nwx
f(x)=ay+ ) a,cos T

n=1

=ay+ 2 a, cos2nmx

n=1
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1l
ay =7 [ f0dx

1
1 ¢5(1
=T-"02(E_xjdx
2

1
INEEAS
2 2
0
:2(1_1)
4 38
_L
4
=—jf( yoos X gy

2 (1
=—f2 ——Xx |cos2nmx dx
1Jo{2
2
2

1
1 sin2nmwx cos2nrmx |2
=4 —=x|| ——— |- ()| —————
2 2nm an’r?

0

A [_ 0052 nzr + COZS 02 ) [ sinnz =sin0=0]
4n“m dn"r

= #[1— (—1)"] [+ cosnm =(=1)", cos0=1]
Hence, f(x) =l Lzz & cos 2nmx
4 w73 n?

EXERCISE 7.2

Find the Fourier series of the following functions:

x(m? — x*%)
1. X)=——- —-T< X<T o _n+1
Fe9 12 {Ans.:z&sinnx}
n=1 n
2. f (x) = cos ax —-T<X<T

[Ans. sin Clﬂ' 2a sinar 2 (21)

cos nx
T b “~a’-n*
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3. f(x) = xcos x

4. f (x) = |sin x|

5. f(x) =~1-cos x

6.f (x) = sinh ax

_ —Am+x)
7. f0 ==
m-X
2
8. f(X)=x+=
/9
=—=X
2
9. f(x) = IxI

10. f(x)=a*-x*

11. f (x) =sinax

Chapter 7 Fourier Series

—T<X<T
Ans.:—lsinx+z(;isinnx
2 = nt—1
—T<X<T
2 4
Ans.: ———» ———cos2nx
{ pis 71',,2:1'4n2—1
—T<X<T
Ans.:zﬁ—4ﬁ2 21 Cos nx
T T 4n” -1 ]
—T<X<T
2 . = (=1)""n .
Ans.: —sinh ar sinnx
{ T Z‘1az+n2
-r<x<0
O<x<rm - 1
[Ans. : Y, —sinnx
n:1n
-r<x<0
O<x<rm
2 & 1-(=1)
Ans.: — Cos nx
[ ﬂz;[ n*
-2<x<2
4 S| (- -
Ans.:1—-— cosnmx
—-a<x<a
2 2 w (AN ]
Ans.:zi—‘m2 ( 12) cosﬂ
3 ot on a |
-l<x<l

o _ n+1
{Ans. tsin aly, 2( 21) —sin nrx
on l l

T —a

|
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7.8 HALF-RANGE FOURIER SERIES

Any arbitrary function f(x) with period 2/ which is defined in half of the interval (0, /)
can also be represented in terms of sine and cosine functions. A half-range expansion
containing only cosine terms is known as a half-range cosine series. Similarly, a half-
range expansion containing only sine terms is known as a half-range sine series.

To represent any function f(x) in the half-range cosine series in the interval (0, /), we
extend the function by reflecting it in the vertical axis (i.e., y axis ) so that f (—x) =f(x).
The extended function is an even function in (-/, /) and is periodic with period 2/. The
half-range cosine series of such a function is given by

o

nTx
f(x)=ay+ ) a,cos——
n=1

where a, =l Jlf(x)dx
1 J0
a =3Jlf(x)cosm—xdx
L A I

Corollary 1If any function with period 27 is defined in the interval (0, ) then the
half-range cosine series of such a function is given by

f(x)=aq, +Zan cosnx

n=1

1 7
h -
where ay=— ], fdx

2
a, =— Jﬂf(x)cosnxdx
T Y0

Similarly, to represent any function f(x) in the half-range sine series in the interval
(0, 1), we extend the function by reflecting it in the origin so that f(—x) = —f(x). The
extended function is an odd function in (-/, /) and is periodic with period 2/. The half-
range sine series of such a function is given by

Fx =35, sin””Tx
n=1
where P Jlf(x)sinmt—xdx
o do l

Corollary 1f any function with period 27 is defined in the interval (0, 7) then the
half-range sine series of such a function is given by

fx)= ibn sin nx

n=1

2
where b, == [ f()sinnxd
T Y0
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Example 1
Find the half-range cosine series of f(x) = x in the interval (0, 7).

Solution
The half-range cosine series of f(x) with period 27 is given by

f(x)=aq, +2an cosnx

n=1
= L7 pdx
ao—n_ Ofx
1 ¢7
:;.[0 xdx

/4
2

1
/4
0

_Lﬁﬁ)
T\ 2
z

2

2 om
a, =;.[0 f(x)cosnxdx
2
:—Inxcosnxdx
770

x(sinnx)_(l)(_ cosznx) i
n n

0

2

T

- 2 2

2 {cos nw cosO
Y n n

} [ sinnm =sin0 = 0]

2 n .. _ _
=1 -1 [+ cosnz=(-1)",cos0=1]

T 2| (=D"-1
Hence, f(x)=—+— % cosnx
2 ﬂ:n:l n
T 2 2 2
X=—+—| ——COSX——COS3x—"--

Example 2

Find the Fourier cosine series of f(x) = X

0 < x < 7. [Summer 2015]



Solution

7.8 Half-Range Fourier Series

The Fourier cosine series of f{x) with period 27 is given by

fx)=a,

2
a,=—
" m

2
T

+ ian cosnx

n=1

j: f(x)cosnx dx

L)
_[0 x“ cosnx dx
. . V4
sin nx COS X sin nx
) g () o i)
n n n 0
o> sinnx cosnx 2sinnx
X +2x —
2 3
n n n

I cosnm
277:2j|

T

0

[ sinnmr =sin0=0]

n

_4cosnr

_ 4"

2 =
Hence, fx)= %+42
n=l

2 oo n
2_ T (=D
=44
3 n=l nZ

n2

. [ cosnm=(—)"]

="
S—Ccos nx
n

cosnx

7.95
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Example 3
Find the half-range sine series of f(x) = x% in the interval (0, 7).

Solution

The half-range sine series of f(x) with period 27 is given by

flx)= ibn sin nx

n=1
b, =2 |7 fo)sinnrax
" ofxsmnx

2 7 )
= —J x% sinnxdx
Y0

2 (_ Cosnx)_(zx)(_ sinznx]_'_z(cossnxj §
n n n

0

_n_z(cosnﬂ)+z(coszn)_z(coioﬂ [+ sin n = sin0 = 0]
L n n "

o, .,
- (=1 + 2(_31) _%} [ cosnm = (—1)", cos0 = 1]

Al alv 3

n n n

n3

_2Q| D 2= 2|
Hence, flx)= 71: 2|: . + n3 :Ism nx

n=1

Example 4
Find the half-range sine series of f(x)= 2 ino<x<.

[Summer 2017]
Solution

The half-range sine series of f{(x) with period 27 is given by

fx)= i b, sinnx

n=1

27T
b, == [ f(x)sinx dx
”O
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2 V3
=—j x° sinnx dx
T
0
. . T
2 (_ cosnx)_(sz)(_ 51n2nxj+(6x)(cos3nx) _(6)(s1n:1x]
x n n n 0
. . T
_2 _x3(cosnxj+3x2(smnxj_'_6x(cosnx]_6(smnxj
n n n’ n’ n'

0
= 2 {_,ﬁ =" . (—13)" } [ sinnr = sin = 0}
T cosnm = (-1)

2

n n
2
_2, ,{g _ n_} 1y
T n n
= 2(_3)n (6—n*m?)
JE

Hence, f(x)= 2i % (=" (6 — n’7%) sinnx

n=1

Example 5
Find the cosine series for f(x) = mw— x in the interval 0 < x < 7.

[Winter 2017]

Solution

The cosine series of f(x) with period 27 is given by

f(x)=q, +2an cosnx

n=1

1 ¢7
ay=—J, fdx
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a, =2J”f(x)cosnxdx
T J0

2 ¢m
—;_[0 (m—x)cosnxdx

22 (”_x)(sinnx)_(_l)(_ cosznxj "

T n n 0
_2__cosn7t+i o sinnw=sin0=0
rl o2 R cos0=1
=%_1_’;1) } I: cosniI::(—l)”]

Hence, f(x)= %+%r§{l_i—;1)1 cosnx
Example 6

Find the half-range cosine series of f(x) = x( — x) in the interval (0, )
and, hence, deduce that

oot 111 oo 111
(1) ?—1—2+2—2+3—2+... (11) 6—1—2—2—24'3—2—...
Solution

The half-range cosine series of f(x) with period 27 is given by

f(x)=aq, +2an cosnx

n=1

1 ¢n
ay=—J, f(0dx

:lJ.ﬂx(n—x)dx
7T Y70

T
)C2 X3
T———

2 3

1

T

0
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2
a, =—Jﬂf(x)cosnxdx
Y0

2
=—jﬂ(ﬂx—x2)cosnxdx
T J0

2 (nx—xz)(Sinnxj—(ﬂ—Zx)(— cosznxJ+(_2)(_ sin;tx)
/4 n n

n

V3

0

2
- —{(n —op) T CZSO} [+ sinnm=sin0 = 0]
T n n

2 n .. — n —
=_n—2[1+(—1) ] [ cosnr =(—1) ,cosO—l]

2

Hence, flx)= n——2i[
n=1

1+(=1)"
6 2

cosnx
n

2

2 2 2
x(mr—x) =n——2[—2c052x+—zcos4x+—2c0s6x+~-)
6 2 4 6

Putting x = 0 in Eq. (1),

2
Ozﬂ——4 i+i+i+...

o 1 1 1

—=—t—=+—+...

6 12 22 3

Putting x = il in Eq. (1),

2
2

T b4 T 2 2 2
—|rt—— |=—=-2| —cosm+—cos2wr +—cos3m+---
2 2 6 22 42 62

ol 1 1 1

— =4 ——t———+...

4 6 22 42 62

N
[\
—_
—_
—_

—_
[\
—_
S}
[\S)
S}
W
S}

7.99

e
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Example 7
Find the Fourier sine series of f(x) = ¢" in 0 <x< m. [Summer 2015]

Solution

The half-range sine series of f(x) with period 27 is given by

fx)= ibn sin nx

n=l

2
b, ==[" f(x)sin nx dx
Y0
=£J-”ex sinnx dx
Y0

/2
X

(sinnx —ncosnx)
2

1+n 0

T 0
= —|: ¢ 5 (-ncosnm)— ¢ 3 (—ncosO)} [ sinnr =sin0 = 0]
1+n

- 3{ (D (~m) - ! 2} [+ cosnr = (—1)", cos0 = 1]
Tll+n 1+n
- 3 n [eﬂ' (_1)n+1 +1]
T (14+n%)
Hence, f(x)= —i (=" +1] sin nx
m£
2 < +1
":—2 &5 (=) +1] sinnx
<
Example 8
Find the Fourier cosine series of fix) = ¢, where 0 < x < TT.
[Winter 2015]
Solution

The Fourier cosine series of f(x) with period 27 is given by

fx)=ay+ z a, cosnx

n=1



Hence,

fix) =

7.8 Half-Range Fourier Series

2
—J.e_x cosnx dx
/4

7.101

0
2| e* "

— 3 {(—l)cos nx + n sin x}

Til+n o

2| e "

— 5 (—cosnx + nsinnx)

T(l+n o

2] & &

— o (—cosnm)— o (-1 [ sin nw =sin0 =0]
T(l1+n +n

21y 1 .
| e len L cosmr =(=1)']
2 1

—- 1-(=1D)"e"

T 1+n? [ D }

1 2 & [1-(=D"e”
—(1—e‘”)+—zwcosnx
T ﬂn:l I+n



7.102 Chapter 7 Fourier Series

Example 9
Find the half-range cosine series of f(x) = sin x in the interval (0, ) and
1 1 1
hence, deduce that LA D SR Y
4 3 57
[Winter 2014; Summer 2018]
Solution

The half-range cosine series of f(x) with period 27 is given by

f(x)=ay+ Y a,cosnx

n=1
do = [ fs
= %j: sin xdx
—L-cosaf"
T

1
=—(—cos i + cos 0)

=— [ cosm=—-1cos0=1]
V4

2
a, =—j”f(x)cosnxdx
7T 70
2
=—J-”sinxcosnxdx
Y0

_1 [ " [sin(n + 1)x — sin(n — 1) x]dx
7T Y70

1

3 cos(n+1)x + cos(n— 1)x|ﬂ
T

n#l

o’
1 +1 -1
=_{_cos(n )7r+cos(n )7r+coso_c0s0}n¢1

n+l n—1

T n+1 n—1 n+l n-1

=——22 A+, n=l
n(n”—1)

[ cos(nm+ 1) = cos(nmw—m)=—cosnm =—(-1)", cos0 = 1}
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For n=1,

27,
a =—J sinx cos x dx
Rl

1
:—Jﬂsiandx

7 J0

1 _costﬂ

T 2

1
=—(—cos2m+cos0)
21

=0 [. cos2m=cos0=1]

Hence, flx)= 2 — 2 3 {12(—_1)”:] cos nx

n’-n:Z n”—1

2 2(2 2
sinx=———(—cos2x+—cos4x+---j .. (D

T T 15

Putting x =§ in Eq. (1),

w2 2(2 2 )
sin—=———| —COSTT+—COoS27T +---
2 w© m\3 15

Example 10

For the function f(x) = cos 2x, find the Fourier sine series over (0, 7).
[Winter 2015]

Solution

The Fourier sine series of f{x) with period 27 is given by

fix) = ibn sin nx

n=1
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2”
b,= —Jf(x) sinnx dx
o

2 Vs
= —Jcost sinnx dx

i

171'
= —J2cos2x sinnx dx
)

lj[sin(z +n)x —sin(2—n)x] dx
T 0

_ 1| cos(n+ 2)x _(_ cos(2—n)xj
'z n+2 2—n

T

—_

0

_ [ cos@rinm) cosQu-nm) 1 1
_7[_ n+2 n—2 n+2 n-2
B l__ COSNT  COSNT 1 1
_n'_ n+2 n-2 n+2 n-2

= —|(=D""! L, t 1
T n+2 n-2 n+2 n-2

—_

[ cosnm = (=1)")]

—_

V3 n+2)(n-2)

:M, if n#2
n? —

(™ - 240+ 2)}]

171'
by, = —J2cos2x sin2x dx
4

177.'
=—Isin4xdx
o

T

1

T

cosdx
4

0
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1
=—(-1+1
477:( )
=0
- n{(—l)””+1
Hence, fix) = 22 —— sin nx
n=1 n-—4
n#2

7.105

Example 11
Find the half-range cosine series of f(x), where
T
f(x)=x O0<x< 2
T
=T—X —<x<TT

Solution

The half-range cosine series of f(x) with period 27 is given by

f(x)=q, +Zan CcoSnx

n=1

1 ¢m
ag :;_[0 f(x)dx

- j(:zrxdx+j,’f(n—x)dx1
2
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2| &
= —D? xcosnxdx+f,7:(ﬂ—x)cosnxdx}
|0 B

[.-.

%[20%%—1—(—1)"} [ cos0=1, cosnr = (—1)"]

¥
bl Vs
2 sin nx cosnx \|2 sin nx cosnx
=—|x -] - +|( = x) —-(=D|——
T n n n n
0 iy
L 2
. nrw . nr
sin— cos— sin— cos—
2|7 2 ., 2 cos0 cosnmw T 4 2
r|\2 n n’ n? n? 2 2

sinnm =sin0 = 0]

nn
T 2
Hence, f(x)=—+ —2 [Zcos——l D" }cosnx
4 w3
o 2] 1
— —{—2 —4)c052x+—( 4)cos6x+—(—4)c0s10x+ }
4 r 6> 10?
I E(i 52x+—c0s6x+ic0510x+ j
4 n\1? 5
Example 12
Find the half-range sine series of f(x), where
T
xX)=— 0<x<—
f(x) 3 3
2
=0 ESx<—ﬂ
3
:—E —<x<r
3
Solution

The half-range sine series of f(x) with period 27 is given by

f(x)= ibn sin nx

n=l
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2 ¢m .
b, :;_[0 f(x)sinnxdx

2
21 ¢ Zx = = &
_ = - . 3 . . _ .
= jOS 3)s1nn)cdac+‘[£ 0 smnxdx+.f23,,( 3jsmnxdx]

Vs
_2 _cosnx|§_|—cosnx|ﬂ
3 n |0 | n |2l
3
2 [ nw nm
=—/| —cos—+cos0+cosnmwr —cos——
3n 3 3
[ . Wt nm - cos0=1,cosnm =(-1)
=—/|14+(-1)" =2 cos—cos— A—B
3n| 2 cos A+ cos B =2cos cos
2 2
f(x)—zil 1+(—1)”—2cosﬂcosﬂ sinnx
Hence, 350 5 5
Example 13

Find the half-range sine series of f(x) = Ix — x% in the interval (0, 1) and,
hence, deduce that
n’ 1 1
— =l 4+—-...
Solution
The half-range sine series of f(x) with period 2/ is given by
fx) = i b, sinmlt—x

n=1

2 ¢l . NWX
b, = 7]{) F()sin==dx

2 ¢l 2. . NTX
=—| (Ix— sin——dx
l-[O(x sin =

1

2 a1 [ nﬂ:x} 12 [ . nnx} P nmwx
=—|(Ix—x")—|—-cos—— |- (I -2x —sin—= |+| (-2) ——cos——
| T el I i R K ey

3
= %{— 231 7 (cosnm —cos 0)} [+ sinnm =sin0=0]
nn

472

o [N=(=D"] [+ cosnw=(-1)"]
n
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2 oo n
Hence, flx)= %2{1 —CD 1sin nrx

T =1 7’13 [
, 8|1 . nx 1 . 3nx 1 . S;x
lx—x"=—| Zsin—+—=sin—+—sin—+-- (D)
L1 3 I 5 l

Putting x =é in Eq. (1),

2 4 71.3 13 3 3
PSP(1 1
4 £\ 3 5
o _ 1 1
Example 14

Find the Fourier cosine series of f{x)=x in 0 <x <[. [Winter 2013]

Solution

The half-range cosine series of f(x) with period 2/ is given by

- nwx
f(x)=q, +2an cos—

n=l
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x(isin—nnxJ—(l) - L cos—nﬂx
niw l n27t2 l

2[ 2 2
= — cosnmw —

l

0

cos 0) [ sinnm =sin0=0]

7.109

1\ 22 22
21 n |: n ]
== [(=D)" —1] s cosnm=(-=1)",cos0=1
n'm
[ I < (=D" =1 nwx
Hence, =—+— CcoS
f(x) 2T %l 3 } ;
[ 4|1 (nxj 1 (37”) 1 (57”)
x=———|—cos| — |+—cos| —— |+—cos| —— |+---
2 nsz [ 32 l 52 I
Example 15

Find the Fourier cosine series of f(x) = x*in 0 < x < [. [Summer 2013]

Solution

The half-range cosine series of f{x) with period 2/ is given by

oo

nwx
f(x)=ay+ ) a,cos—

n=1

1 ¢!

ay = [ 10 dx

—

2 ¢l nmwx
a, = 7jof(x)cosT dx

I
=2J‘ xzcosm—xdx
[70 [

X2 (L sin
l nrw
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3
= %{% cos nﬂ} [ sinnm =sin0 = 0]
nm
417 . T 0
=D [+ cosnm =(-1)"]

Hence, flx)= l I+

4122( 1) X
n=1

1 1 27X 1 3nx
—2 2COS T +3—2COS T —

I““
LS}

Example 16

Obtain the Fourier cosine series of the function f(x) = €' in the range
©, ). [Winter 2014]
Solution

The half-range cosine series of f{x) with period 2/ is given by

oo

nwx
f(x)=ay+ ) a,cos—

n=1

11
ay =7, F( dx

=—| " dx
170
1
=7|€X|f)
=—(' -1

2 ¢l
a, =—j f(x)cosm—xdx
l
=—j e cosﬂdx

I
2| e’ (mrx) nw . (nnx)
== cos +—sin| —
I‘annz ! ! !

12

0
21

=l o) (el cosnm —¢e° cos0) [ sinnm =sin0=0]
+n°mw
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2
:ﬁ[el(_l)n —1] [ cosnm=(~1)",cos0=1]
nrm

1 - 21 ! . nwx
Hence, f(x)=-(e -+ ) ———|e (-1)" —1|cos—
1 Z{lz+n2ﬂ2[ ] !

Example 17

Find the half-range cosine series of f(x), where

f(x)=kx OSxSé
=k(l-x)

2
1 1 1
Hence, deduce that % = 1—2 + 3—2 + 5—2 +.... [Summer 2016]

Solution
The half-range cosine series of f(x) with period 2/ is given by

oo

nwx
f(x)=ay+ ) a,cos—

n=l

1!
a0=7j0f(x)dx

)
1| = !
= J.Okadx+J‘ék(l—x)dx}
1_ xzé le
= k|| k|-
l 2 0 2 i
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2 ¢l nwx
7.[0 f(x)cosde
!
— 1
_2 jzkxcosm—xdx+j, k(I — x)cos 22X 4x
1|0 I s !

cos nn:x) 1
l n*m?

s
2

|

0

I
nwx l nrwx I
+|(I - x)(smTj-(Ej—(—l)(—cosTj [nzn:zj%}
= ni:_lz {2c s——{1+( 1)} } [ sinnz =0, cosnm = (-1)", cosO=1:|
kI 2kl 1 nr " nmwx
Hence, f(x)=Z+—2£n—2[2c057—{1+(—1) }}cosT e
Putting x = 0 in Eq. (1),
oM (4 4 4
42222 6 1 T
K21 1]
O—Z—? 1—2+3—2+5—2+... (2)
Z_ 1 1 1
8§ 12 3 27
Example 18 5 l
Find the half-range sine series of f(x):Tx ()gxgE
_2=w Lo
l 2

Solution

The half-range sine series of f(x) with period 2/ is given by

f(x)= Zb sm—

2 ¢l . NTX
TJ‘Of(x)sdex
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:3 JéZx. nﬂ:xdx jl 2(l x) nﬂ:xdx
0 [ [

8w 1 . nw . nmx
Hence, f(x)= —22 —251n751n7

Example 19
Express fix) =xas a
(i) half-range sine series in 0 < x <2
(ii) half-range cosine series in 0 < x <2 [Summer 2014]

Solution

(1) The half-range sine series of f(x) with period 2/ = 4 is given by
f0=Yb, sianx

n=l

2
= 2(——] cosnm [0 sinnm =sin(0=0]
nw
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:—4(_1) [ cosnn:(—l)"]

nr

4 & (="
Hence, f(x)=——z( ) sin@

T 2
4(.7tx1. 1 . 37x )

X=—|sin———sinTx+—sin——---
V3 2 2 3 2

(i1) The half-range cosine series of f{x) with period 2/ = 4 is given by

oo

nwx
f(x)=ay+ ) a,cos—
n=1 l

oo

_ nmwx
=d + a, COST

n=1
1 ¢!
ay =], v dx
1¢2
= E-[O xdx

512

X

2

1

2

0

1
—5(2)
=1

2 ¢l nwx
a, = 7]0 f(x)cosT dx

2 2
__J' . Sm‘cx dx
270 2
2 . nmx 4 nx |
= x| i |- ()|~ 5eos oS
nr 2 n’n 2 .
4
= cosnw — cos( [ sinnm =sin0=0]
n2r? 2l
4 " .
= e [(—1) —1] [ cosnm = (—1) ,COSO=1:|

4 &S| (=D" -1 nwx
Hence, f(x)=1+— cos
n? E |: n’ :| 2

8|1 x 1 3rx 1 Smx
x=1-—|—=cos—+—cosS——+—cos——+--
Ll 2 3 2 52
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Example 20

Find the Fourier sine series of f(x) = 2xin 0 < x < 1. [Summer 2015]

Solution

The Fourier sine series of f{x) with period 2/ = 2 is given by

flx)= an sinmlr—x
n=1

= z b, sinnmx

n=1

2 ¢l . NmWXx
b, = 7j0 f()sin==dx

1 )
- 2_[0 (2x) sinnmwx dx
_ 1
COSNTTX sin nx
:4(x)(— )_(1)(_ 2 2 ]
nmw n'r 0
[cos nnx) sin ’"m|1
=4|—x 2 2
nw nmw |0
—al_ CoS nﬂ:] [ sinnz =sin0 = 0]
| nr
4(-1)"
__4=D [ cosnm = (=1)"]
nr
_ i(_l)nﬂ
nr

(_1)n+1
n

sinnmwx

4=
Hence, fn==3%
T n=1

Example 21

Find the half-range cosine series of f(x) = (x — ?in0<x<l.

Solution

The half-range cosine series of f{x) with period 2/ = 2 is given by

oo

nwx
f(x)=ay+ ) a,cos—

n=1

[Summer 2015]
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=a,+ Zan COS NTTX

n=1
|
ay =) f0)
- jol (x—1)2dx

=
|3

0

{5

1
3

Cos nﬂ:x

=—jﬂ>

1
= 2_[0 (x=1)* cosnmx dx

=2 (x_l)z (Slnnnx)_z(x_l)(_ COZnZ}C)_{_ZK_ Sln3n7§x
nm n’m nn
. . 1
_2(x_1)2(s1nn7tx)+2(x_1)(cos2n72rx)_2(sm3m§x)
nm n’r '’ )|,
4
Ly [+ sinnz = sin0 = 0]
n’m
4
= [ cosO=1]
n’n’

1 4 &1
Hence, f(x)=—+ — 2—200s nwx

)

1

0
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Example 22
Find the half-range sine series of f(x) = x O<x<1
=2-x l<x<2
2
Hence, deduce that T i + € + 1 +
Solution

The half-range sine series of f(x) with period 2/ = 4 is given by

f0=3b, sin@

n=1
= an sin 22
n=1 2
2 ¢l . NmX
bn = TJ.Of(X)Slanx

1 2
= [ xsin 2 e+ [ @ x)sin 2T dy
0 2 1 2

2 nrx 4 | nmx 1
——cos— -] - > sin——
nmw 7[ 2

2
+l2- x)(—ic s—) (- 1)( sinm—xJ
nmw 71' 2

__8 sinE
n’n? 2
- 1
Hence, f(x)= %Z—ZSin—smﬂ
T, n
8|1 T . 3nx 1 Srmx
=—| Zsin—sin—+—sin——sin——+—-s sin——+
n |1 2
8|1 1 3nx 1 Smx
,TL— PR T} o
Atx=1,
1+(2-1
f(l)——|: lim f(x)+ lim f(x)} ¥=1
x—1" x—1t 2
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Putting x = 1 in Eq. (1)

FRAE AT
Example 23
Find the half-range cosine series of f(x)=1 0<x<l1

=x I<x<2
Solution
The half-range cosine series of f(x) with period 2/ = 4 is given by

o

fx)=ay+ ) a cos%

n=1

— nwx
=a,+ Zan COST

n=1

ay =%J(§f(x)dx
:%[J‘;ldx+fl2xdx}

2
= 5| lh+5
2170 12

[SI RV}

I nmwx
a, = —jof(x)cos—dx

—j 1- cos dx+_[ xcos—dx

ol e
+| [x —sm— (nH 5 Cos——
0 niw 2 71: 2

2 . nrw 4 2 . nmw 4 nw
=| ——sin— |+| 55 cosnT ——sin— ———cos——
nm 2 n’r nmw 2 n'm 2

2 . nmx
—sin——
nw

f]
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(cosnn cos—j
n’m?
4
[ )—cos—} [ cosnm=(-1)"]
5 4&1 . nr nwXx
Hence, f(x)=z —22_‘—2[(—1) —COST}COST

EXERCISE 7.3

1. Find the half-range cosine series of f(x) =xsinxin0<x< .
n 1

1 _
Ans.:1—-—cosx +2 cosnx
{ 2 z n* -1 ]

2. Find the half-range cosine series of f(x) = (x — 1) in0<x<1.
1,4
3 7'L'2

1
— cosnzmx

[Ans
n

M

3. Find the half-range cosine series of f(x) = €*in0<x < 1.

[e(—1)" —1]cosnzx

< 1
Ans.:(e-1)+2
{ =1 ,,22‘1‘1+n27r2
4. Find the half-range sine series of

=4-x 2<x<4

{Ans —?i( i ]sm%

5. Find the half-range sine and cosine series of f(x) = x — x*in0<x<1.

-_

8o 1 4 & 1
— sin(2n+ 1)« -
{ 32‘0 @2n+1’ (

o

6. Find the half-range sine and cosine series of f(x)= a[1 —%) in0<x<l.

2a -1 . nmx a, 4a g (2n+1)7'£x
Ans.: — ) —sin—, —+—
[ b ,,Z{n l 2 2 Z‘ l }

T 2n+1
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7. Find the half-range sine series of f(x) = sinxin0<x< .

Ans. : __2 sin(2n —1)x
1(2n-10)(2n+1)(2n+3)

8. Find the half-range sine series of

231 nr
Ans.: — ) —sin—sinnx
[ ﬂ;nz 3 }

9. Find the half-range sine series of

f(x)=x 0<x<1
=1 1<x<2
=3_X 2<x<3

6 <| 1 nm 2nrw nmx
—22 = sm—+ s1nT smT
=1

Points to Remember

Fourier Series in the Interval (0, 27)

f(x)= a0+2a cosnx+2b sin nx

n=1

g :gfo flx)dx
a, = %J‘Oz”f(x)cosnxdx

1 p2n .
b, =—| " f(x)sinnxdx
Y0

Fourier Series in the Interval (c, ¢ + 2])

fx)= a0+2a cosT+2b s1nT
n=1

1 prct21
ag = 571 f(x)dx




Points to Remember

1 pe+21 nwx
=— cos——dx
ay =] fcos=

1 per2t . NmX
b, =;J-C f(x)sdex

where 2/ is the length of the interval.
Fourier Series of Even Function in the Interval (-7, 7)

f(x)=q, +Zan cosnx

n=1

1 7
a, =;jo f(x)dx

a, =£j”f(x)cosnxdx
Y0

b, =0

n

Fourier Series of Even Function in the interval (-, )

oo

nmx
(x)=a,+ ) a, cos—
0 n

n=1
1!
ay =], fdx
2 ¢l nwx
a, = 7]() f(x)cos=~dx
b, =0
Fourier Series of Odd Function in the Interval (-x, 7)

f)= Z b, sinnx
n=1

a, =0

a,=0

b, =3j”f(x)sinnxdx
0

Fourier Series of Odd Function in the Interval (-1, ])

f0=30b, sin#
n=1

a, =0

a,=0

2 ¢l . nTX
bn =7J-0f(x)sdex

7.121
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Half-Range Cosine Series in the Interval (0, )

f(x)=a, +Zan coS nx

n=1

1 =
ay=— ] fdx

2 or
a, =; -[o f(x)cosnxdx

Half-Range Cosine Series in the Interval (0, /)

=

nmwx
f(x)=ay+ ) a,cos——

n=1

1!
ay = [, f) dx
2 ¢l nwx
a, = TIOf(x)cosde
Half-Range Sine Series in the Interval (0, 7)

fx)= ibn sin nx

n=1

2 @ .
by=— J Fosinnxds

Half-Range Sine Series in the Interval (0, /)

nmwx

flx)= ibn sin ,
n=1

2 ¢l
b, = 7]() £(x) sianx dx

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

-1<x<0
O0<x<l1

1. If flx) = {_1

then f(x) is a/an function in (-1, 1).
(a) even (b) odd (c) constant (d) none of these
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2 Iff(x):{_x -r<x<0
X O<x<m
then f(x) is a/an function in (-7, 7).
(a) even (b) odd (c) constant (d) none of these
1+ 2_x -r<x<0
3. Ifflx) = T
-2 0<x<r
T
then f(x) is a/an function in (-7, 7).
(a) even (b) odd (c) constant (d) none of these
2 _ <
4. The Fourier series expansion of f{x) = . m<x<0 contains no
x? 0<x<nm
terms.
(a) sine (b) cosine (c) constant (d) none of these
- —4<x<
5. The Fourier series expansion of f{x) = . 4<x<0 contains no
by 0<x<4
terms.
(a) sine (b) cosine (c) constant (d) none of these
6. If f(x) is an even function in (-7, 7), then the graph of f(x) is symmetrical about
the .
(a) x-axis (b) y-axis (c) origin (d) none of these
7. If fix) is an odd function in (-/, [), then the graph of f{x) is symmetrical about the
(a) x-axis (b) y-axis (c) origin (d) none of these
8. If fix) is an even function in the interval (-, ), then the value of b,, is
@) % (b) 7 © 1 (d) 0
9. If fix) is an odd function in (-, /) , then the values of a, and a, are
(@ 0,0 (b) m (©) % n (d 1,1
10. If fix) = x in (-, ), then the Fourier coefficient a, is
(@ 7 (®) 0 (©1 (d) -1
11. If fix) = cos x in (-7, ), then the Fourier coefficient b,, is
(@ O b)) & (©) 1 (d) none of these
12. In the Fourier series expansion of f{x) = x sin x in (-7, 7), the terms are
absent.

(a) sine (b) cosine (c) constant (d) none of these
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13. If f(x) = x cos x in (-, m), then b, is
(a) 0 b)) (o)1 (d) none of these
14. Which of the following is neither an even function nor an odd function?
(a) xsinx (b) e (c) e (d) xcos x
15. Fundamental period of sin 2x is
T T
a) — b) — c) 2rx d 7
(a) 2 (b) 2 (© (d)
16. Fundamental period of tan 3x is
T T T
a) — b) — c)xm d) —
(a) : (b) 3 (© (d) 1
17. If fix + nT) = fix) where n is any integer, then the fundamental period of f(x) is
T
(a) 2T (b) £y ©T (d) 3T
18. For half-range sine series of f{x) = cos x, 0 < x < 7w and period 27, Fourier series

19.

20.

=3

is represented by z b, sin nx, then Fourier coefficient b, is

n=1
@ (b) 0 © 2 @ -2
T T /9

A function f(x) is said to be periodic of period T if
(@) fix+T)=f{x) for all x (b) fix+ T)=fAT) for all x
(¢) fl—x)=f(x) for all x (d) fi=x) =—fix) for all x

Fourier series representation of a periodic function f{x) with period 27 which
satisfies Dirichlet’s conditions is

(@) ay+ z (a, cosnx + b, sinnx)

n=1

(b) ay+ Y (a,cosnmx+b,sinnmx)

n=1

(© ay+ i (a, cosnx)(b, sinnx)

n=1

(d) ay +a,cosnx+b,sinnx

21. A function f{x) is said to be even if
(@) fl=x) =fx) (b) fi=x) =—f(x)
(©) flx+2m) =flx) () fi=x) = [
22. A function f(x) is said to be odd if

(@) fl=x) = flx) (b) fl=x) = Ax)



23.

24.

25.

26.

27.

28.

29.

30.

Multiple Choice Questions 7.125

(©) flx+2m) =flx) (d) fi-x) = [fo]

Which of the following is an odd function?

(a) sinx (b) e +e* (c) ™ d) 7 -x*
Which of the following is an even function?

(a) sinx (b) e —e™" (c) xcosx (d) cosx

Foraneven function f{x) definedin theinterval —z < x < 7 and f(x +27) = f(x),
the Fourier series is
oo . oo -

(a) Z b, sin x (b) ay+ ) a, cos =X

n=1 n=1 l

o o an
(c) ay+ 2 a, cosnx (d) 2 b, smnl—)C
n=1 n=l1

For an odd function f{x) defined in the interval —zr < x <7 and fix + 27) = f(x),
the Fourier series is

=3

— nmwx
@ ) b,sinnx () ay+ Y a,cos——
n=1 n=1 !
(© ay+ Y, a,cosnx @ Y b, sinﬂlx
n=1 n=1
Half-range Fourier cosine series for f(x) defined in the interval (0, ) is
hd - nx
@ ay+ Y a,cosnx (b) a,+ Y a, cos—~
n=1 n=1
© Y a,cosnx @) a,+ Y, (a,cosnx+b,sinnx)
n=1 n=1
Half-range Fourier sine series for f{x) defined in the interval (0, 7) is
(a) 2 b, sinnx (b) 2 b, sinﬂlx
n=1 n=1
(b) ay+ 2 a, cosﬂlx (d) ay + 2 (a, cosnx + b, sin nx)
n=1 n=1
The Fourier series of an odd periodic function contains only
(a) odd harmonics (b) even harmonics

(c) cosine terms (d) sine terms

The trigonometric Fourier series of an even function does not have
(a) constant (b) cosine terms (c) sine terms (d) odd harmonic terms
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. -k —-rm<x<0 . . .
31. For the function f(x)= , the value of g, in the Fourier series

k O<x<rm
expansion will be

(a) k (b) 2k © 0 (d) -k
32. The value of q, in Fourier series expansion of f(x) = P, -l<x<lis
1 1
a) — b) 3 c) — d) 1
(a) 3 (b) (©) 2 (d)
Answers

1.b) 2. 3. 40 5@ 6.0b 7. 8
9.(@ 10.(b) 1l.(a) 12.(@ 13.(@) 14.(c) 15.(d) 16.(b)
17.(c) 18.(b) 19.(a) 20.(a) 21.(a) 22.(b) 23.(a) 24.(d)
25.(c) 26.(a) 27.(a) 28.(a) 29.(d) 30.(c) 31.(c) 32.(a)
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CHAPTER

Partial
Derivatives

Chapter Outline

8.1 Introduction
8.2 Functions of Two or More Variables
8.3 Limit and Continuity of Functions of Several Variables
8.4 Partial Derivatives
8.5 Higher-Order Partial Derivatives
8.6  Total Derivatives
8.7 Implicit Differentiation
8.8  Gradient and Directional Derivative
8.9 Tangent Plane and Normal Line
8.10 Local Extreme Values (Maximum and Minimum Values)
8.11 Extreme Values with Constrained Variables
8.12 Method of Lagrange Multipliers
8.1 INTRODUCTION

We often come across functions which depend on two or more variables. For example,
area of a triangle depends on its base and height, hence we can say that area is the
function of two variables, i.e., its base and height. u is called a function of two variables
x and y, if u has a definite value for every pair of x and y. It is written as u = f(x, y). The
variables x and y are independent variables while u is dependent variable. The set of
all the pairs (x, y) for which u is defined is called the domain of the function. Similarly,

we can define function of more than two variables.
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8.2 FUNCTIONS OF TWO OR MORE VARIABLES

The function f(x, y) is called a real-valued function of two or more variables if
there are two or more independent variables, e.g., total surface area of a rectangular
parallelepiped is 2(xy + yz + zx) which is a function of three variables.

8.3 LIMIT AND CONTINUITY OF FUNCTIONS OF
SEVERAL VARIABLES

8.3.1 Limits

If f (x, y) is a function of two variables x, y then
lim f(x,y)=1

(x, y)—>(a,b)

if and only if for any chosen number € > 0 however small, there exists a number 6 >0
such that

|f(x, »)—l|<e
x — a| < Sand|y —b| < &

for all values of (x, y) for which,

8.3.2 Test for Non-existence of a Limit

1. Evaluate limits

6 lim{lin}f(x, y)} and (ii) !jﬂ{vlmf'(x, y)}

x—a [ y—b

If both the limit values are equal, then  lim  f(x, y) exists.

(x, ¥)—(a.b)
2.Ifa=0, b =0, evaluate limit along different paths say y = mx or y = mx", etc.
If all limit values are equal, then  lim  f(x, y) exists.

(x,y)—=(a,b)

8.3.3 Theorems on Limit
If lLim f(x,y)=I and{ lim g(x,y)=m,

(x,y)—(a.b) x,y)—(a,b)
@) lim [f(x,»)+g(x,»)]= Ilim f(x,y)+ lim g(x,y)
(x,y)—=(a, b) (x, y)—=(a, b) (x, y)—=(a,b)
=l+m
(ii) lim [f(x,»)—g(x,»)]= Ilim f(x,y)— lim g(x,y)
(x,y)—=(a. b) (x, y)=(a,b) (x, y)—=(a,b)
=l-m
(iii) lim [f(x,y)-g(x,»]= lim f(x,y)- lim g(x,y)
(x, y)—=(a,b) (x,y)—=(a,b) (x,y)—=(a,b)
=Im

- = —, provided m # 0
lim g(x,y) m

(x,¥)—(a,b)

: lim  f(x,y)
(IV) lim ‘f(A’ 'V) e (x, ¥)—>(a, b)
(x, ¥)—=>(a, b) g(x, y)
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8.3.4 Continuity

Let f(x, y) be a function of x and y defined at (a, b) as well as in the neighbourhood of it.
The function f(x, y) is continuous at (a, b) if the following three conditions are satisfied:
(1) f(a, b) exists, i.e., f(x, y) is defined at (a, b).

(i) lim  f(x, y) exists.

(x,y)—(a.b)

(i) lim  f(x,v)= f(a,b).

(x,y)—(a,b)

A function f(x, y) is continuous in a domain if it is continuous at each point of that
domain.

Note: If f(x, y) and g (x, y) are continuous at (a, b), then f'+g, f —g, fg, i (provided
g # 0) are continuous at (a, b). g

Example 1
9
. X=
Find lim —yz
(x,)>1,2)3x+ y
Solution ; 5
. x“+y 1“+2
lim == 5
(.\',A\')a(l.2)3x+y" 3(1)+2°
3
"7
Example 2
Find lim )
(x,¥)=(0,0) x + y
Solution
lim(lim x_y) =liml=1
=0\ y=0 x + ); x—0
lim( lim 2~ y) =lim(-1)=-1
y=0\ x50 x4+ )) y=0

Since both the limits are different, the limit does not exist.

Example 3

By considering different paths of approach, show that the function
4 2

. X =
f(x,y)= ﬁ has no limit as (x, y) — (0, 0). [Winter 2015]
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" . X =y° ;X ;
lim| lim — =lim—=liml=1
x=0{ y—=0 x* 4y =0 x* x50

Solution [ i 3 J 3

X4 _ "2 —)'2
lim| lim — > |= lim —=—|= lim(-1)= -1
y—=0{ x—=0 x™ 4+ y" y—0 y y—0

Since both the limits are different, f(x, y) has no limit as (x, y) — (0, 0).

Example 4

e dim
T4 (2 1)-(0.0) y2 — 52

Solution

lim(lim 7/\32 < ) =1lim0=0

=0\ y—0 y“ —-Xx° x—=0

lim(lim r .. J =1lim0=0

y=0\ x—0 y“ — X~ y—0

Putting y = mx and taking limit x — O,

x(mx) . m m

2 2 2 - 9
=0 (mx)" —x" =0m =1 m" -1

Since the last limit depends on m and m is not fixed, the limit does not exist.

Example 5
; X'y
Find lm —/——.
(x,»)—(0,0) X +y
Solution 2,
lim(lim - )z]imOzO
x=0\ y=0 x +y' x—=0

lim(lim e ) =1im0 =0

y=0| =0 x7 4 y° y—0

Putting y = mx and taking limit x — O,

x*(mx) . mx
4 2 = 2 2 = O
=0 x" 4+ (mx)” 20X +m
Putting y = mx? and taking limit x — 0,
: X2 (mx?) : m m
lim— — = lim ~ = -
=0 x" +(mx™)" =014+m” 14+m”

Since the last limit depends on m and m is not fixed, the limit does not exist.
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Example 6
Show that f(x, y) = x> + 2y is continuous at (1, 2).

Solution
lim f(X\)— llm (P +2y)=1*+2(2)=5

(x, ¥)—(1,2)" yv)—=(1,2)
74, 2)=1 +2(2)=5
lim  f(x,v)=f(,2)

(x, 9)=(1,2)"

Hence, f(x, y) is continuous at (1, 2).

Example 7
Show that f(x,y)=2x"+y, (x,y)#(1,2)

=0, (x,»)=(1,2)
is discontinuous at (1, 2).
Solution

. 1)"_21 2)f(x, y)—( ‘I)lg"ll Qx> +y)=21*)+2=4

f(1,2)=0
lim f(x,y)= f(,2)

(x,y)—(1,2)

Hence, f(x, y) is discontinuous at (1, 2).

Example 8 e g

Discuss the continuity of f(x,y)= (x, »)#(0,0)
= (), ,1)=(0,0

at (0, 0). w52 =(0:0)

Solution

lim[limf(x, y)] = lim(lim Xj _y, )
x—=0 | y—=0 x=0\ y—=0 x~ +y"

n

X .
=lim—=liml=1
x=0 x~ x=0

llm[hmf(x y)]—hm[llm 2_}72J

-0\ x-0 x° 4 y
= hm(—y—J =lim(-1)=-
y—0 y y—0

Since both the limits are not equal, f(x, y) is discontinuous at (0, 0).
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Example 9
Determine the set of points at which the given function is continuous:
3x2y
- (y)#(0,0)
fOny) =1 x> +y?

0, (x, y)=(0,0) [Winter 2013]
Solution
x? y

X" +y

For (x, y) # (0, 0), the function f(x,y)=

> is a rational function and hence, it
is continuous.

For (x, y) = (0, 0), flx, y) =0

. 1 . . 3x%y
lim| lim f(x,y)|=lim| lim —
x—=0[ y—0 1 x>0 y=0 x° 4y~
=1lim0=0
x—0
- 1. e . 3x7%y
lim| lim f(x, y) |= lim| lim ———
y—=0Lx—=0 4 y-o0{ x=0 x° 4y~
=1lim0=0
y—0
Putting y = mx and taking limit x — O,
3x? (mx) . 3x°m . 3mx
lim————=lim———>—=lim ==0
20 x +m x” 0 x (I+m”) *>01+m”

Hence, the limit exists at (0, 0).
lim  f(x,y)= f(0,0)

(x,y)—(0,0)

Hence, f(x, y) is continuous at (0, 0).

Example 10 5
Show that f(x, y)=—2— (x, y) # (0, 0)
X +y°
=0, (x, ¥)=(0,0)

is continuous at every point except at the origin. [Summer 2017]
Solution

llm[llm f(x, v)] = llm(llm 2% )

x=0] y— x—0 ‘4()\/ +V

=1lim0=0

x—0
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ity = i 72
=1lim0=0
y—0
Putting y = mx and taking limit x — O,
fisii 12x(mx) i 2m _ 2m

=0 x4+ (mx)’ —01+m® 1+m’

Since the last limit depends on m and m is not fixed, the limit does not exist.
Hence, f(x) is discontinuous at the origin, i.e., (0, 0).

8.7

Let (x,y)=(a,b)#(0,0) be an arbitrary point in xy-plane, where a and b are real

numbers.
ny

lim f(x,y)= lim
(x,y)—(a,b) (x,y)=(a,b) \ +y

_ 2ab
a’+b’
2ab

. Bt
f(aa ) a2+b2

which is finite for real values of a and b.

lim  f(x,y)=f(a,b)

(x,y)>(a,b)’

This shows that f(x, y) is continuous at (a, D).
Hence, f(x, y) is continuous at every point except at the origin.

Example 11
2x_2y (x,y)#0
Show that f(x,y)=13 x> +y*
0 (x,y)=0
is not continuous at the origin. [Winter 2016]
Solution

2
hm[hm f(x, y)}— lim [hm gx yg]

x—0[ y—0 x=0{ y=0 x7 + y°
=1im(0)=0

x—0

2
hn%)[hm f(x, y)}— lim (llm ?x i J

y—=0| x=0 x +y

= lim (0)=0

y—0
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Putting y = mx and taking limit x — 0O,

2x2(mx) s 2mx’

lim — 7= lm ———
=0 x° +(mx)” x=>0x"(1+m)
_ 2m
1+m’

Since the last limit depends on m and m is not fixed, the limit does not exist.
Hence, f(x) is discontinuous at the origin.

Example 12

Determine the continuity of the function

(x2+y2)sin[%j . (x,y)#(0,0)

flx,y)= x“+y
0, (x,y)=(0,0)
at origin. [Summer 2016]
Solution

lim [lim f(x, y)} =lim | lim (x> + yz)Sin[ 5 ! 3 ]:|
x—0| y—>0 x—0 | y—>0 X" +y

1
= lim | x? sin [—2)}
x—0 X

sin (1
. x?
=lim T
2
=1

1
li li i — i li 2+ 24 .
it 0=t iy s+ >(yﬂ

=lim| y“sin| —
y—0 y

= lim
y—0 L
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Putting y = mx and taking limit x — O,

1 1
. 2 2 25 o _ A
)lclg(l)(x +m~x )sm(ﬁ)—(l-%m )sm( 2)

X" +m°x 1+m

Since the last limit depends on m and m is not fixed, the limit does not exist. Hence,
f(x) is discontinuous at origin (0, 0).

Let (x, y) = (a, b) be an arbitrary point in xy-plane, where a and b are real numbers.

1
lim f(x,y)= lim (x*+)")sin| 5—
(x,y)—=(a,b) (x,y)—(a,b) x“+y

1
=(a2+b2)sin( )
a*+b*

ezl
f(a,b)=(a"+b")sin T

which is finite for real values of a and b.

lim f(x,y)= f(a,b)

(x,y)—>(a,b)
This shows that f(x, y) is continuous at (a, b).

Hence, f(x, y) is continuous at every point except at the origin.

Example 13
Show that f(x,y)=——2o,  (x,y)#(0,0)
X% +y?
=0, (x,y)=1(0,0)
is continuous at the origin. [Summer 2014]
Solution
For (x, y) # (0, 0), the function f(x,y)= e is a rational function and hence,

. . Xty
it is continuous.

For (x, y) = (0, 0), fix, y) =0

lim| lim f(x, y) =1im[1iij

. N " ) 2 2
x—0] y—0 x=0] y=0 ,x- +y°
=1lim0=0
x—0
e[ 1 . ’ xy
lim| lim f(x, y) |=lim| lim ———=
) ¢ ) ¢ 2 2
y—=0L x—0 1 y=0| x>0 /x'+_v"

=1lim0=0

y—0
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Putting y = mx and taking limit x — O,

x(mx) i mx? _ lim[ m ] s )

lim = lim
; ) ) : P " B
DOm0 1m0 NL+m?

The limit exists at the origin.
Hence, f(x, y) is continuous at the origin.

EXERCISE 8.1

1. Evaluate the following limits:

2
@ tm —2>Y Gy m YEA iy tm XY
xy-02 x4 +y* +5 xy)>=2) X2+ 2y (,¥)(0,0) X + 2y
—t 2
(v) lm e*v () lim XY
(x, y)—(0,1) (x,¥)-(0,0) X +y

Ans.:(i)% (ii) 0 (iii) does not exist

(iv) 0 (v) does not exist

=Y o . s
2. Show that for f(x,y)= Xy’ lxm[lylggf(x, y)] # lylgg[lxmg f(x, y)]

3. Check the continuity of the following functions:

() fx,y)=

at (0,0)
3x +5y

(i) F(x, y):xz’f’yz, (X, V) # (0, 0)

:0) (X’ y):(O, 0)
at origin.

2552

(i) f(x,y)=—2— at (0,0).
x*+y

Ans.: (i) Discontinuous (ii) Discontinuous
(iii) Discontinuous

8.4 PARTIAL DERIVATIVES

A partial derivative of a function of several variables is the ordinary derivative w.r.t.
one of the variables, when all the remaining variables are kept constant. Consider a
function u = f(x, y). Here, u is the dependent variable and x and y are independent
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variables. The partial derivative of u = f(x, y) w.r.t. x is the ordinary derivative of u

. . ou 9 : .
w.r.t. x, keeping y constant. It is denoted by ™ or Bl or u, or f, and is known as
X X

first-order partial derivative of u w.r.t. x.

du [f(x +Ax, y) - f(x, y)}

— = lim
ox A0 Ax

Similarly, the partial derivative of u = f(x, y) w.r.t. y is the ordinary derivative of u w.r.t.

: ; du of ,
y treating x as constant. It is denoted by > or al or u, or f, and is known as first-
y 44 o
order partial derivative of u w.r.t. y.

du [f(x, y+Ay) - f(x, y)}

— = lim
dy A0 Ay

8.5 HIGHER-ORDER PARTIAL DERIVATIVES

Partial derivatives of higher order, of a function u = f(x, y), are obtained by partial dif-
ferentiation of first-order partial derivative. Thus, if # = f(x, y) then

%u_a ()
ox®  ox\ox

o’u _9 a_u)
dyox dy\ox
azu_i du
o’ ayloy
o’u _ 9 (ou
oxdy ox\dy

are called second-order partial derivatives. Similarly, other higher-order derivatives
can also be obtained.

Mixed Derivative Theorem

8211 azu
If u = f(x, y) possesses continuous second-order partial derivatives =———=— and ——=—
u=fxyp e 0x dy dy ox
h 9*u o’u This is al e .
k - - This is also ¢z tat .
N oray apor - C PHOGHER CmEiaEPRIpery

Note: Standard rules for derivatives of sum, difference, product and quotient are also
applicable for partial derivatives.
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Example 1
If fix, y) = X’y + xy* then find f(1, 2) and f,(1, 2) by definition.
[Summer 2017]
Solution
Jx, y) = ¥y + xy?
£e2 im {f(x+ Ax, y) = f(x, y)}
ox Ax—0 Ax
i G+ A%y + A0y - Xy —
Ax—0 Ax
~ lim x2y +2xAxy + (Ax)zy + )cy2 +Axy2 - xzy - xy2
 Ar—0 Ax
2 2
~ lim 2x Axy + (Ax)"y +Axy
Ax—0 Ax
= lim 2xy+y*)+Axy
Ax—0
fo= g—f =2xy+y?
X

£,2)=202)+ (2 =4 +4=8
o _ o | SOy +Ay) -~ fxy)

h= g  AY—0 Ay
i O+ A +x(+ A ] -y -y
T Ay—0 Ay
= lim X’y + Ay + xy” + 2xpAy + x(Ay): — X0y — xy”
h Ay—0 Ay
g 2004+ (Ay) + x(Ay)°
T A0 Ay
= lim (xy+ x%)+ x(Ay)
Ay —0
of 2
=—=2xy+x
1 P

£(L,2)=2()2Q)+(1)*=4+1=5
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Example 2

If u=(1 —2xy+y2)_ then show that xa—u—y 0 =u'y’,
ox ay

Solution

u=(1- 2ch~|~y2)7E

Differentiating u partially w.r.t. x and y,

%——l(l—2r}+ 2)’%(—2 )
o B xXy+y )
ou 1 -
—=—0-2xp+y") 2(2x+2y
% 2( y+y7) *( »)
Hence, A%—v%—(l—2n+y) 2(xy—xy+ %)
dx  dy

Bt
=|:(1—2xy+y2) 2] ¥

3.2
=uy

Example 3
If u = log (tan x + tan y + tan z) then show that

sin2xa—u+sin2ya—u+ sin2z%: 2.
ox ay iz

Solution
u =log (tan x + tan y + tan z)
Differentiating u partially w.r.t. x, y and z,

Jdu 1 5
—= -sec’x
Jx tanx+tany+tanz

Ju 1 .
i -sec’y
dy tanx+tany+tanz

ou 1 )
—= -sec’ z

0z tanx+tany+tanz
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Hence,
.. Ou . _du . _ 0
sm2xi+sm2yl+sm221
ox dy Z
_ 2sinxcosxsec’ x+2sin ycos ysec’ y+2sinzcoszsec’ z
tanx+tan y+tanz
_ 2(tan x +tan y + tan z)
tanx+tan y+tanz
=2
Example 4
e ou Jdu du
If u=————, show that —+—+—="2u. [Summer 2017]
e +e' +eé x dy Oz
Solution
et
U=———
e +e' +eé

Differentiating u partially w.r.t. x,

au ex+.\-+: e.r+.\"+: .
—— -

ox e +e'+e (e +e+e)

X+y+z X

e

=l (D)
e +e +e e +e +e
o au e.\'+_v+: e’
Similarly, —=——|l-——— ...(2)
dy e +e'+eé e +e' +¢é
all B e.\'+_"+: 1 e:
e ¥ z T y z b (3)
Jdz e +e'+e e*+e’ +e

Adding Eqgs (1), (2) and (3),

Ju N Ju N du e (3 e +e’ +e )

ox dy 0z e'+e'+¢ e +e' +e
X+y+z
s
S
e +e’ +eé

=2u
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Example 5
2 2. 2
Ifu=x Ty , show that a_u_a_u =4 l_a_u_a_u
Xy ox 9y ox dy
Solution
_x2+y2
T x+y

u(x+y)=x>+y’
Differentiating Eq. (1) partially w.r.t. x,
u +(x+y)% =2x
dx

du 2x-u
dx x+y

Differentiating Eq. (1) partially w.r.t. y,

u +(x+y)? =2y

))
8_u 2y-u
dy  x+y
(au au] (Zv—u 2y—u)2
LHS = | ——— -
xX+y x+y
_[26-7T
(x+y)

RHS = 4(1—%—%%4(1—2)“”—2y“”)
) xX+y x+y

4(1_2x—Lt+2y—u)
xX+y

_Ax+y)  2u ]
(x+y) (x+y)

= 1—2+2{x_+y;}

| (x+y)

[ —(x+y)* +2x% +25°
(x+y)’

=4

_ 4(x2 +y2 —2xy)
(x+y)

(D

o)
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29|
=l ...(3
[ (x+y)] ©
From Eqgs (1) and (2),
[a_u_%]g 1)_3_)
ox dy ox 9y
Example 6 ( ]
1 i X
Find the value of n for which u=kt *e """ satisfies the equation
ot ox*’
Solution

S RS
u=kt 2e ["‘”]
Differentiating u partially w.r.t. 7,

a“——lkz_%e_[’;:’i’]+kt_%e_(":;')( ; )

a2 na’t*

1.4 X
===t utu—
2 nat”

& 1
=u|l—5-—— (1
(na‘t“ 21) W

Differentiating u partially w.r.t. x,

du ktAlze_[%](— 2% ]

ox na’t

Jdu
Differentiating T partially w.r.t. x,

](2)

2
X
na-t

&z_kz 12 2x-e[ﬁ](— 2% )+e[

2
na’t
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20U 4x* 2

¢ ox> “(nzaztz nl) )

From Eqgs (1) and (2),
n=4
Example 7
Find the value of n for which v = Ae * sin(nt — gx) satisfies the partial
. . I (R

differential equation — = — where g, A are constants.

Jt  ox

Solution
v = Ae * sin(nt — gx)
Differentiating v partially w.r.t. 7,

v

— = Ae *'[cos(nt — gx)]-n
o [cos(nt — gx)]

Differentiating v partially w.r.t. x,

? =—Age * sin(nt — gx)+[Ae * cos(nt — gx)](—g)
X

= —Age *[sin(nt — gx) + cos(nt — gx)]

v
Differentiating E™ partially w.r.t. x,
X

9 s
3 v = Ag’e [sin(nt — gx) + cos(nt — gx)]
"

— Age '[—gcos(nt — gx) + g sin(nt — gx)]
= Ag’e™® -2cos(nt — gx)
dv 9%
dt  ox’

n-A-e ¥ cos(nt — gx) = 24Ag e cos(nt — gx)

Also,

Sin=2g*
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Example 8

If u= e" , find Jd'u
dy ox

Solution

y
X

u=e

Differentiating u partially w.r.t. x,

ou 9
. ¢ ox ol
=ex‘ .yxy—l

Differentiating ? partially w.r.t. y,
X

a (all) x i(x.\‘)_yx,r—l +e,\" x,r—l +e.\" yi(xr—l)
dy dy

dy \ ox
aﬁu x¥ _y y—1 x’ _y-1 X y—1
3 axze x"logx-yx"" 4+e" X' +e" yx’ logx
)
=e" X' (yx” logx+1+ ylogx)
Example 9
0’z

If 22 —zx—y=0, find 1
ox dy
Solution
2 —zx—y=0
Differentiating Eq. (1) partially w.r.t. y,
,0z 0z

3z ——x—-1=10
dy  dy
Jdz 1
dy 3z2%-x
Differentiating Eq. (1) partially w.r.t. x,
, 0z z
3zt —=x——z:=0
ox X

(1)
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Differentiating g_z partially w.r.t. x,
)y

_ 3z +x

- 322 -x)
Example 10
If u=tan™ s Ju ]

- | show that o = 3
\¢l+x“+y“ y (1+x2+y2)2

Solution

u=tan" —\j:—
JI+x° +y2

Differentiating u partially w.r.t. y,

du _ 1 J Xy
ox 1+ X'yt ox JI+x7+y?

1+ x> +)°
\/l+x2+y2y—xy-;2x
1+x° +y° 2m

_1+x2+y2+x2y2 1+ x% +y°

_ 1+ x> +y? (1+x*+y* =x")y
1+x* +y*(1+x7) (I+x* +y )1+ x> +)°
(1+y")y

A+ x3)(A+ Y )yl + x> +y?
Y

(1+x2)\/1+x2 +y°
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Differentiating g" partially w.r.t. y,
X
ou _ d v
axdy | (+x)1+x7 +)7
= l i y
I+x* oy \/l+x3 +y°
JI+x2+3y* () - y
_ 4 - +)
T 1+x 1+ x% + y?
1 1+ 22 +y? —y?
1+%" (422 + y* Wfl+x> 4y
B 1
a 2
1+ x% +y*)2
Example 11
a%
Ifu = e%, show that ————— = (1+3xyz + x*y°z%)e™”.
dxdy oz
Solution
u=ev:
Differentiating u partially w.r.t. z,
a_l/l —_ N X
0z ¥

Differentiating ? partially w.r.t. y,
z

a (all ) azu X xyz g x?. iz Xz
= Xxe” e
oy 2 !

5

dy 0z

Differentiating partially w.r.t. x,

a azu xyz xyz xyz 2_2_2 xyz
— = e +xyze™ +2xyze” +x"y°z"e"
dx\ dyoz

o’u
0xdy 0z

=(1+3xpz+x7y’z%)e™”
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Example 12
3
If u = e*%, show that Ju = (34 27xyz+27x2y* 7)<,
0x0dyoz
[Summer 2014]
Solution
u= e3xyz

Differentiating u partially w.r.t. z,

au 3

~Z_3 xyz

0z e

Differentiating g_u partially w.r.t. y,
Z
0%u
dydz

= 3>)c(e3xyVZ +ye? -3xz)

— e3xyz

(3x+9x2 yzZ)

. B .
Differentiating e partially w.r.t. x,
dyoz

3
_Ju = ™ (3+18xy2) + Bx +9x%y2)e*™ 3yz
0x0ydz

= ™ (3+18xyz+9xyz +27x%y*Z?)

= 37 (34 27xyz+27x%y%2%)

Example 13

If u=log(x* + y*), verify that aax_gv = aay_ab;

Solution

u=log(x’ +y%)
Differentiating u partially w.r.t. x,
ou 1 b 1Z_vc

ox x4y’ x+y?

Differentiating u partially w.r.t. y,

du

I 2
S @)=
ady x*+y° %

X P
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. .. 0 .
Differentiating —éﬂ partially w.r.t. y,
X

d’u 1 4xy
=2x| - ————2y=—————— !
dy ox r|: (x* +y2)2:| ¥ x*+y°) M

9
Differentiating a—u partially w.r.t. x,
Y

d 4 —2\;[ 1 ]2x=—iv— o)

oxdy e (x> +y°) (x*? +'yz)z

From Egs (1) and (2),

a du _ du

oxdy dyox
Example 14
2 d’u d’u

Ifu=xy+e” , prove that —— = ——.
Fu=xy+e”,p xdy  dyox

Solution
u=x’ y+ e
Differentiating u partially w.r.t. y,
Ju

—=x"+e¥ 2xy

dy

dJ
Differentiating a—u partially w.r.t. x,
A2

[¥]

d (du 3 2 e
—| —|=3x"+2ye” +2xye" -
ox ( ay ] ’ S 4

d’u
0xdy
Differentiating u partially w.r.t. x,

o _
o

. ... 0 .
Differentiating B—u partially w.r.t. y,
X

=3x7 -l-2ye"1"2 (1 +xy2) ..(1)

"

3x’y+e” -y

8 au ) 3 5 gt
—| — |=3x"+2ye” +ye” 2xy
dy ( ox ) . Y i
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2
ai gx =3x" + 2ye":": (1+xy%) (2)
From Egs (1) and (2),
du _ du
dyox Oxdy
Example 15
7. . 0%z 0’z .
If z = x + y*, prove that == ) [Winter 2013]
dxdy dyox
Solution
Z=x+y*
Differentiating z partially w.r.t. x,
% _ 1+y'logy
ox o
Differentiating z partially w.r.t. y,
0z o x—1

Differentiating % partially w.r.t. y,
X

2
8’1 X 1 x—1
=y -—+logy-xy
dy dx y

X

=y +xlogy(y* ™)

=y~ 11+ xlogy) (D)

Differentiating % partially w.r.t. x,
y

9’z =y 11+ x5 ogy
oxdy ’ o
=y"'(1+xlogy) (2
From Eqgs (1) and (2),
9z 0z
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Example 16
2 2
If z = X + y*, prove that d'z = J'z .
oxdy dyox
Solution
z=x"+y"

7= elog.v' s elog_r‘

ylogx

xlogy

+e

Differentiating z partially w.r.t. y,
dz
dy

'/

xlog y i

=e"™ .logx+e

. ) .
Differentiating a—z partially w.r.t. x,
)y

d( 0z toax YV CH (TSI R %
Rl a_ :e'\ log x .,_logx_i_e'\lngx._+e,\lna‘| ._+e\]0¢.\ lOgy‘—
Y,

ox E X v y
af‘_ - vlogx xlogy
= (ylogx+1)+ (1+xlog y) ...(1)
ox dy x
Differentiating z partially w.r.t. x,
% — e,\‘lug,\' .Z_’_e.\'log)’ ]Ogy
ox ¢

Differentiating g_z partially w.r.t. y,
b

a (az ) — l(e_\'log.r 5 e_\'log.\‘y log .’C) +e.\‘lugy ﬁ]ogy_'_ e.\']og_r . l
¥ y

oylax) x
a2Z vlogx xlog y
= (1+ ylogx)+ (xlogy+1) ...(2)

dy ox X
From Eqgs (1) and (2),

’z 9z

dyodx Oxdy
Example 17

3 2 2
JdJu _ Jdu

If u=Gxy—y>)—(y* =2x)?, show that e
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Solution

3
u=G3xy=y")=(y* - 2x)>
Differentiating u partially w.r.t. y,

Ju '

2 3 2 5
=3x-3y" -2 ()" -2x)2 (2
5 x=3y 2(y x)*(2y)

Differentiating ? partially w.r.t. x,
Y,

d [ du 39 5 =
T =32 5225 22
BX(OV) 2()/ k) S

3 3
Ju =3+ 24

= (D)
dx dy V' —2x

Differentiating u partially w.r.t. x,

all 3 B l
— =3y—2(p* =2x)2(=2
. 3y 2(y x)2(=2)

(SR

=3y+3(y2 —2x)

dJ
Differentiating a—u partially w.r.t. y,
X

d (du : -1
—| = |=3+=(*-2x) 22y
ay(ax) +2(y x) 2(2y)

d’u 3y
=3+ ..(2)
o o2
From Eqgs (1) and (2),
du  du
oxdy dyox
Example 18

oxdy dyox x4y

z=x"tan™ (X] -y’ tan™ (i)
% y

2 2 2 5
If z=x"tan™' (Z)—y2 tan”™' (i), prove that Jd’z dz _x -y
x ¥y

Solution
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Differentiating z partially w.r.t. y,

Jz , 1 1 , 1 X A x
—=x — |- —— |—2ytan
dy y_z(x) Y x_z( yz) g

3 2
= zx ~+ zxy 2—2ytan'(£)
X +y Yy +x y

=x—-2ytan” (fJ
y

Differentiating g_z partially w.r.t. x,
J)

()4, 1 (1
ox\ dy x\y

1+—
’z B 2y Y 4xP -2y
0x dy Y +x? y+x?
_xz_yz
x*+y°

Differentiating z partially w.r.t. x,

1
3—Z=2xtan_1 X)+x2- 2(—
y L
x
2
afy Xy Y
=2xtan™ —)——2 Si——t—
x) X*+y" X+y
=2xtan” Z)—y
x

Differentiating g_z partially w.r.t. y,
X

0 ( oz 1 1
Lol [ WG, W | M
ay(ax) xl y’ (A)

xZ
2z 22X
8yax_r2+y‘_
_2x -x*-y
T x4y
_xz_yz

...(2)
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From Eqgs (1) and (2),
’z 9z x*—y
oxdy dyox x'+)°

Example 19

If u = log (x> + y* + %), prove that x dou _ Oou _ Ou

=y =z .
dy 0z dzox  dxdy

Solution
u=1log (x*+y*+7°
Differentiating u partially w.r.t. y,
Jdu 1

__—72;
dy x*+y'+7° ?

Differentiating ? partially w.r.t. z,
v

i =—%‘22
dz\ dy (x"+y +z)

d’u 4xyz

X - P B 252
dzdy  (x"+y +z°)

’u 4xyz
or X =—— o .1
dy 0z (x v +27)

Differentiating u partially w.r.t. x,
Jdu 1

. ° o
ox x+y +z

Differentiating ? partially w.r.t. z,
X

s m
0z \ dx (X +y* +2%)

o’u 4xyz
y ey 2 2\2 -.(2)
Jz ox (x*+y +z%)

Differentiating ? partially w.r.t. y,
X

d (au) 2x

o a1

dy \ dx (x*+y*+z7)
. du B 4xyz

ox dy (P +y +2%)

From Eqgs (1), (2) and (3),

..3)

o’u o’u o’u

xayaz_yazax_zaxay
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Example 20

Py

If z=tan(y+ax)+(y— ax)é, find the value of 3
2%
Solution

3
z=tan(y+ax)+(y —ax)?

Differentiating z partially w.r.t. x,
1

>

% = asec’(y+ax) —%a(y —ax)?

. ... d .
Differentiating 8_2 partially w.r.t. x,
X

d’z
ox’
Differentiating z partially w.r.t. y,

1
2

0z 5 3
— =sec’(y+ax)+=(y—ax)?
3 6! ) 2(. )

Differentiating g_z partially w.r.t. y,
A

9

-~ =

From Eqgs (1) and (2),

2 2 3 . ]
— =2a" sec” (y+ax)tan(y+ax) + Za‘(y —ax) ?

) 3 -
% 2sec‘(y+ax)tan(y+ax)+Z(y—ax) .

dy

, 0%z

2, N
;> —a

P

(D

...(2)

aZZ 2 alz
2 —a N
ox’ ay°
Example 21 j >
If a* X* + b* y* = ¢ 72, evaluate La f+L’8 Z;
a® ox* b dy’

Solution
PR+ y =372
Differentiating partially w.r.t. x,

2a°x = 2(,‘22'%
ox

Jz a’x

ox ¢’z
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. .. Oz i
Differentiating > partially w.r.t. x,
x s 2
- 1(1 x 3_2)
o> c*\z 2% ox
G l_f_azr
c’z z ¢’z
’z 1 l_azf
a* ox’ ¢’z c’z?
Similarly, 1ie Llpdr
b* dy* ¢’z ¢z
Hence, 1o 108 Llpgr ity
a®ox* b°oy’ c’z ¢z’
= 2_{{)
c’z c’z’
1
=rm=(2=1)
C:Z
oy
CZZ
Example 22
; log (2 4 ¥ , " 82u+2 d’u +82u 4
u=log(x’+y —xy—xy),provethat = 5 t+«5 - TS5 7=-—"7 -
If g (' +y' =Xy —xy), p Wl B iy

Solution
u=1log (x> +y* — xty — xy?)
=log [(x + y)(& —xy + y*) — xy(x + y)]
=log [(x + y)(X2 —xy + y* —xy)]
=log [(x + y)(x = y)*]
=log (x +y) + 2log (x — y)
Differentiating u partially w.r.t. x,
u_ 1,2
ox

¥y =Y

Differentiating ? partially w.r.t. x,
X

Pu___ 1o
o’ (x+y) (x-y)
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Differentiating u partially w.r.t. y,
du 1 2

-a;—x+y xX-y

Differentiating ? partially w.r.t. y,
.

P12
o (x+y)’ (x-y)

Differentiating ? partially w.r.t. x,
Y

du 1 L2
oxdy (x+y)? (x—y)
ou Pu  du 3 4

gt Fo—gSre——
ox*  dxdy dy (x+y)

Example 23
I 1 .X3 3 3 h(l i+i+i zu-——_#
[fu=1log (' +y* +7'=3xyz), prove that | = ¥y oz (x+y+z)°
Solution
9 9. 9) (9.9 9\ ou ou ou
—t—t— | u=| —F—F+— || =+ —+—
dx dy 0z dx dy dz)\dx dy oz
d 9 0
=l —+—+—|v
(ax dy 82)
Ju Ju Jdu
where vVe—+—+—
ox dy 0z

u=log(x’ +y’ +z' —3xyz)

Differentiating u partially w.r.t. x, y, and z,

du _ 3x* -3yz
ox xX+y +2-3xz
du _ 3y* —3xz

d X +y+2 -3z
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ou _ 3z =3xy

oz X +y 42 =3xyz
_Ou  Ju  du
Tox oy oz

_ 37+ y* +28)=3(xy+ yz + zx)

B ¥ +y +2 =3xyz

_ 3P+ Y+t —xy—yz—zx) (x+y+2)
- X +y +2 =3xyz .(x+y+z)

_ 3(x*+y' +2° =3xyz2)
()c3 + y3 +2° - 3xyz)(x+y+2z)

3
(a d a)z _(a d a)( 3 )
Hence, —t—+— U= —+—+—
ox dy 0z ox dy Iz N\ x+y+z
_ 3 3 3
ﬁ_(x+y+z)2—(x+y+z)2—(x+y+z)z
_ 9
—‘(x+y+z)2
Example 24

Ifu=3(ax + by + cz)* - (x> + y* + 22) and @* + b* + ¢* = 1, show that
du u Ju
—,+“—7+'—2=0.
ox* dy° oz

Solution
u=3(ax+by+czy— (X +y*+2)

Differentiating u partially w.r.t. x,

a_u =6(ax+by+cz)a—2x
ox

a
Differentiating a—u partially w.r.t. x,
X

o'u
a7=6a~a—2

=6a*-2
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Differentiating u partially w.r.t. y,

% =6(ax+by+cz)b-2y
dy

Differentiating ? partially w.r.t. y,
A

o’u
a9y’

=6b-b-2

=6b> -2
Differentiating u partially w.r.t. z,

i =6(ax+by+cz)c—-2z
oz

. ... 0 .
Differentiating a—u partially w.r.t. z,
V4

a-l,l =6c-c-2
i
=6c’ -2
Hence, a;l:+a;¥+a;?=6(az+bz+cz)_6
ox” dy- dz°
=6(1)-6 [va’+b*+c’=1]
=0
Example 25
1 2 2 )
Ifu:—77,ﬁndthevalue0fa L”+a i‘+~a_i‘
N = e
Solution
1
u= ﬁ
Differentiating u partially w.r.t. x,
Ju 1
5 == 3° 2%

2(x* + y* +2%)?

X

()c2 + y2 +z? )5
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o) .
Differentiating 8_u partially w.r.t. x,
X

o'u 3 1 3x-2x

a 2— 2 2 '7i 2 2 '7é
N (x“+y"+z°)* 2(x"+y +2z°)?

1 2 2 2 2
S (X" +y +27—=3x7)

(x? +y2 +z° )E
(=2x* +y* +2%)

5

(x* +y2 + zz)E

2 2 _9y2 452
Similarly, u_ e iy )

A
? (x"+y +z7)?
a?_u (x2+))2_222)
and —=——
dz" § o s B
(x*+y* +2z°)?
2 2 2 L2 5 ’ 227 _0p
Hence, g_i‘+§12’+%:_( 2x"+2y"+2z"+2x 52y z%)
X ay z (x2+yz+zz)5
=0
Example 26

2
Ifu:ztan"(i),ﬁndthevalue fa“ 8_u+8

dy* 0z
u=ztan" (i]
y

Differentiating u partially w.r.t. x,

Solution

wu_, 11
ox H_x‘7 y
=
__2
R

a .
Differentiating a—" partially w.r.t. x,
X

lu _yz2x
ox’ (x> +y*)?
2xyz

(XZ +y2)2
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Differentiating u partially w.r.t. y,

}I
_ XZ
y:+x
. .. du .
Differentiating 3 partially w.r.t. y,
y

()z_u %zl
Wy

. 2xyz
(xl +y2)2

Differentiating u partially w.r.t. z,

Ju o (x)
—=tan"'| =
0z ¥

Differentiating ? partially w.r.t. z,
4
lu
oz°

du du du 2xyz

0

2xyz

Hence, + + =

x> 9y’ P (F*+y*) (P 4y

=0

Example 27

1

va:(1—2xy+y2)_5, find the value of ai[(l—xz)?:l+—(
X 03

Solution 1
y= (1—2)cy-t-yz)_E

Differentiating v partially w.r.t. x,

av 1 2 _z
o 1_2 ~ 2 _2
™ 2( xy+y°) 2(-2y)

3

(=) = y1- )= 21p4 1)
ox

0
ox

3

- 3
= y|:(—2x)(l —2xy+y°) ? —5(1

_[(l_xz)?] - yi[(l_xz)(l—2xy+y?)‘§]
X ox

o ,0v

y\”

—x*)(1-2xp+y° )'5(—2y)]

J



8.5 Higher-Order Partial Derivatives

5
= y(1-2xp+y°) 2[2x(1-2xy + ¥ ) +3p(1—x7)]

J(1=2xp+ 1) I (2x+ 422y — 229" +3y —3x%y)

= (1 —2xy+yz)_3 (=2x+x"y—=2xy* +3y)

Differentiating v partially w.r.t. y,

@——i(l—h + ?2)_%(—2x+2 )
T y
2 av 2 7 _%
y‘a—=—y‘(—X+y)(l—2xy+y') :
y

2 3
22 )yt =20y 432 T = (= 2a )
ay\" oy

8.35

(D)

2 )
+ % (=x+y)(1-2xy+ yz) 2(=2x+2y)

= y(1=2xy+ %) 2[2(x - y)(1 =239+ ") = y(1= 229+ ) + 3p(—x + )]

5

= y(l—2xy+yz)75(2x—4x2y+2xy2 —2y+4xy* -2y’ -y
+2xy° =y +3x +3)° —6x17)

5

= y(l—2xy+}72)73(2){—xzy+2xy2 -3y) ...(2)
Adding Eqgs (1) and (2),
o) , ov| 9 ,dv
2la-HZ [+ 2]y Z |=0.
ax[( ‘)a.x]+a)»[y ay)
Example 28
u 1ou 1 u ~0

If u = (ar" + br™)(cos n6 + sin n0), show that 57 -

Solution
u = (ar" + br")(cos n@ + sin n0)

Differentiating u partially w.r.t. r,

Ju g ey
> = (nar"™" —bnr™""!
"

)(cos nB + sin n6)

. ... d .
Differentiating a—u partially w.r.t. r,
#

_.+_...__
ror 1o’



8.36  Chapter 8 Partial Derivatives

”

—L; = nfa(n—1)r""* +b(n+1)r""*](cos nf +sin nd)

or
Differentiating u partially w.r.t. 6,
au n -n *
£= (ar" +br™")(—nsin n@+ ncos nb)

Differentiating % partially w.r.t. 6,

ou
06’

= (ar" +br™")(—n* cos nf — n’ sin n@)

=—n’(ar" +br ")(cos nf+ sin n@)
’u 1 du iﬁ

Fyel + —5 + a9 = nla(n—=1)r"" +b(n+1)r""*](cos n +sin n6)

o

<9 —n=2 . n n -n o
+n(ar" " —br " ")(cosn@+sin n@) — —-(ar" +br")(cos n@+sin nb)
2

= (cos n@ +sin n@)r"*(an® —an+bn® +bn+an—bn—an® —bn*)
=0

Example 29 i ,
) orY |[or
If x=rcosB, y=rsin0, show that (a—) +( ) =1

X dy
Solution
x=rcosf, y=rsinf
X+t = (D)
Differentiating Eq. (1) partially w.r.t. x,
or
2x=2r—
ox
or 2
ox -
Differentiating Eq. (1) partially w.r.t. y,
2y'=2r 8_1
ay
Be ok
ay 1

oY (or) ** ¥ F+yr P
|+ 5| =FtF=—F=7=1
Hence, ( ox ) ( ay J A r r
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Example 30
If x=cosO—rsin6, y=sinf+rcos6, show that
A S R L
ax r ox r
Solution
@) x=cosO—rsinf (D
y=sin@+rcosf ...(2)
x* = cos’ @ —2rcos@sinO+r’ sin” @
y* =sin” @+ 2rsinOcos O+’ cos” O
+y=1+r ...(3)
Differentiating Eq. (3) partially w.r.t. x,
2x = Zr%
oF
ox -
(i1) Multiplying Eq. (1) by cos 8 and Eq. (2) by sin 6,
xcos 6 = cos’ 0 —rsinBHcos O Y
ysin@ =sin® @+ rcosfsin O ...(5)
Adding Eqgs (4) and (5),
xcosO+ ysinf =1
xcot@+ y = cosec 6 ...(6)

Differentiating Eq. (6) partially w.r.t. x,

cot@—x cosecleﬁ =—cotf cosec@a—e
ox ox

cot@+cot cosec@a—e =5 coseczf)a—e
ox ox

=(cosB —rsin 9)cosec29 8—9
ox

=cosO coseczeg—e— —rsin@ coseczeg—e—

X

=cot 8 cosecf 8_9 —r cosecOd —
ox ox

cot@ = —rcosec 98_9
ox

X
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_8_9__ cotO __cosG
ox  rcosec r
Example 31
1
Show that % = l a_y and a_y = __a_x and hence, show that

Jdr rado or r 00
Px 1o 10
o’ ror r’ o6’

Solution

=0jfx = e 9cos (rsin 0) andy = e ?sin (rsin 0).

x=e"%cos (rsin 0)
Differentiating x partially w.r.t. r,

a'x = g ru)se

5 -cos Bcos(rsin B) + e “*°[—sin(rsin B)]sin O
r
= ¢"“*’[cos B cos(rsin B) —sin Bsin(rsin 6)]
=¢" % cos(8+rsin ) ..(D
Now, y =€’ sin(rsin )

Differentiating y partially w.r.t. r,

d . ;s 3
a—y = "% cos Osin(rsin 0) + e cos(rsin B)sin O
i
="’ sin(rsin 6+ 6) ...(2)
Differentiating x partially w.r.t. 6,
ax rcos@ 3 s rcos6 : .
Y =" (—=rsin @) cos(rsin B)+ e “*"[—sin(rsin 8)]- (r cos O)

= —re"**’ sin(6 + rsin 6) ..(3)

Differentiating y partially w.r.t. 6,

av r cos @

89 (=rsin @) sin(rsin 0) + "’ cos(rsin ) - r cos O
=re" "’ cos(6+ rsin ) (4

From Eqgs (1) and (4),

ox 1ay

— == ...(5

or  rado ©)
From Eqgs (2) and (3),

o __lox

or rd0

ox E)y

6 or ()
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Differentiating Eq. (5) partially w.r.t. r,
’x d(1dy
87 or (r rae)
_-1 da 1 9’y

+
r> 00 7 Jrdd
Differentiating Eq. (6) partially w.r.t. 6,

ﬂ_ 8( 81/)
00> 90\  or

%y

—r a:'v
d0rof
82x lax 19°x —-1dy 10y 1ady 19y

37 ror 12080 00 rorod 100 rorod
=0

8.39

Example 32

=t 1 0 ,00) 06
IfO=t"e* th d that — ==
[f e en find n so tha - ar( arJ ey

[Winter 2016; Summer 2016]

Solution

O=1e™

Differentiating 0 partially w.r.t. ¢,
96 =nt"ed +1'eH r‘7
ot 4t

=l G G
=e% | nt"" +—r}"?
4

Differentiating 0 partially w.r.t. r,

0 4"2(—21‘)
—=te* | —
or 4¢
8( 289) 0 t"' 3 "4',
—|rr—|==|-—17r
or or or 2
n—l1 i i I, T
= —t—l3rze R (i):|
2 4¢
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Li("l a_g) . e%f _Et”’] +ituv2
r or or 2 4

Given 2 i(’,z @) =28
rPor\ or) ot
841( —t"-l 4 B tn—l - e,;,(ntn—l +_r2t11—2)

tn-—l i n,n—]

3

n=——

2

Example 33

Find the value of n so that v = r" (3 cos® 6 — 1) satisfies the equation

i(rz i)+ l i(sinOi)—O
ar dr) sin@ 00 20)
Solution

v=r"(3cos?6-1)
Differentiating v partially w.r.t. r,

% =nr""'(3cos* 1)

I

a 2 a_V s 3 N+l 2n_

ar(l ar) =3, [nr" (3cos” 6—1)]
=n(n+1)r"(3cos’ 0-1)

Differentiating v partially w.r.t. 6,

Jdv

38 =r"-6cosO(—sin )

=-3r"sin26

i(sin Oﬂ) = i(—3r" sin 6 -sin 20)
00 06) 96

= —3r"(cosOsin 20+ 2sin O cos 26)
= —3r"[cos - 2sinOcos O+ 2sin O(2 cos’ 6 —1)]

20
=—6r"(3cos’ 1)

REEY
sin@ 00

sin 9—) =-3r"(2cos’ O+4cos’ 0—2)

(D
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- O (), 10 (Godv)_
Given a—’(l 8)~)+sin986(5m989)_0’
nn+1)r"(3cos>0-1)—-6r"(3cos?6-1)=0
nn+1)—6=0
n+n-6=0
(n+3)n-2)=0
n=-3,2
Example 34
Ifx"y 7 =c showthatatx =y = z,
: ﬂ_—(xlo ex)” (i a—zz_ e 0’z +aZZ_ 2(x*-2)
(1) 0x dy g (i) 55 yaxay TR —
Solution
@ x*yrzi=c

Taking logarithm on both the sides,
logx* +logy” +logz” =logc
xlogx+ ylogy+zlogz=logc ...(D

Differentiating Eq. (1) partially w.r.t. x,

1 1
x-—+logx+a—z-logz+z-—%=0 [cz=f(x )]
X ox z Ox
%__Hlogx
ox l+logz

. ... d .
Differentiating B_Z partially w.r.t. y,
X

3(2) o] L 12
oylox) £ (I+logz)* zox

d’z _ (I+logx) ( l+logx
dyox z(l+logz)*\ 1+logz

o’z (I+logx)’
oxdy  z(l+logz)’

Atx=y=z,
2’z B (1+1logx)*
dx dy x(1+log x)’
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1

_x(1+logx)
=—[x(loge+logx)]" [ loge=1]
=—(xlogex)™.
(ii) Differentiating g_z partially w.r.t. x,
X
’z _ 9 l+logx
ox> ox\ l+logz
_ (I+logx) l%_ 1
(I+logz)’ zox x(1+logz)
__ (+logx) (I+logx) 1
© z(l+logz)® (I+logz) x(1+logz)
Atx=y=z,
’z 2
ox’ x(1+log x)
Similarly, s ol 5 |
dy-  z(l+logz)’ y(l+logz)
Atx=y=z,
i’z B 2
o’ x(1+log x)
: 9’z 9’z 2 1 2
, = —2Xy +—=——=-2xy| - +| -
ox” dxdy dy° x(1+log x) x(1+1logx) x(1+1logx)
_ 2w-2)
B x(1+logx)
_2x*-2) S—
~ x(1+logx) E =y
Example 35
2 2 2
If = 2y + =1, prove that
a*+u b'+u c+u
(8u)2+ u ( ) au Jou, ou
— z— 1.
ox By 0z
Solution
U S (D)
a+u b +u c +u
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Differentiating Eq. (1) partially w.r.t. x,

2x X' du y' du_ 2 du_
a*+u (@*+u)’ ox (b +u)’ ox (¢’ +u) ox
du| ¥ ¥ 4 z 2
ox| (@ +u)> B> +u) (C+u)| o +u
L
ox P (a* +u)
Where p = 7x_ 2 + 7y_ 2 + 7Z_ 2
(a+u)” (b"+u) (¢ +u)
du _ 2x
ox (a’+u)p
Similarly, % = ’2y
dy (b"+u)p
a_u _ 2z
9z (*+u)p
(au )2 ou\ (au )2 4 % A z?
|l 5= | Fl 5= F—== 2 it ) 2
ox dy 0z pl(a +u) (b +u)” (" +u)
4
=—(p)
P
4
. 2
p
o B0, B0 B o LA
ox yay oz p\a+u b +u c+u
2
=—()
P
2
52 .3)
p

From Eqgs (2) and (3),
(au )2 ou Y ( ou )3 ou Ju  Ju
— | +| = +| =| =2| x—+y—+2z—
ox ay 0z ox “dy oz

Example 36

If z=e“"™ f(ax—by), prove that bg—z +a 92 =2ubz,

X  dy
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Solution
= e f(ax—by)
Differentiating z partially w.r.t. x,
0z - i v
™ = ae™"" f(ax—-by)+ae™” f’(ax —by)

—az+ aeu.\'+hy./‘/(ax _ by)

Differentiating z partially w.r.t. y,

9 _ be™” f(ax —by)—be™™ f’(ax—by)
dy
= bz —be™*” f’(ax—by)
aZ aZ ax+by 7 ax+by 7
Hence,ba—+aa— = abz+abe™"™ f’(ax —by)+ abz — abe™™™ f’(ax —by)
x Oy
=2abz
Example 37
du U
Ifu=¢(x+ky)+ y(x—ky), showthat — =k™ —.
ay ox

Solution

u=@x+ky)+ yx—ky)
Differentiating u partially w.r.t. x,

X k) 1y k) ]
X
. .. du )
Differentiating ™ partially w.r.t. x,
X
az
§f=¢"(x+ky)+w”(x—ky) (D)

Differentiating u partially w.r.t. y,

X G+ K+ Y (k) ()
Y

Differentiating ? partially w.r.t. y,
Y

gv“ = ¢"(x+kp)- k* + Y (x — ky)(=k)’

=k’[¢"(x+ky)+y"(x—ky)] (2)
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From Egs (1) and (2),
BZL: =k a_”
ay’ ox’

Example 38
o’u du  du

222 (2%,
ox’ axay+ay2

Ifu=xf(x+y)+yp(x +y), show that

Solution

u=xf(x +y) +yPx +y),
Differentiating u partially w.r.t. x,

% = f(x+y)+xf(x+ )+ yP(x+y)

Differentiating ? partially w.r.t. x,
X

”

grl; =fi(x+ )+ f'(x+y)+xf"(x+y)+yd"(x+ y)

=2 (x+y)+xf"(x+ )+ y¢"(x+y)
. .. du .
Differentiating > partially w.r.t. y,
X

’u
dx dy
Differentiating u partially w.r.t. y,

=f(x+ ) +xf"(x+ )+ yP"(x+y)+9'(x+y)

%= X (e )+ 00+ ¥)+ 39 (x+ )

Differentiating % partially w.r.t. y,
dy
azll x 1"
B (x4 )+ (x+y)+¢(x+y)+ y¢'(x+y)
=xf"(x+y)+2¢'(x+y) + y¢'(x +y)
d’u du  du
ox®  odxdy dy”

Hence,

=2 (x+ )+ "(x+ )+ y¢"(x+ ) =2/ (x+ ) = 2x/"(x + y)
=2y (x+y)=2¢'(x+ y) + xf"(x + y) + 2¢'(x + y) + y¢"'(x + y)
=0
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Example 39

If u= f(\/x2 +y° ), prove that
T St ) ().

ax’ 9y’ X’ +y

Solution
Let 1b(z-+-_y2=r
u=fr)
Differentiating u partially w.r.t. x,
Jdu
e —f( )
_Y or
COr ox
7 a 2 2
=110y 5+
1
= [1(r) ——2x
2yt +y°
Differentiating g_u partially w.r.t. x,
X
%:f”(r)ﬁ \/ X 53 \/f ( ) xf’(r)%-Zx
X -—
X +y X +y 202 +y%)2
=f"(r) 7x s s (r)1
\/x‘+y \/x + 3P \/x +y° +y2)§

X 9 P

M/
=f (r)x2+y2+ o 5
5 ) ) Dviay

VETY (a2 +y%)?

9’ 2 , o
Similarly, a;; =f"(r) Xz-‘+ =+ \/J: (r)’2 > (r)é
' Y (x% +y?)?2

Tu u_ . (x +V) 2f°(r) (P +y)f(r)

Hence, —t— S (g ) 3
- e “x2 ky (2 +y*)?
2/() )

\/x +y \/x +)

=f"(r)+
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8.47

_ f(r)
=f"nN+ m
——f"( x2+y2)+ f’( x2+i'—)
x° +y*
Example 40
3 & o’u , 0’u

~4+3 +2y°—=0.
ox” xyax ay 4 ay”

o)
})

Differentiating u partially w.r.t. x,

If u= f[x—), show that x°
Y

Solution

ox’

. ... 0 .
Differentiating E)_u partially w.r.t. y,
A

Pu 2% [ ) ol ) @[
Al el e VA Bl B B
ap°y y y y)oly
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Differentiating ? partially w.r.t. y,
X

ou 2% x*) 2x X
22}t
oxdy  y y) vy )

2 2 2 2 2 4 2 2 2

0 Ty T g 02X ’N(x_)ﬁl’ f'{l_]_&f’(x_J
y) y y

X

ox’ ox dy oy’ 7

=0
Example 41
d d
Ifu=e"” 4 , provethat x LIPS 2xyzu and ya—u +.2 a_u = 2xyzu
z ox 0z dy 0z
d’u o’u
and hence, show that x = ;
dzox 9z 0y

Solution

U= e.\'y: (ﬂ)
z

Differentiating u partially w.r.t. x, y and z,

% &y 6":‘:)/2'_[ ﬂ)_'_e.\:\‘: f/(ﬂ)
ox z

e (2 )rer| (2)|(2)
dy Z | z J\z
g _ eTxy- f 2) + e f’(ﬂ) (_v’?’)
0z > i 2 I\ 2

. ou  du

(1) xg *.Z a—z

=e¥xyz- /(%) + % e“"‘f/‘"(%)+ ¥ xyz /‘(%) - ﬂe"’-”f’(%)

=2xyze™ - f (ﬂ)
z
=2xyzu.

i) § o 2
2 oz

=e“:":xyz~f(x—y)+ﬂe‘"f’(xy)+e‘-":xyz-f(ﬂ)—ﬂe"“:f'(ﬁ)
z z Z zZ Z

z
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=2xyze™ [ (ﬂ)
z

=2xyzu

feol e ... du
(iii) Differentiating e W.ILL X,
Z

0z ox z z
A
z z z

A [xzyzz-f(ﬂ}xy-f(ﬂ)—x_f - f(ﬂ)—ﬂf("—y)]
0zox z z z % z z

. .. ou
Differentiating 8_ w.r.t.y,
iz

b

%u
dz dy

=e%xz- xy‘f(ﬂj +ex- f(—) +eP x| f
z

’ o’u g X2y22~f(ﬂ)+xy~f(ﬂ)—x-{- f”(ﬂ)—%"(ﬂ)
0z dy z z z z) z z

From Eqgs (1) and (2),
d’u B d’u

* 0z dx X dz dy

8.49

...(D

(2)

Example 42

2 2 2
Ifu=r",r=\x’+y*+z*, show that %+g—g+g—?=m(m+l)r""z.
x> dy’ oz

Solution
u=r"
Differentiating u partially w.r.t. x,
% = mr™! Q
ox ox

(1)
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But r=yx’+y* + 2

%)

P=xt+y 420
Differentiating r2 partially w.r.t. x,
or
2r—=2x
ox
ir_&
ox r

Substituting in Eq. (1), 3
u mrnkl i

ox r
= )
=mr” X

. ... 0 .
Differentiating a—u partially w.r.t. x,
X

L,l =m l:r'": +(m=2y""? a—’ x]
ox” ox

2

(o8]

: Y
= m[r"' 2y m-2)rm? —x]
=

=m[r"* +(m—2)r"*x*] ..(2)
Similarly, Y [ 4 (m =2 ] .3
y
U m-2 m-4_2
=m[r" 7 +(m=2)r""*z*] ...(4)
2*

Adding Eqgs (2), (3) and (4),

du du du
+—=3mr"? +m(m -2)r" (x> + y* + 2%)
22

Tl
ox” 9y’

5

=3mr" 7 +m(m=2)r""* -’

=r"*Bm+m’ —2m)

m

=r"(m+m’ )

m—

=m(m+1)r

Example 43
Ifu=f(r)and r* = x* + y* + 2%, prove that
u  du 82

B +? =f"0 )+ f (r). [Summer 2015]
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Solution
N . u=f(r)
Differentiating u partially w.r.t. x,
Jdu
ke ML 1
ox ax f( )

But
Differentiating r? partially w.r.t. x,

2r a—l
ox
or

ax
d

u
ox

Subsituting in Eq. (1),

or
—if(’)'a—x

2L
=

r=x+y+7z

=2x

X

r

= /o)<
p

Differentiating g_u partially w.r.t. x,
X

i ) x
a_z_j[f (r) ]
- 0L E LD - )
X
- 1124 1¥——7f()
=f%n7+ff°—7fbo
Similarly, ay —/”() +10 (') f—;f’(r)
and 2 s fy)gfv)
Adding Eqgs (2), (3) and (4),
PRI o T i) LS s,
ox* dy- dz° r r r
=f@»ﬁ+y%m_éfv)
r r r

= 1)+

2/"(r)
=

8.51

(1)

(2)

...(3)

(@)

G
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Example 44
If u = f(r?) where r* = x> + y* + 2%, prove that
Qu. o % 5.3 ,
—7+ T 7:4rh "(r)+6f(r).
St 5 = 6L )
Solution
u=f(r?
Differentiating u partially w.r.t. x,
O 0 un
a—gﬂﬂ
J .
=—f(l), wherer?=1
ox
d al
= () —
al A ox
ol
= P —=
A )ax
5.3 O
=1 )ax
ou 5 or
S T .24_ ..
™ 1) rw 1)
But rr=xt+y 42

Differentiating r2 partially w.r.t. x,

2ri =2x
ox
Jar _x
ox -
Substituting in Eq. (1),
O _ s i X
g = f'(r°)-2r .

=2x f'(r")

Differentiating ? partially w.r.t. x,
X
')

ale )
=27/ (") +2x L
ox? P ox

=2f"(r*)+2x f"(r*)-2r 8_1
ox

R 2 ~e2Y . ,i
SRR Q)

=2/7(7)+4x ()
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Similarly, g“ = 217G )+ AP () ..03)
))
aZU J IS 2 prmyp 2

and L 2 () + A2 () ()
Jz°

Adding Eqs (2), (3) and (4),

L It I 6/ (P A+ )
ox* dy- dz

=6/"(r")+4r* [ (r?)
Example 45
2 2
|
If v = xlog(x + r) — r where r* = x> + y?, prove that 8_\2/+ o ‘: = .
ox~ dy-  x+r
Solution

v=xloglx+r)—r
Differentiating v partially w.r.t. x,

ﬂ— lo (x+r)+-i(l+ﬂ)—£
ox B xX+r ox/ ox

But rr=x*+y

Differentiating r2 partially w.r.t. x,

or
2 & =2,
re,=2x
L)
ox r
Similarly, ?:X
JAl
@—10,(\-+r)+—x (1+£)—E
ox B x+r r) o r
=Iog(x+r)+L~w—£
(x+r) r r

=log(x+r)+ B 2
o

=log(x+r)
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Differentiating ? partially w.r.t. x,
X

9’ 1 ( ar)
—= 1+—
ox”  x+r ox
)
x+7r r
ok
-
Differentiating v partially w.r.t. y,
w_x o
dy x+r dy dy
L S
x+r r r
_Z(x—x—r)
r\C x+r
.
-t
. .. ov .
Differentiating 3, partially w.r.t. y,
Y
azv__ 1 y or
dy’ x+r (x+r)’ By
(l )
Cxtr x+r 7
+ri—y°
Cxtr r(x+r)
rx+x
Cx+r r(x+;)
=_r(x+r)
v v 1 X
Hence, —t—=—|1-
o’ ot - x+r)
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EXERCISE 8.2

1.Ifu:cos(\/;+\/;) provethatxa—+y—+ (J;+f)s1n(&+\/_)

ox
2 2 2: 2 2 . azu azu
2. Ifu=2ax+by) —k(x*+y“)and a“+b =k,ﬁndthevalueofa7+y-
[Ans.: 0]
3. If e” =tanx +tany, show that sin2xa—u+sin2ya—u = 2.
ox oy

4. If 2 —=3yz-3x =0, show that
2 2 2
i) 2= ity 2| 22 +(a_z) :a_f
ox ay oxdy | ox oy

5. If z(z* +3x)+3y =0, prove that az_z+az_z_22(x—1)
) y=% P oxt oyt (Z2+x)

2 2
_ 2 s el a_”+a_
6. If u=log(x”+y")+tan (x)’ show that > oy

1 d’u du du
7. If u(x,y,z) = —————, find the value of —5+-——+-7>-
u(x,vy,z) Ry nd the value o T

Ans:—— 2
O +y2 + )

8. If x=e"""cos(rsinf) and y = e “*’sin(rsin®), prove that
ox 1dy dy 10x

or roe’or rae

H n d d th t az_x+1a_x+iaz_x_
ence, deduce that o " ror T rraet

9. If v=(x*-y? h i+az—v=(x“— Of"(x
. T= y )f(X, y): provet at axz ayz y

10. If u= f(ax* +2hxy + by?) and v = ¢(ax* + 2hxy + by*), show that

a( av] J( ov
—|u—|=—|u—|.
dy\ ox) ox\ oy
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1. If x="L(e" +e ),y = (e —e™”), prove that ) e ;
2 2 ar), \ox ’

[Hint :x=rcosh@,y =rsinh@, x* —y* = rZJ

9’0  O(x* +ry?
12. If log, 0 =r—x,r* = x> +y*, show that W ( i ),

[Hint 6=¢e"", or = Z}
v r

du _ du

oXdy dyox

13. If u= e sin by, prove that

2
14, If u= tan“(%} prove that aa g = ! <.
J1+xi+y X oy (14 X2 +y?)2
Jeaf otu otu
=—e ¥ — = .
15. If u \/;e , prove that TR T
16. If u=tan(y+ax)—( ax)% rove that il = al
) -y d e oXdy dy ox
Xy du__ du
17. If u= T prove that —ay v W
d’u d’u

18. If u=x7y", prove that = = = =Sy o

19. Find o and LS for the following functions:
ox ay

3

) Jx+y =1 (ii) J1=x*—y? (iii) y*(iv) log,,(ax + by) (v) (v — ax)?

L 1 Y
Ans. : (i) 3 (if)
Jx+y-1 x+y-1 \/1 x* -y? \/1 X'~
b
xl : x-1
(iti) y* logy, xy (i )(loge10)(ax+by) (log,10)(ax + by)
1 1
() =22y - ax)t, Sy - axy?



20.

21.

22.

23.

24,

25.

26.

27.

28.

29.
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If x*—xy®+yz> -z =6, find a—Zanda—Z
ox ay
2 3 2
AR —4x ’ 2xy -z
2yz —47° " 2yz - 47°
0z 0z

If 22 +xy—-y’z=6, find — and — at (0, 1, 2).
ox ay

Ans.:—l,i
1111

Find the value of for which y = t"e “k satisfies the partial differential

du 2 auJ
[Ans. = —E}
2
ar

—t+——|.
ort ror
; s . 20 .
If x =rsinfcosg, y = rsin@sing, z =rcos8,find %’ Ix interms of r, 6, ¢.
O

2

equation — ol =k
quati 5%

2 2
{Hint rl=x"+y*+7%, ¢=tan™ 1, 6 =tan™ u}
X Z

[Ans. :sinfcos g, Gosficosy _Sm¢]

r " rsing
Ju Jdu oadu

Ifu=x2(y—2z)+y?(z-x)+2* (x-y), prove that —+—+-—=0.
ox dy 0z

If u=e*(xcos siny), prove that aZ—u+az—u—0
= y-ysiny), p e

2 2 2
For the function f(x,y, z)=ztan'= y of  of +g_I: -0
z

, prove that —+ —
L’ Prove e +ay2
azz 0*z oz
Y ox v ox

2 2 2
If g =1, prove that (a_u) au =2 Xa_u+ya_u
a+u b+u ox ay

If z(x+vy)=x>+y?, prove that X—

du
ox’dy  9xdy dx

If u=xY, prove that
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XZ y2 ZZ

+ +
2+u 4+u 6+u

] ) ] A
x) \ay) T\az) “ U Yoy%z)

31, If u= (x*-V?) f(r), where r = xy, show that

azu _ 2 _ 2 ’ ”
T yOBf(r)+rf(n)].

30. If =1, prove that

32. If z=f(x%, y), prove that xa——Zya—z
ox ay

33. Prove that z=1[f(ct+r)+¢(ct—r)] satisfies the partial differential
r

equation : = J r J here is constant
uation —=——|r"—| w i .
q ott  rtor or

9’ 0* 0’ 32
34. If u+iv = f(x +iy), prove thataTg+ﬁ =0, 87\2/ ay

Hint:u+iv = f(x +iy), u—iv = f(x —iy)
1 ; ; ; ;
u=E[f(X+Iy)+f(x—1y)],v=E[f(x+1y)—f(x—1y)]
35. If u, v, ware function of x, y, zgivenas x=uU+ Vv +Ww, Yy = U+ vV + W2,

z=0'+Vv’ +w?’, prove that &Y = W(w—V) ‘
ox (Uu—-v)(v—-w)(w-u)

[Hint: Differentiate x, v, zw.r.t. x and solve the equations using Cramer’s rule.]

n

36. If u=(x*+y*+2z%)?, find the value of which satisfies the equation
J’u . o’u d'u

SR E TR B
ox* oy* o7’

[Ans.: 0, —1]

o%u \( d*u d’u
y = 0
37. If u=Ilog(e* +e’), show that (8 )[ay ] (axay]

38. If z=yf(x* —y?), show that y(az)+x 9z ~ B
ox ) vy
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8.6 TOTAL DERIVATIVES
8.6.1 Chain Rule

If z = f (u), where u is again a function of two variables x and y, i.e.,
u= ¢ (x,y)then

=1
~
~~
=
S,
&
3
:>t<—N

o & o
ox du ox du ox ;
Jdz _dz du df du ., . ou Y
dy du Oy o du dy or S dy Fig. 8.1

8.6.2 Composite Function of One Variable

fu=f(y),wherex=¢ (), y= w(¢) then u is a
function of 7 and is called the composite function of a

single variable t and %
By NS
dt  ox dr dy dt

t
is called the rotal derivative of u.

fu=f(x,y,2)andx= ¢ ),y = y(0),z= &) then  Fig 8.2
total derivative of u is given as
du du dx du dy du dz

=y g
dt ox dr dy dt o0z dr Fig. 8.3

Example 1
Ifu=y>—4dax, x = at?, y = 2at, find %

. u
Solution
u=y*—4dax, x = at* y="2at
du_du dv Ou dy )
dt  ox dr Jy dr \ /
=(—4a)2at+(2y)2a Y
Substituting y, %l;— = —8a’t+2(2at)(2a) Fig. 8.4
= —8a’t+8a’t
=0
Example 2

(x du
If u=sin| — | where x = ¢, y = £, find a
Y
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Solution u
uzsin(i],x:e’,yzt2
y
du_du dx du dy £ y
dt  ox dt dy dr \/
3t
=—cos| — |-e +| ——5 [cos| — |- 2¢ t
34 Y. v 34
Substituting x and y, Fig. 8.5
du 1 e, ! ;
—=—cos| — |-e —=cos| = |2t
d t (t) 3
t
lje' cos[g—,)(l—z)
o t
Example 3 5
u u
Ifu=x>»x=logt y=e, find a5
Solution
u=xy,x=logt,y=e¢ X y
du_ou dv o dy \ /
dt ox dr dy dt
t
|
= 3\ 2 2.2 ¢
=(2xy )t+(3,\ y)e Fig. 8.6
Substituting x and y,
1 )
e 2(logt)e™ -~ +3(logt)’e* - €'
de t
2 3t 2 3t
=?Iogte +3(logt) e
Example 4 q
- u
Ifu=xy+yz+zxwhere x=-,y=¢€',z=¢", find -
t t
Solution 1 i
u=Xxy+yz+ zx, xz;,yze’,zze”
du_du dv Ou dy du d: L g
dt  ox dt dy dr 9z dt \l /
1
=(y+z)(—t—:)+(x+z)e’+(y+x)(—e_’) J

Fig. 8.7
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Substituting x, y and z,

du 1 t -1 1 =1 t t 1 ~t
—=——(+e)+|-te |- +-|e
de t t t

1 ! —t ] { —t
=——(+e’)+-(e —e
el it )

Example 5
) dz
If z=xp* +x*y,x=at*, y=2at, find ar
t
Solution z
z=xy* +x’y, x=at’, y =2at
d 3 dx 3 dy X y
dr ox dr 9y dt \\ /
=(y* +2xy)2at + (2xy + x*)2a Y
Substituting x, y and z, Fig. 8.8
dz 2,2 2 2 2,4
E= (4a°t” +2at” -2at)2at+ (2at” - 2at+a’t")2a
=4’ (1+1)2at +a*t’ (4+1)2a
=84’ (1+1)+2a’t’ (4+1)
=2a’t*(8+5¢)
Example 6
If in" (x—y),x=3t,y=4¢ that dz &
z=sin (x—y),x=3t,y=4t", prove that — = ;
y b P dr (—1 —p
[Summer 2015]
Solution

z=sin"'(x—-y),x=3t,y =4
& iz dv 3 dv

dr ox dr dy dr
1 1(-1) 1242 x y

J=G-y?  Ji=G—yy \ /
o

J1-x* - y* +2xp Fig. 8.9
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Substituting x and y, ,
% 3(1-4¢1)

dt  \1—97 —16¢° + 24¢*
3(1-41%)

- J1-8:% -2 —16¢° +16¢* + 8¢*
3(1-41%)

- J1-82 +16t* =12 —16¢° +8¢*
B 3(1-47%)
CJa-4)y — 216 —80%)
3 3(1-4¢%)
 Ja-4r)y -2 (1-4ary
o 3(1-41)
C(—d4rW1-F

3

V1-¢2

Example 7

If u=tan™ (Z),xze’ —e',y=¢€+e’', find d_u
0 dt

Solution

u=tan"' (Z),x=e' —e',y=¢é+e’'
X
du _ du dx+@ dy

dr ox'dr 9y dt

1+ 1+

2 2 2 2"
X +y X" +y

2

2
=x —J
X+
(el _efl)Z _(el +e*1)2
(el_efl)z_*_(el_*_efl)l

1 y u =t 1 1 ! e 3
= > (——2)(6 +e')+ ) (—‘)(e —e
Y\ X Y \X

Fig. 8.10
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2 +e )

eZl + e*Zl

Example 8
=] X . aZ aZ
For z=tan | — |, x = u cos v, y = u sin v, evaluate — and — at the
u v
. T .
point (1.3, gJ [Winter 2015]
Solution .

z=tan"" [ﬁ] X=ucosv,y=usinv
y

Ju Ox du dy du

1 1 1 x|
= —| — [-cos v+ | —— |'sinv v
XY X y u

y Y Fig. 8.11
_ycosv  xsinv

2, .2 2,2
Yo+xT oy +x

i Siny cos v—1u cos v sin v

K +y?
=0
dz 0z Ox % dy

e 3 + :
dv dx dv dy dv

1 1 1
= 5 (—j (—u sinv)+ 5 [—%J(u cos v) X
y
x“\y X y
I+— 1+—

y y
_yusinv  xucosv

yz+x2 y2+x2 v
(y2+x2) Fig. 8.12

- y2+x2
=-1
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Example 9

Ifu=x"+y"+z°,where x=¢€',y=¢'sint, z= ¢ cost, find

Solution

2 2 2 .
u=x"+y" +z,x=¢€,y=e'sint, z=¢" cost

du_du dv du dv du dz
dt ox dr dy dr oz dr

=2xe' +2y(e' sint+¢e' cost)+2z(e' cost —e' sint)

u
de
u
Y

/|

X z 4

N

=2¢'-e' +2e' sint-€'(sint +cost)+2e' cost-e' (cost —sint) t
=2¢" (1+sin’ t+sintcost +cos’ t —costsint) Fig. 8.13
=4¢"
Example 10
Ifz:e"“,xztcost,y:tsmt,ﬁnd% at t=—. z
dr 2
Solution
z=eY,x=tcost,y=tsint o )
&0 2 dy
dr ox dr 9y dt
\J
=e" y(cost —tsint)+ e x(sint +1cost) t
Fig. 8.14

Hence, gs =¢° E(0—£)+0
dt|,_x 2\ 2
_.
4
Example 11

: d
If z = x*y + 3xy* where x = sin 2t and y = cos t, find d—Z when t = 0.

t

[Winter 2013]
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Solution

z=x%y 4+ 3xy*, x =sin 2t, y =cos t
dz_odz dx oz dy
dt  odx dr dy dt

5 y
= 2xy+3y*)(2cos21) + (x* +12xy° )(=sin?)
Atr=0, x=0, y=1 \/
\J

Hence, % =(0+3)[2(D]+0=06

1=0

X

t
Fig. 8.15

Example 12

2 2 2 d
Ifu=x"+y +z —=2xyz=1, showthat Y

L =0.

Solution

u=x>+y +z" -2xyz=1

Jdu Jdu Ju
dy=—dx+—dy+—dz=0
= ox ady * 0z

2x-2yz)dx+ 2y —2xz)dy+ (2z-2xy)dz=0
(x—yz2)dx+(y—x2)dy+(z—xy)dz=0
We have, X+ 4+ -2xz=1

¥’ =2xyz=1-y* -7

X =2z + P =1-y -2+ )72
(x=y2)’ =(1-y")1-2°)

x—yz=q1-y* \1-2°

Similarly, y=xz=+1-x* \1-2°
and z=xy=V1-x" -{/1-)?

Substituting in Eq. (1),

1=y V1=Z2dx+1-22 1= 2 dy+\1-22 - 1= )% dz

N (e N ) B SO O
J1-2 \/l—y2 J1-2

B -
\/l—x2 \/l—y2 \/1—22

(D)

=0

=0
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dx dy dz

R SR
V-2 (1-3?  J1-22

=0

Hence,

8.6.3 Composite Function of Two Variables

If z=f(x,y), where x = ¢ (4, v), y = ¥ (u, v) then z

z is a function of u, v and is called the composite 2
function of two variables u and v.
y

X

dz 0dz dx 0z dy /\
— e, O ¥ X
Ju Jx du dy du \
dz 0z dx 0z dy \/
A Bl U ‘
dv  dx dv dy dv "
Fig. 8.16
Fig. 8.17
Example 1
Ifz= f(u,v),u=log(x* + ), v= "=, show that
X
0z 0z 5 oz
x——=y—=010+v)—.
dy yax ( )av
Solution
Z=f(ll,v),u=log(x1+y2),v=X’
X
B0 du iz
dx Ou dx Iv Ox
dz 1 az( y) X
= - gy |2
du x*+y° PG = Fig. 8.18
b e ¥ (1)

yg x4+ du X o

%_%.au*_az v
dy du dy dv 9dy

_9z 2y ,9z1
Cou X4yt v x \/
82 2O Pa (2) ¥

N TN
dy x*+y* du v

and
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Subtracting Eq. (1) from Eq. (2),
dz 0z y' oz

Hence x%— — =t
'*% e v o B

2 az
:] “)—
(+v )av

Example 2

If w=ou,v),u= x° —y2 —2xy,v =y, prove that ?)_w = () is equivalent
y

0 (e N SE4 (- =0

Solution 4
w= ¢, v),u=x’-y*=2xy,v=y /\
dw_ow du__ow av AR
dx Ou Ox v ox \ /
ow ow
=—(2x-2 —-0 \/
du Qa2+ v X
ow ow ;
=T 2x=2 Fig. 8.20
ox Bu( A=Er) ”
ow ow du ow Jv
and Sk N e B A
dy du dy Jdv dy
ow ow . 4
= (2y-20+22,
au( y=2x)+ Jv : \/
L g
dy ou Jv Fig. 8.21

ow ow ow ow ow
edig — W — DAY (e ; sl — a2
(x+y) o +(x—y) % (x+1)2(x-y) o (x=»)2(x+y) o +(x-y) 3
ow
= (X—Y)g

If 8a_v:=0 then (x+y)%+(x—y)g%=0.

Hence, E)_w =( is equivalent to (x+ y)a—w+(x —y)a—w =0,
dv ox dy
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Example 3
If z=f(x,y) and x=¢€"+e " and y=e™"
Jdz Jz _ 82 0z

—e", show that

B S 2014
S 3y Bx " 5 [Summer 2014]
Solution
z=f(x,y), x=€"+e"’, y=e"-¢" :
22z Ax 0z dy / \
ou Ox Ju 9y du 2 v
aZ i % U
- Fe e ) \/
na B 3 % O “
v ardv o v Fig. 8.22
dz, _,. 0z
—g(—é )+8y( e) ..(2) B
Subtracting Eq. (2) from Eq. (1),
Jz 0z Oz X y
Hence, R S —\ e Al
e o W o ( ol \ /
= xa—z— va—z Ve
oF "o Fig. 8.23
Example 4

If z= f(u,v) and u=xcos@—ysinf,v=xsinO@+ ycosl, show that
dz 0z dz 0Oz

Xgﬁ'yg:ug'f'\/g.

Solution

z= f(u,v), u=xcos@—ysinf, v=xsinf+ ycosf 2

03 du 20y
dx  du ox ava)a
=a—zcose+a—sm9 - d
ou ¥ \/
x%—%xcose+%xsm9 (1) x

Fig. 8.24
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Jz Jdzodu 0z dv

@ "~ u dy dvay

= a—Z(—sin9)+%cos¢9
Jdv

Ju

_=§(-ysin9)+a—z(ycose) ~(2) K 3
Ju v

y
v \ /
Adding Eqgs (1) and (2),

y
0z 0z %

X—+y—=

3 (xcos@—ysin0)+%(xsin9+ycose) Fig. 8.25
ox ~dy du v

Example 5

u+v dz 0oz 0z
, prove that u—+v—=2x—

u—v Ju  ov ox

Ifz=fxy,x=uy, y=

Solution
u+v

z=fx,y), x=uv, y=
0 0 ax 0z o

du dx du dy du z
_a_zv+%{(u—v)—(u+v)}

- (u—v)

dx  dy

x y
e, v
ox  (u—v)’ dy \/

Jz oz 2uv 0z
= v

du ox _(u—v)zg
dz _dz dx dz dy

and — S z

dv ax v dy dv

0z az{(u—v)—(u+v)(—l)}
=—u+— -
ox  dy (u—v)°

o, w2
dv dox  (u—v) 9y

dz 0z 2uv 0z ¥

e s— (2 .
Vav axuv-'-(u—v)2 dy @) Fig. 8.27

s
U—y

-(1) " Fig. 8.26
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Adding Eqgs (1) and (2),
u iz_ + v—a—z- 2uva—z
u v ox
0z
=2x—-
* ox
Example 6

Ifz= f(x,y), x=ucoshv, y=usinhv, prove that

(5 GGG
Ju u?ov) \ox dy )
Solution

= f(x, ), x=ucoshv, y=usinhv
Jdz _Jz ox az ay

du  ox ou ay du

=—Zcoshv+%sinhv (1)
ox dy

and o A N B i Bl o

0z . 0z
=—usinhv+—ucoshv

X y
1 dz _ az oz

ol i inh v+ — cosh .2
i e v+aycos v (2)

Squaring and subtracting Eq. (2) from Eq. (1),

(%) _u%(g—i) =(%) cosh’ v+(§—j}} Sinh:V+2g—i%coshv5inhv

_(%) sinh® v — % cosh’ v—Z%%COSh vsinhv
ax ay ax ay

"

= (%) (cosh® v —sinh® v) — a_z (cosh® v —sinh*v)
ox ay

-Z5)
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Example 7
If x=rcosh®, y=rsinh0, show that (x—y)z,—z )=rz, —z,.

Solution
z= f(x,y), x=rcoshf, y=rsinh6

9 0z 0x 3 Oy

or ox ar Ay or

= %-cosh9+%-sinh9
ax ay

az_az.ax a_za_y

)

e

and e r
060 0Jx 90 dy 90
Fig. 8.30
=a_z.rsinh0+%rcosh9
ox dy A

2 9z o dz dz dz

— —— =—-rcoshf@+—-rsinh@——-rsinh@——-rcosh @

“Or 98 o I ax '

= & (rcosh @ —rsinh 0) + oa (rsinh @ —rcosh )
ox dy

)

s

0 o 0
= (=)= (-)
g ¥ Fig. 8.31
dz 0z
“o-n(5-5)
Hence, (x—¥)z,—z,)=rz,—z,
Example 8
If 7 =f(x, y) where x> = au + bv, y* = au — bv then prove that
dz dz 1 dz oz
u—+v—=—|x—+y—
Ju dv 2\ dx T~ dy
Solution z

z=f(x,y), xX’=au+bv, y’=au-by

0 _d:or iy Y

X
Ju ox 8u+8y Jdu \/
dz a 0z a
= el
ox 2x dy 2y u

Fig. 8.32
u% _ 0z au Oz ~au D)

e e g
du Jdx 2x dy 2y
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0 _osix oy :
dv  dxdv dydv
dz b dz( b
Sie—ti—be—=]| == X y
ox 2x ody\ 2y \/
by 3 b o N
dv  dx 2x 9y 2y
Adding Egs (1) and (2), Fig. 8.33

0z Jz 0z au az au dz by 0z bv

u% vav ox 2x ayZy ox 2x 8y2y
_%(au+bv)+8_z au —bv
Cox\ 2x ay 2y
_¥(x) o
~ox\ 2x ay 2y

_l az+ 0z
ax yay

Example 9
Ifu = f(x, y) where x = r cos O and y = r sin 6, prove that

A
or ?\06) \ox dy )

Solution
u=f(x,y),x=rcos 6,y=rsin 0 i
du_du dx du dy
or odx dr dy or
?)—Z 059+g—ysm9 (1) \/y
ou Jdu ox 8u 8y
d e
a 20 ox 00 9y 06 ’
Fig. 8.34
= i(—rsin 0)+ % rcos@ '8
) dy
196 _ 8% et (2)

o WO
r a0 ox dy
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Squaring and adding Eqs (1) and (2), u
(%)—+L,(%) = _9(8 ) +sin’* 6 i +2$1n900508—u%
or r 06 ox ay oxdy  x y
+sin’ 0 —2sm0 cos@a—“%
ox dy 9
Ju du .
Fig. 8.35
(&\J +(8y)

Example 10
If z= f(u,v) where u = x* + y*, v=2xy, show that
x%— %=2 u’—v (az).
ox ~ dy Ju
Solution
z= f(u,v), u=x2+y2, v=2xy
Jdz 0z au 82 v

ax ou ax v ox

x—=
u
and 9z _0z du 9z dv \/
dy du dy dv dy ¥

_% Fig. 8.36
du dv z

ya—z—2 %-FZW%

dy du dv .(2)
Substracting Eq. (2) from Eq. (1), u\\ /
dz  0Jz 0z
oy e 2 2 _ ;2\ Z<2
! dx 7 dy "=y ou Y

82) Fig. 8.37

=2\/(x2+y2) —4xy (
Jdu

()
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Example 11
If z= f(u,v), and u=x"—y*,v=2xy, show that

oz \’ azz_ 5 G oz (9zY
(&) (5] e [(a_) (3) ]

Solution z

Z=_f(ll, V), and Ll=x2—y2,v=2xy
dz 0Jz Ju 0z dv
1%

ox OJu dx dv ox

0z oz
=2l x—+y— ¢! x
(xaquyav) M .
dz 0z du 0z v Fig. 8.38
and i it W b il i

9 ou dy v dy
0z 0z
S (2y)+5(2%) /\
Jdz oz il N y
=2| —yootxo- (2
( y8u+x8v) @ \ /
Squaring and adding Eq. (1) and Eq. (2), t
(Z) (2] o(xZ s ) (o Z e
ox ay B du yaV y Ju v Fig. 8.39

=4 xz(%)2+ 2(%)2+2x 9z 9z
- ou 4 v yau v
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Example 12

If x=¢"cosecv, y=e" cotv then show that

() 5) -5 -G z

Solution
z= f(x,y), x=¢e"cosecv, y=¢e"cotv

dz 0z dx 0z dy

-
.

u  dx du dy du u
zZ 0z , Fig. 8.40
=—e cosecv+—e cotv
ox dy 4

I X

v ox ov dy dv

= a—( —e"cosec v cot v)+g—( —e"cosec’ v)

<
A

ox
~2u (az )_ .05 (82)2 “2u (az)z 2u 2 oz i 2u 2
e — | —sm v| — =e — | e""cosec’v+| — | e cot v )
ou dv ox dy Fig. 8.41
0z oz
+2—.—¢™cosec vcotv
ox dy

. oy a : 2 2 2
+(—sin” v)(—z) (e™cosec veot™ v)
ox
o (az)
+ (—sin’ v)(—z) e*cosec’v
dy
.2 0z Oz ,
+(=sin? 1)2 2. £ ecoseciveot v
ox dy

oz oz Y
( ) (cosec’v —cot’ v)+ (cot® v—cosec’v)
ox 8y

6)
Example 13

If z= f(x,y),x=¢"cosv, y=e"sinv, prove that

(,)xa_z+ dz _ az()(az) oz \ o (a_z) (82)
TR T o \ax 8y du v
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Solution

= f(x,y),x=¢€"cosv, y=¢"sinv

. dz _9dz dx dz dy
) ——t+—
du  ox u ay Ju

u z U 3
e cosv+a—e siny

T o )y
Jdz oz
_+ i
ox ay
ki
You "% dy

and o g g, Bz Gy

dv dx dv dy dv

az 0z 282
==t 2

av ox dy
Adding Eqs (1) and (2),
0z 0z 5 0z

«\‘$+y£=(y'+x')a—y

(i) & (a]+(a—) e (a_)+ 2(_ s
1 Jdu o) | ox ¥ )y
+ 2(%)2“:2(—
* ox )y
= l(x2 +y2)(g—z)~ +(x" + yz)(
X

_e—luelu (%)
B ox

;TJ

e

3
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Example 14
- - ) a ) a a
Ifu=7f Y x’ = , show that x“l+y~l+zz—u=().
xy  xz ox dy 0z
[Summer 2016]
Solution
Let 1:y—x:l_l’n1:Z—x:l_l
Xy x oy Xz X z
a_ 1 w1
i X ox x>
ﬁzL,, om _o,
oy y dy
ol om T
a_z= b dz
u:f(y_x, Z_x)zf(l, m) u
Xy z
u_u dl du dm / \
ox ol ox om Ox
/ m
=9_“(_L Louf 1
E)l xz am x2 \ /
ng—"=—(%+%) (1) )
* I om Fig. 8.44
Also Qu _du 0l  du dm i
| dy 9l dy Jdm dy
Ju( 1 Ju
= — — + —
da\y ) dm / m
,o0u du \/
R g Py ...2
Y5 2) v
du Ju 9l Jdu Im Fig. 8.45
and L hallid
dz 9dl 9z Idm 0z u
3, (1)
ol om\ z°
o o '
%2 om \/
i

Fig. 8.46
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Adding Eqgs (1), (2) and (3),

,ou ,0u ,du (au 8u) Ju Jdu
¥ty —+2—=—| —+— |[+=—=+=—=0
ox dy 0z dl om) 9l Im
Example 15
. Ju Ju
If u= f(x—y,y—z,z—x) then show that a—+a—+
. X A%
Solution
Let x—y=1 y—z=m, z—Xx=n
A am_ wm_
ox ox ox
dl om on
—=-, — =1, — =),
ay ay ay
ol om on
-0 2= 2o
0z 0z 0z
u=f(x-y,y—z,z—x)= f(, m,n)
du_udl oudm dun
dx 0l dx Om dx Onox
Ju Ju Ju
=2 i F2 g4
o T am a2
o
dl on
Ju OJuodl OJudm Juodn
also, e R Rkl PPl Bl

dy 9l dy Omady ondy
Ju Ju Ju
—E(—l)'i'a—m(l)'l'a—no

__Ou ou
9l om

Ju oJudl OJudm OJuon
and =

dz 9l dz Om oz On oz

Ju Ju Ju
=2 g4t et
dl +8m( )+an()

Ju du
= a4t —
om On

ou

0z

.. (1)

. (2)

0.

-

xés

3

/

Fig. 8.47

u

-~

e

3

Fig. 8.48

<

—
3

e
N

Fig. 8.49
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Adding Eqgs (1), (2) and (3),

Ju Ju Ju
—+—+—=0
ox dy 0z
Example 16
ow d
Find a_w,_w in terms of r and s if w = x + 2y + z°, where x=£,
r o ds Ry
y=r*+logs, z="2r [Winter 2014]
Solution
x=£, y=r2+logs, 7=2r
S
1 v, %k,
ar s or or
o _ T Iy _1 %2 _
ds s ds s ds

w
w=x+2y+7
ow_9dw ox dw dy ow dz x |y oz
or odx dr dy dr 9z or /
.

1
= (1)(;) +(2)(2r) + (22)(2)

=l+4r+4z
s

w
1
=—+4r+4Q2r)
i <D
=—+12s \L/
s
s

B _dw 3w 3y w2z
ds Ox ds dy ds 0z Os

1
= (1)(—%) T m(;) +(22)(0)
S .

r 2
s N
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Example 17
‘ Ju 0 J
Ifu=f f,y d , prove that x—+y—u+z—u:0.
y z x ox ~dy oz
Solution
Let EA 1, 2 m, = n
y Z X
w1 m_ =
ox y’ ox ox 2’
Jd  —x om 1 on
T oL Zoo,
dy y? dy z dy
a_ m_—y a1
0z oz 2 0z x
du_ou 30 ou am u on
ox dl dx Om ox an ox
_u 1 ou 9“( )
al y am on
au ﬁ'a_u_i.au (D)
8V y dl  x on
Ju odu 9l OJu Om OJu on
Also, D it s g g W
dy dl dy om 9y on av
ou—-x\) oJu 1 au
dA\y" ) om z an
,ou_ _x ou y ou (2)
8v y dl  z “om
Ju Ou 9l Jdu dm Ju In
and —— et ——t——
dz 9l 0z dm 90z Jn Oz
_du ou(-y\ ou 1
.0 OU =
"ol i am( ) on x
JOu_—ydu z du
E)z z Om x on ...(3)
Adding Eqgs (1), (2) and (3),
Hence, b % +y— 8u % =0

ox E)y "oz

[Winter 2013]

-~

-

-

e
AN

s
N

3

Fig. 8.52

<

3

Fig. 8.53

3

e
N

Fig. 8.54
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Example 18
lou 1ou 19
If u=f(x2 -y =247 —xz), prove that __u+__u+__u =0.
xdx ydy zoz
Solution i
Let I=x*-y*,m=y*-2*, n=2"-x
al om on
—— = 2,' —_—= —:—2
ox . ox 0, ox g 1 m n
al om on l
— = —2_)/, —_—= 2 : i, 0
9 vy \\/
dl
a_=0’ %=_22’ a—n=2z g
< dz 0z Fig. 8.55
u :f(x2 _ yZ’ y2 _ ZZ’ Z2 _x2) :f(l’ m, n)
ou_ou 31w om _ou on
dx 9l dx om Ox Jn Ox
Ju Ju Ju
= 9 2 04+ (o
ol l+8m +an (=25
1 du Ju _du u
;g—ZE—Za—n ..(1)
Ao u_owd wom won |
dy 9l dy Jdm dy dn Jdy \L‘/
ou Ju ou
=22+ 2+ 20
a[( y)+am(y)+an() N
l%=_ a_u E)_u 2 Fig. 8.56
y dy Jdl om
e du_ou 31 ou om du o ;
9z 9l 9z Om Oz on 0z
Ju Ju Ju
=Z0+Z (22)+ &2
dl +8m( Z)+8n( 2) / m
1 du Ju Ju
LCLINE LY oL E) \L/
z 0z om + on s
Adding Eqgs (1), (2) and (3), Fig. 8.57

lou 10u 19du
—— e —t——=0

xox ydy zoz
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Example 19

Ifu= f(x*+2yz, y* +2zx), prove that

e
(y zx)ax+(x yz)ay+(z xy)aZ—O.

Solution

Let ¥ +2yz=1, y'+2zx=m
ﬁ:2x, ﬂ:22, Q=2y
ox ay 0z
%:22, %22)1, @=2x
ox dy 0z

- o om

o’ —zx)-‘?ﬁ = (2’ —2x2z)%i/‘+<2yzz—2zzx)% - (D

Ju Ju 9l Ju Im

Also, — == —t——
dy dl dy Oom dy
:a—u-22+a—u-2y
ol om
(x’ —yz)a—u = (2x22_2y22)8_u+(2x2y_2y22)8_u .. (2)

dy dl om
ou Jdu 9l Jdu om
and i S R WO huidls

5 Ju Ju 5 Ju
2 _ =(2vz% — 3 2 + (222 =2 — ...(3
(z xy)—aZ (2yz* —2xy )a] +(22'%—2x y)am 3)

Adding Egs (1), (2) and (3), ’\ /

Hence, (5 -20) 2%+ (x* —y2) 4 (2% - ) 2 = 0
ox ady 0z
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Example 20
e Ju Ju Ju
Ifu=f(" 7, e, "), showthat —+—+—=0
ox dy oz
Solution
Let [=e’ m=e", n=e"’
ﬂ =0 % =—""=—-m % =t V=mn
o ox o ox a
dl om on .
— = = :O’ — =" ==
dy . L dy dy ¢ "
ol ' om . on
— e Y =t = —=0
0z # h 0z ¢ s 0z
u
u=f(e 7, e, )= f(l, m,n).
du_u 3l ou om ou on
dx ol ox Om Ox In Ox : v
du Ju Ju m 4
= B i iy
ol + om b on s
=-m % +n % i
T om on ~(D) X
Fig. 8.61
du_ou a1 ou am o on u
dy 9l dy dm dy on dy \
Ju du Ju
= D g O ey S
3t Toam Mta Y
Ju Ju i f?
=/——-n—
dl " on @) \ /
y
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and ou du 9l Jdu Im 8u on u
S i P P s P S Wbl i
dz dl 0z dm Oz an 0z
=%( 1)+ —m+a—~0
om n / 4 i
Ju du
ol ol .3
18[ mam ()\/
Adding Eqgs (1), (2) and (3), ;
du du du_, Fig. 8.63
dx dy Oz
Example 21
Ifx=\/vw,y=\/wu,z=\/—v and ¢ is a function of x, y and z, prove
99 09 09 _ a(P 99 d¢
that x —+y—+z —+w—.
ox yay oz au av ow
Solution
x=w, =/wu, z=~uv
P g, W _Lfw o 2_1v
du ou 2\Nu’ ou 2\Nu
a_le w ay =0, oz 1 |u
o 2\’ v I Ve s
o _1fv oy l\F % _,
ow 2\w’  ow 2 ow
99 _9¢ ox 0¢ dy 9¢ oz x |y z
Ju dx du dy du 0dz Ju
L9 1\/@ a¢'l\ﬁ l
ax ay 2 0z 2\u u
Fig. 8.64
o 2 R ‘g
o 2| oy oz
. (D)
200y Oz
90 ¢ ax 9 dy 09 oz
Also, Lo s, A ) e i
%0 v ox D .y Bv 0z o
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_99 1 \/E 99 . 091 \/E
S ox 2 ay 822 v
aq) _(a¢\/—+ \/—) X y z
E N/
Lf 60900 ) v

==| x—+z—=
2( ox az)
Fig. 8.65
and a(p %ﬂ a_¢a_y %E
ow  ox aw dy aw dz dw s

_ 99 1\/7 a¢1\f
T ox 2 a2 \w x | 2
8¢ —(a¢\/_+—\/;¢_) /

.

aw 2 v
1( 09, 09 .
..(3 Fig. 8.66
2( ox yay) ®) s

Adding Eqgs (1), (2) and (3),
Y9 00, 00 09 o0 oo

u +w—=
ou dv  dw ox “dy oz

Example 22 % o

If f(xy*,z—2x)=0, show that 2x — — y— = 4x.
ox ~ dy

Solution

Let I=xy*, m=z-2x

f
Smy=0 /\
oy _or o om 2
dx ol dx om ox /\ /\
X

0_—f( I+ a—f:l(——Z) [-,-f(xyZ’z—Z\‘):O] X y A
o, o [
al _ ox )
af e Fig. 8.67

om
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Jf df 9l Jdf om
d et e T W i e ()
o dy dl dy i om dy

g of (92 _
a[(2xy)+ ( )—0

om dy
of 92
o _ Iy
o __ L@
o 25 (2)
om
From Eqgs (1) and (2),
0z z
ox _ _ y
¥ 2xy
oz 0z
dx-2mZ =&
! Vax yay
Hence, Zx%— v% =4x
ox ~ ady
Example 23
z 0z 0z
If f(——s—, Z) =0, prove that x—+y—=3z.
X % ox ~ dy
. f
Solution /\
Let 1=(i1)’ m= X / m
X X
f(,m)=0. /\ /\
z X X y
of _of ol Jf om x/\y
ox 9l dx odm ox )
0261(—_%&_2}81(_1) } f(i 1)_0 Fie. 8.68
8[ x4 x3 8x am x2 ' x3 ’ X a
ai(_3_z+L3_Z)_a_f(1)
A\ X' ¥ ox) om\¥
i(_ i %)_ai 2
al 3L+xax “om Y) (D)
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9 _of dl N Jdf om
dy 9l dy om dy

(1 oz af(l)
d 0= =|.—
o al(x 8y]+8m X
af L 0z _ai(_)
ol \ x* av om\ x
offoz)__F .
az(ay)_ am(x) (2)
Dividing Eq. (1) by Eq. (2),
0z
—3z—|—xa—JL 2 xy
EE——
dy
oz 0z
=3z+X—==y—
ox dy
Hence, xg—)zc+y~g—; =3z
Example 24

If f(Ix+my+nz, x> +y*+2°)=0, prove that

(ly—mx)-l—(ny—mz)%+(lz—nx)a—z =0.
ox ay

Solution
Let u=Ilx+my+nz, v=x+y*+z2°
fu,v)=0 u v
Y _Y Y \ /
dx OJu ox Jdv Ox x,;\
0= o (1+ %)+a—f(2 +228—2) x Y
Ju dx) dv ox
Fig. 8.69
8_f(l+ &Z) af(z +2z —J
du ox v ox (D)
and of _df du af dv

- du By E)v ay

of 0z ) of 0z
0= — |[+=—| 2y+2z—
8u( e 8\))+av[ i Zay]
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of 0z of oz f
— —_— = 2 2 — “ee 2
aU(m+n ay) av( y+ Zay) 2
Dividing Eq. (1) by Eq. (2),
u

) 0z y
l+n— x+z—
. _ ox
z 0z /
m+n— y+z—
)y dy v,z
2 9z 9z O . 9z o AN
+lz—+ny—+nz—.—=mx+nx—+mz—+nz—-— Xy
dy ox dx dy dy ox ox 9y
Fig. 8.70

Hence, (Iy —mx)+ (ny —mz) £ + (Iz = nx) P =0
ox dy

Example 25

If u is a function of x and y and x and y are functions of r and 0 given by
x =e" cos 0,y = e sin 6, show that

() (3] (2 G]

Solution

u=f(x,y),x=ecos 6, y=e"sin 0

X y
or ox or dy or

= ?e" cos@+?er sin @

. )y Fig. 8.71

Ju

=x—+y

ox

Ju
— ...(1 L
V5 (D

Again,

et + X y
30 x99 Oy 30
K 2

u, o, u
=—(—€"sinf)+—e" cos
ax( ‘ ) 8yc o
0 d i
e B SO 2 872

T ox xa—y
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Squaring and adding Egs (1) and (2),

(] (3] o] (2]
o) \ag)  \@om Yo Lan) * \ax

@) )

Example 26
If x+y=2e’cos¢ and x—y = 2ie’ sin ¢, prove that
av . dv v
+i—=2y—
26 00 8y v
Solution
x+y=2e"cos¢g, x—y=2ie’sing

y
2x = 2¢°(cos ¢ +isin @) \ /
x=ge® =P

4
ax 0+
=M =y
6 Fig. 8.73
g—; =i’ =ix v
And 2y = 2¢° (cosG —isin q))

y=e¥eit = 0710 X y
B N4
—=e =
26 g b
) ; i
Yoy Fig. 8.74

99
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Let v=f(x,y)

Jv

dv_dv dx  dv a_y

20 ox 90 9y 06
:@x-f-iy
ox dy
dv_dv dx Qv a_y

96 ox 99 dy 9

- %(ix) +g—;(—iy)

v Jdv ov .2(
= +i

ﬁ‘f‘l%—Xgﬁ- ay

...(D

(2)

Example 27

Ifz= f(x,y) where x=logu, y =logv, show that

Solution

z=f(x,y),
%: Jz ox

x = logu,

9’z 9’z

xay  oudy

P4

y=logv

Ju Ox Jdu

dv  Ox dv
_%0+a_zl

ox ay v
i

oz x e iy
dy adv

Fig. 8.76



Now,
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)G ia)
dv\ du vady J\u ox

9’z _ 1 9’z
ovou  uv dyox
9’z d’z

oxdy “ auov

EXERCISE 8.3

(X . dz 2
If z=tan (y] where x=2t, y=1- t?, prove that — PT: —1+t2'

If u=x*+y3, wherex=acost,y= bsmtﬁnd%

[Ans.: —3a’ cos’ tsint + 3b* sin* t cost |

. If u=xe'z, where y =+/a* - x*, z = sin’ x, find d_u

dx

XZ
Ans. : eyz(1——+ 3xcotx)
y

If u=e !, where r2 = x2 + y2 and L is a constant, show that
du du 2 du_u

o oyt Uk

2 2
If u=1logrand r=\/(x—) +(y - b),provethatg_u a_zoifa,b
X

ay*
are constants.

2 2 2
If u? (X2 +y? + 22) = 1, prove that 8_+a_u Ju
ax: oy oz*

[Hint:Let xX*+y*+2z8 =r?, u:%]

ax’ E)y2 0z* "
[Ans.: m (m + 1) r™?]
If u=f(r), where is given by the relation x = r cos 6, y = r sin 6, prove
2 2
that 2, B _AF 10
ox* oy* dr* rdr
If z=f (u,v), where u=x*+ y2, y = 2 then show that

a—Z—y——2\./u +v (az)

ox

If u=rm, where r=/x*+y*+2*, find the value of —
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Chapter 8 Partial Derivatives

If z=f (u,v), where u=x2+y?, v = x2— y2 then show that

. (az\ (oz : az\ (oz) 0z 0z
(i) | — | +|=—| =4u||—]| +|=—| [+8v
ox ay ou ov u v
Ifw= zsin“‘(%],where X=312+2v,y=4u -2V, z =22 - 3V, find

ow p— a_w
au ov

If w=(x?+y-2)*+ (x—y+2)}, where x=u-2v+1andy=2u+v -2,

find a_w atu=0,v=0.
ov
[Ans.: — 882]

u
If w=x+2y+2*, x=—, y=U*+ e, Z=2u, show that
v

ow ow
U—+v— =12u* +2ve".
ou ov v

If Fis a function of x, y, z then show that
ua—F+va—F+wa—F—xa—F oF 3zaF where x=u+v+w,y=uv
2 Yy - Y=

+ VW + WU, Z = uvw.

If z=f(x,vy), x=uv, y =—, prove that

g

%

dz 19z 10z 0z
—+——and—=—-—-——

9x 2vou 2udu ay 20u 2uov

If x=u+v,y=uvandF is a function of x, y, prove that
’F  I°F 9'F

2
PG YL
=P “agay 3 D Waarta,

Hint: LHS = (a 0 )(aF of
ou ov)\ou ov
If u=f(x"-y", y"- 2", z' — x"), prove that

1 E)u 1 au 1 du
X" ox y”‘ay "9z

If z=f(x,v), where x=u-av,y =u-+av, prove that
, 0z 822_4 , 0z

=4a .
ou*  ov? ox dy




19.

20.

21.

22.

23.

24,

25.

26.

27.

28.
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If z=f(u,v), where u=Ix+my,v =Ily—-mx, prove that

2 2 2 2
9 Z+a_Z:(lz+m2)[a_Z+E).

axt 9y’ au*  ov?
If x=u+av and y =u+ by, transform the equation
2 2 2 2
a—f - e 38— = 0into the equation ge = 0, find the values
ax oxady oy’ ou dv
of a and b. 2
[Ans.:a=1,b=§]

0’z 9’z
=uv ;
ox oy ou av

If z=f(x,y),y=e",v=e', prove that

If z=f(x,y), X=ﬂ,y— sing , prove that
v v
az 0z 0z
vy oy )3,
ou au ou
If u=f(2x-3y,3y —4z,4z-2x), prove that 6= + 3% _o.
ox ay 0z

If u=f(x*+2yz, y* + 2zx), prove that

(v? —zx)a—u+(x2 —yz)a—u+(z2 —xy)a—u =0.
ox 0z

dy
If u=f(ax* + 2hxy + by?) v = ¢(ax* + 2hxy + by?) show that

o[ oav d( ov
—lu—|=—|u—|.
dy \  odx ox\ ay
ov ov

If x +y=2e°cos ¢ and x — y = 2ie? sin ¢, prove that a— +i—=2y—.
00  d¢ ay
Find the values of the constants and such that u=x+yandv=x+ by
Pf g O ,&f . Pf

transform the equation 987 -9 o ay ay? Ju v

=0, where
f is a function of x and y.
[Ans.:a=z,b=3:|
2

If x =y cosh 0, y=rsinh 6 and z = f(x,y ), prove that
, Jdz 0z 0z 0z
(i) -y 5 -5 |=re-=

ox ady ar d6
SN e S A W S S
(") o yt) o o of
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29. If x=e"secu,y =¢e" tanu and z = f(x,y), prove that

I’z dz 0’z 9’z , 5. 0z
cosu =XY| 5 +t— [t (X +Y)——.
udv u ox* oy’ ox dy

30. If f(x*y’, z-3x)=0, prove that3xa——2 a—‘7‘:9x.
ox ay
gl .. 0z 0z
31. If f(y+2z, x*+y*+2*)=0, prove that (y —2z)— — x—
ox ay
32. If f(cx —az, cy —bz) =0, prove that aa—z—ba—z= C:
ox  ody
33. If x=ﬂ,y sme’ prove that (8x) (a_u) = cos’ 6.
u u au ), dx ),

34. If x> =au+bv, y* = au - bv, prove that

(560 (50) 25 (57).

35. If u=ax+by,v =bx—-ay, prove that
2 2 2
VG )
v ) \ay ), a ox ), \du), a"+b

8.7 IMPLICIT DIFFERENTIATION

Any function of the type f(x, y) = c is called an implicit function, where y is a function

of x and ¢ is a constant. o
I e then Do
f(x,y)=c then o 8_f

dy

Proof If f(x, y) is a function of x and y, where y is a function of x then total differential
coefficient of f w.r.t. x is given by

y_of & o dy f
dx ox dx dy dx
But fx,y)=c
" L/
Jf dr %.d_y_o X
dx dx Jdy dx
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8.95

of
y_ 9
dx 3_/
oy
Example 1
. dy
If ylog(cosx) = xlog(sin y), find a
Solution
Let f(x, y) = ylog(cosx) — xlog(sin y)
CA
Y__x
&
ay
y (—sinx) —log(sin y)
cos x
X
logcosx ———-cos y
sin y
_ ytanx+logsiny
~ logcosx—xcot y
Example 2

If X’ +y° =3axy, find %

Solution
Let fle,y)= X"+’ =3axy

A
b__ox

&Y
dy

_ 3x* —3ay

3y* —3ax

X —ay

>
y —ax

2
ay—x

R
y —ax
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Example 3
If ysinx = xcos y, find d_y
dx
Solution
Let f(x,y)=ysinx—xcosy
of
d__ax
dx af
dy
< yCcosx—cosy
" sinx+xsin v
_ COSY— yCoSX
 sinx+xsin y
Example 4

If x> +y" =c, find d_y
dx

Solution
Let S, y)=x"+y" —c
9
d__ox
dx af
dy
_ w4y logy
X logx+xp!
Example 5 4
If (cosx)’ = (sin y)", find Ey' [Winter 2014]
Solution

(cosx)” = (sin )’
Taking logarithm of both the sides,
ylogcosx = xlogsiny

Let f(x,y) = ylogcosx—xlogsin y



8.7 Implicit Differentiation

o
P_

dx a_f
ay

L(—sinx)—logsiny
_ _Cosx

logcos x — .x (cos y)
S

iny
_ ytanx+logsiny

logcosx—xcoty

8.97

Example 6 y
If ax® +2hxy +by* +2gx+2 fy+c =0, ﬁnday.
Solution
Let f(x,y)=ax’ +2hxy+ by’ +2gx+2fy+c
of
Y__oax
&
dy
__Xaxthytg)
T 2(hx+by+f)
_ _axthyt+g
- hx+by+ f
Example 7
* 2 29 2 2 ~ d
If u=sin(x’+y*)and a’°x* +b’y*> =¢°, find ﬁ
Solution
u =sin(x* + y*) and a’x* +b*y* = ¢*
L cos(x* +%)-2x
ox
CL 4 cos(x” +y°)- 2y
dy
Let f(x, y) — a2x2 +b2y2 _CZ
A
dy__ox
dx E)_/

dy
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_ 2a°x

__2b3y

_ a'x

__Hy
du_du dv du dy
dx ox dx Jdy dx

=2xcos(x” + y*)+2ycos(x’ + yz)(— Z,.x)
"y

= 2xcos(x’ +y1)~(1 - 021

b
Example 8
du
If u = xlog(xy) where x’ +y* +3xy =1, find o
Solution
u =xlog (xy)
= x(logx+1logy)
8_u= x-l+(logx+logy)
ox X%
=Il+logx+logy
B
dv oy vy
Let fO,y)=x+y +3xp-1
of
Y__oax
dx af
dy
_ 3x* +3y
3y +3x
_ My
T Y 4x

du_du dr du &y
dx dx dx dy dx

§ 2+
:l+logx+logy+—x(—x,—y]
y\ y+x

x(x*+
=1+log(xy>—i(x, y)
y y'+x
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Example 9
=i % ) ) d
If u=tan '(—) wherex’ +y* =a’, find <&
B4
Solution
u=tanl(£]
y
qu_ 1 1y
- 2 T2 2
ox 1+x_2 y x+y
y
%_ 1 ( xJ_ X
- 2| 2T T2 2
y PRI x4y
Let f,y)=x’+y’-a
of
& __ar
dx  Jf
dy
__2x__x
2y vy
du_ou dr ou dy
dv ox dx 9y dx
e K & | R
2+t 2+yy
__ X
4y y(xP+y?)
Y X
(¥ + %)
w
y
Example 10

If u=¢(x,y)and f(x,y)=0, prove that

Solution

fl,y)=0

drx /s '
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/4
Y__x__ L
O

dy
u=¢(x,y)

dx  ox dx dy dx

= dy

=B+, dx

- L

_‘p"“”-‘{ f)

&
Example 11 o s
Iff(x,y) =0, ¢(x, 2) =0, show that —¢l_y:l_¢
; ox dy dz ox oz

Solution

f(x,y)=0and ¢(x,2) =0

s 99
P P
dx al dx 8_(1)
dy 0z

Jf
ax
A
dy
99
ox
99
0z

dy
drx
E =
dx

&l
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Hence, 8_¢81Q=ala_¢
dx dy dz ox oz

Example 12 3
B VAN .
[ 9(x y,2)=0, prove that (ay ) (32 ) ( 0z ) -

Solution

¢(x, y,2)=0
¢
@) _(2) __w
CEEE SR
0z
d¢
de) () __az
(dz)r_(az)y_ x Q)
ox
09
) (@) __oax
(&) -(3) -3 -®
dy
From Egs (1), (2) and (3),
90\ 99\ 99
) (2) (2) - -2 | -z| -2
dy) \oz) \ox). B a9 a9 IP
0z ox dy
=-1
EXERCISE 8.4
1. 13+ 2 -0, find &
cIf X3+ y3 - 3axy =0, find =L, ;
dx [ ay - x*
Ans.: —
y* —ax |

2. If x> +3x*+6xy* +y® =1, find :_y
X

[Ans. - (

3. If x = y*, prove that dy _ yly —xlogy)
dx  x(x-ylogx)

x? +2x +2y?) |

(4xy +y?)
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d
4. 1f £ (x, y) = x sin (x—y) — (x + y) = 0, find i.

[Ans_: [sin(x —y)](1+ x) —1]

xcos(x —y)+1

5. If y* =sinx, find &
dx

Hint: f = x¥ logy —logsinx, let x¥ = z, logz = ylog x find a_z’ i
ox  ay
of of
and then — and —
ox oy i
—(yx¥! _ ]
Aive.s (yx*"logy —cot x1)
x’logxlogy +x*y™" |
6. If X’ +y’ =5a’x* finddz—y
. ¥ = ) i P 6a’x*(a’ + x°)
nS. . T

7. If xy® — yx3 = 6 is the equation of curve, find the slope of the tangent at

the point (1, 2). . . dy
Hint : Find dx at(1,2)
%

[Ans. T — E]
11

d’y
8. Find —, if xy1-y? +yJ1-x* =a. a
dx? Ans. : -
(1-x%)2
du
9. fu=xlog xy and x> +y’ +3xy—1—0 fmdd—.
X
Ff
ping: 00 dx QU dydy oy
dx ox dx dy dxdx  of
i ay
Ans 1+logxy——(ﬂﬂ
| vly* +ax
dZy - Xm—Z
10. If x™ + y™ = b™, show that ﬁ:—(m—ﬁb y

. Ifu=xtyand x> +xy +y* =1, fmdj—u.
X

2a*x*
5

y

2
12. If x> +y*® =3ax?, find g—{ |:Ans.: -
X

|
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8.8 GRADIENT AND DIRECTIONAL DERIVATIVE

8.8.1 Gradient
The gradient of a function z = f(x, y) is written as grad f and is defined as

2of df  ~Of
df=Vf=i—+j—+k—
grad f =Vf lax+]8y+ %

grad fis a vector function.

If fix, y, z) is a function of three independent variables, its total differential df is given
as
df = a—fdx + a—fdy +a—fdz
ox dy 0z
= fa—f+}a—f+lga—f (idx + jdy + kdz)
ox “dy 0z

: szf+y}+zl€
dr =idx + jdy + kdz

=Vf-dr {
=|Vf]|dF|cos 6

where 6 is the angle between the vectors Vf and dr. If dr and V¢ are in the same
direction, then 6 = 0. .
df =|Vf||d7]

cos 6= 1 is the maximum value of cos 6. Hence, df is maximum at 6 = 0.

8.8.2 Directional Derivative

The rate of change of a function of several variables in the direction of the coordinate
axes is called as directional derivative.
. Jf df o L .. .

For a function z = f(x, y, 2), a—f,a—f,a—f are the directional derivative of f in the

. . X dy 02
direction of coordinate axes.
The directional derivative of a function f(x, y, z) in the direction of vector a is the
component of Vfin the direction of @ . If a is the unit vector in the direction of @ ,
the directional derivative of fin the direction of a is given by

D,f=Vf-a=Vf =

a

Example 1
Find Vfar (1,-2, 1) if f = 3x*y — y’2%
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Solution
Vf=fa—f+}'a—f+lga—f
ox “dy 0z
=i(6xy—0)+ j(3x> =3y’ +k(0—-2y"2)
Atx=1,y=-2,z=1,
VF=i(-12)+ j(3-12)+k(16)

Viat(l,-2,1)=-12i —9j +16k

Example 2
Find the directional derivatives of f = xy* + yz* at the point (2, -1, 1) in
the direction of the vector i + 2]A' +2k.
Solution A
Vf=i—+j—+k=—
X
=iy + 2y + ) +k(2y2)
At the point (2, -1, 1),
Vf=i+j(-4+1)+k(-2)
=i-3j-2k

Directional derivative in the direction of the vector @ =i + 2}' +2k is

Df=Vf-17
a
s on oa (i 42]42k)
=(-3j-2k) —=L2=2
=3 . N1+4+4
_(1-6-4)
-3
=-3
Example 3 |
Find the directional derivatives of f=-————— at the point

(x> +y* +7°)?
P(1, -1, 1) in the direction of a = lA+]A+l€

Solution 5 5 5
UL L

\%
/ ox / dy 0z
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» 2x A 2y A 2z
T A £l R
2(x* +y* +7%)? 2(x* +y* +7%)? 2(x* +y* +7%)?
___(xityjtak)
-3
(x* +y2 +7%)2
At the point (1, -1, 1),
_ (i—j+k)
M=—m
3)?
Directional derivative in the direction of 7 =i +}+I€ is
a
D,f= Vf-ﬁ
-k -GH+j+h)
- 3
(3)241+1+1
14141
32
1
9
Example 4

Evaluate Ve' , where r* = x> + y* + 22

Solution
rP=x+y'+7

Differentiating partially w.r.t. x, y, and z respectively,

2rﬁ=2x, i=£
ox ox r
2r£=2y, ﬁzl
dy dy r
29 o, or_z
0z oz r
9 ~d¢”  ~de”
2 ~de ~de ~de
Ve' =i +Jj +k
¢! ox / dy 0z

N aerz or = aerz or =~ aer2 or
— Jj —+k —
or ox or dy or 9dz
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zf(er2~2r)£+}(r Zr) +k( 2r)E
r r

2 A A A
=2e" (xi +yj+zk)

Example 5

Prove that Vv" = nr"

F,F:xi+yj+zk,r:|7|.
Solution S ALr 22, 2,2
=xi+yj+zk, r"=x"+y +z
or _x or 'y or

z
ox r dy r 9z r

o ar” ~ E)r” ~ ar”
+ +
ox dy 0z

~or" or Aor" or Igar" ar

+J
or ox or dy or 0z

21X n 1Y
=inr"" =+ jnr’"T =+ fnr™™
r r r

=nr"2(xi +yj + 7k)

EXERCISE 8.5

1. Find Vf if

(i) f=log(x*+y*+2%)

() f=(2+y?+z2)enid 97
s.: ()= ()@2-re'F

r
where r = xi +yi +zk, r =|F]|

2. Find Vf and |Vf| if

(i) f=2xz*-x’yat(2,-2,-1)

(i) f=2xz>-3xy-4xat(1,-1,2) SR .
Ans.: (i)10i —4j —16k, 293

(i) 77 - 3] + 8k, 2429

3. Find the directional derivative of f=xy+yz+zx at (1, 2, 0) in the
direction of vector i +2j +2k.
10

[Ans
3
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4. Find the directional derivative of f =x’yz+4xz* at (1, -2, -1) in the

direction of 2i — ] -2k.

5. Find the directional derivative of f =

y=2sint+1,z=t-costatt=0.

37

Ans.: —
o |
x*yz* along the curve x = e,

1

]

8.9 TANGENT PLANE AND NORMAL LINE

Let P be any point on the surface
f(x,y,z)=0o0rz=f(x,y) and let Q be
any other point on it. Any curve is taken
on the surface joining Q to P. As Q
tends to P along this curve, the chord
PQ tends, in general, to a definite
straight line. This straight line is called
a tangent line to the surface at P. Since
different curves can be obtained by
joining Q to P, different tangent lines
are obtained at P. All these tangent
lines lie in a plane called the tangent
plane to the surface at P.

The equation of the tangent plane at
P(xy, yo» 2,) to the surface f(x, y, z) =0 is

vy
Tangent line
)
k Part of surface
) x
Fig. 8.78

(x— )CO)f_;_()CO, Yos Zo) +(- yo)f;v (xov Yos Zo) +(z— Zo)fz (xov Yoo Zo) =0

where S5 ¥i5725) = i
' ox

s of

f_v(xo’ Yos Z9) = a_;

. of

f:(xo’ Yos Zp) = al

(X0 Y9 %)

(50 Yo+ %)

(Xg+ Yo+ 2p)

The line through P, perpendicular to the tangent plane is called the normal to the

surface at P. The equations of the normal line to

X=X, Y=Y

the surface at P(x,, y,, z,) are

Z=iZ;

S (Xos Yos Zp) f\ (%> Yos 20) (%95 Yos Zo)
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Example 1
Find the equations of the tangent plane and normal line to the surface
xyz==6at (1, 2, 3). [Winter 2014]
Solution
Let fxyz) =xyz— 6

fi(x, ¥, 2)=yz, f:(1,2,3)=6

f_‘.(x, ¥, 2) = Xz, f‘.(l, 2,3)=3

[ (x, ¥, 2) = xy, [,(1,2,3)=2

Hence, the equation of the tangent plane at (1, 2, 3) is
6(x—1)+3(y—=2)+2(z-3)=0
6x—6+3y—6+2z-6=0
6x+3y+2z=18
The set of equations of the normal line is
x-1 y-2 2z-3
6 3 2

Example 2
Find the equations of the tangent plane and normal line to the surface
X +y* +z-9=0at the point (1,2, 4). [Winter 2016]
Solution
Let f(x»y,Z)=x2+yz+Z—9

£y, 2) =2x, f(1,2,4)=2

£y, 2) =2y, f(1,2,4)=4

fy,2) =1, f(1,2,4)=1

Hence, the equation of the tangent plane at (1, 2, 4) is
20— 1) +4(y-2)+1(z-4)=0
2x-2+4y-8+27z-4=0
2x+4y+z-14=0
2x+4y+z=14
The set of equations of the normal line is
x—-1 y-2 z-4
2 4 1
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Example 3

Find the equations of the tangent plane and normal line to the surface
X+ y*+ 2= 3 at the point (1, 1, 1).

Solution

Let .y, =x+y+22-3
[ (6 y,2)=2x, f4,L1)=2
1,05 9:0)=2y, £ 1, 1y=2
f(x,y,2) =2z, £,1,1,1)=2

Hence, the equation of the tangent plane at (1, 1, 1) is
2(x-D+2(y-D+2(z-1)=0
2x=2+4+2y=2+4+2z-2=0
2x+2y+2z=6
x+y+z=3
The set of equations of the normal line is

Xl gl |zl

2 2 2
x—-1l=y-1=2z-1
Example 4
Find the equations of the tangent plane and normal line to the surface
2 +y+2z=3ar(2,1,-3). [Summer 2017]
Solution
Let [, y,2)=2x>+y*+27-3

[y, 2) =4x, f(2,1,-3)=8
Six 3, 2) =2y, 2, 1,-3)=2
fuya=2 f21,-3)=2
Hence, the equation of the tangent plane at (2, 1, -3) is
8x—-2)+2(y—-1)+2(z+3)=0
8x—16+2y-2+2z+6=0
8x+2y+2z-12=0
8x+2y+2z=12
dx+y+z7=6
The set of equations of the normal line is
x—-2 y-1 z+3
8 2 2
x—2
4

=y—-1=z+3
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Example 5

Find the equations of the tangent plane and normal line at the point
2 2

(=2, 1, =3) 10 the ellipsoid % 4 % _3.
[Winter 2013; Summer 2016]

Solution
X , 2z’
Let X, y,z)=—+y +—-3
e Fx9:2) 4 y 9
. X ;
.fx(x’yﬁ Z):E’ .f,\-(_zvl»_:;):_l
/1 (.\', V, Z) = 2ya /1(_23 17 _3) =2
2z 2
(x, y, =—, . —2,],_3 =g
Jz(%, ¥, 2) 5 J=( ) A

Hence, the equation of the tangent plane at (-2, 1, =3) is
2
—1(x+2)+2(_v—1)—§(z+3) =0

3(x+2)-6(y—D+2(z+3)=0
3x+6-6y+6+2z+6=0
3x-6y+2z=-18
The set of equations of the normal line is
x+2 y-1 z+3
1 I 2
3

Example 6

Find the equations of the tangent plane and normal line to the surface
z=2x? +y2 at the point (1, 1, 3).

Solution

Let f(x,y,2)=2x"+y" ~z
S (%, ¥, 2) = 4x, f:(1,1,3)=4
1,0 3,2)=2y, £:1,3)=2

[ (x, y,2) =1, 1, 1,1,3)=-1
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Hence, the equation of the tangent plane at (1, 1, 3) is
4x-D+2(y-D-1(z-3)=0
4x-442y-2—-2z+3=0
4x+2y—-z=3

The set of equations of the normal line is

x-1_ y-1 z-3

4 2 -1

Example 7

Find the equations of the tangent plane and normal line to the surface
x’yz+3y* =2xz" =8z at the point (1,2, -1).

Solution

Let ‘/‘(Xa y’Z) = XZJ’Z + 3)/2 - ZXZ2 +8z
f.(x, y, 2) = 2xyz =227, £.(,2, -1 =20)2)(-1)-2(-1)* =6
[,(x, y,2) = X246, £,0,2,-1)= (1) (-D+6(2) =11
[y, 2)=x"y—4xz+8, £0,2,-1)=1)*(2)-4()(-1)+8=14

Hence, the equation of the tangent plane at (1, 2, —1) is
—6(x=)+11(y=2)+14(z+1)=0
—6x+6+11y—-22+14z+14=0
6x—11y—-14z+2=0
The set of equations of the normal line is

x=1_y-2_ z+l

-6 11 14

Example 8
Find the equations of the tangent plane and normal line to the surface
2x7* = 3xy — 4x =7 at the point (1, -1, 2). [Summer 2015]
Solution
Let fx, y,2)=2x22-3xy—4x =7

fo(x, y,0)=22" =3y—4, f(,-1,2)=2)* -3(-1)-4=7

[ (x, ¥, 2) = -3x, 5-1,2)=-3()=-3

fo(x,y,2) =4xz, f.(1,-1,2)=4(1)2)=8
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Hence, the equation of the tangent plane at (1, -1, 2) is
Tx=1D+(3)(y+1)+8(z-2)=0
Tx=T7-3y=3+8z-16=0
Tx-3y+8z=26

The set of equations of the normal line is
x=1_ y+1 z-2
7 3 B

Example 9
Find the equation of the tangent plane and normal line to the surface
z+8=xe"cosz at the point (8, 0, 0).

Solution

Let f(x,y,z)=xe’ cosz—z—8
f.(x, y,2)=¢"cosz £.(8,0,0)=1
S, (x, y, z) = xe’ cosz £,(8,0,0)=8
fi(x, y,z)=sinz -1 £.(8,0,0)=-1

Hence, the equation of the tangent plane at (8,0,0) is
I(x—8)+8(y—0)-1(z=0)=0
x—8+8y—-z=0
x+8y—z—-8=0
The set of equations of the normal line is
x-8 y-0_ z-0

1 8 -1
x-8=2=—7
8
Example 10
Find the equations of the tangent plane and normal line to the surface
cos mx — x*y + €< + yz = 4 at the point P(0, 1, 2). [Winter 2015]
Solution

Let  fix,y,z)=cos mx—x*y+e“+yz=4
fo(x,y,2)=—msinwx —2xy +ze™, £.0,1,2)=2
£,y 2)=—x"+z, £,(0,1,2)=2
FolB3 A= 3 £0.1,2)=1
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Hence, the equation of the tangent plane at P(0, 1, 2) is
2(x=0)+2(y-D+1(z-2)=0
2x+2y-2+2z-2=0
2x+2y+z=—-4
The set of equations of the normal line is

y=1 2z-2

Example 11

Show that the plane tangent to the surface z = x" + y* at the point (a, b, c)
intersects the z-axis at a point where z = —c.

Solution

Let .f(xoyyz):xz_l—y:_z
(63, 2)=2x, fi(a,b,¢)=2a
(%, v, 2) =2y, Sfy(a,b,c)=2b
(e p,z)=-1, f(a,b,c)=-1

Hence, the equation of the tangent plane at (a, b, ¢) is
2a(x—a)+2b(y—-b)-1(z-¢c)=0
2ax—2a*> +2by —2b* —z+c=0
2ax+2by—z—2a’ —=2b>+c=0 ...(D)
The point of intersection of tangent plane with the z-axis is obtained by putting x = 0,
y=0in Eq. (1),
—z-2a*-2b*+¢c=0

z=c-2a>-2b*

=c-2(a’+b%) ...(2)
Since the point (a, b, c¢) lies on the surface X*+y'=z , ...(3)
a+b=c

Substituting Eq. (3) in Eq. (2),

z=c—-2c=-c
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Example 12

Show that the plane 4x—6y—z+14=0 touches the surface
x> +3y>+2z=0 and find the point of contact.

Solution

Let f(x,y,2)=x"+3y"+2z
f.(%,y,2)=2x
f,(x, y,2)=6y
J(x, y,2)=2

Let P(x,, y,,z,) be apoint on the surface

S g Vo 25) = 2%,
S (%> Y0 20) = 6,
S(X0> Y0, 20) =2
Hence, the equation of the tangent plane at (x,, y,, z,) is
2x,(x=x,)+6y,(y—y,)+2(z—2,)=0
2xx, —2x; +6yy, —6y +2z-2z,=0
XXy +3yy, +z+2,=0
Comparing with the plane equation 4x — 6y —z+ 14 =0

x0:3y0_ 1 _Z

4 -6 -1 14

S Xg=—4,y,=2,z,=-14
The point (—4, 2, —14) satisfies the equation of the surface and the tangent plane.
Hence, the point of contact is (—4, 2, —14).

Example 13

Show that the surfaces z = xy — 2 and x>+ y*+z° =3 have the same
tangent plane at (1, 1, —1). [Summer 2014]
Solution

For the surface f(x, y, z) =xy —z -2,
f\ (x’ V, Z) = /\(17 1* o 1) = 1
Sy (%, 2) =x, 5HL-1)=1
f;(xa}” Z)=—l$ /__(1, la—1)=_l
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Hence, the equation of the tangent plane is
I(x-D)+1(y-1)-1(z+1)=0
x—1+y-1-z-1=0

x+p—=2z=3=0
For the surface f(x,y,2)= ¥’ +y2 +2° -3,
fi(x, y,2)=2x fLL=-1)=2
£, 3, 2)=2y £,0,1,-n=2
f;(X,)’aZ)zzz f;(L 1’_1):_2

Hence, the equation of the tangent plane is
2x-D+2(y-)-2(z+1)=0
2x=2+42y—2-2z-2=0
x+y—-z-3=0

Hence, the surfaces z=xy—2and x’ +»’ +z° =3 have the same tangent plane at
(1,1, -1D).

Example 14

Find equations of the normal line of the sphere x*+ y*+ z>= 6 at the
point ( a, b, c). Show that the normal line passes through the origin.

Solution

Let oy, 2)=x*+y"+22-6
f.(x, »,2z)=2x, f.(a,b,c)=2a
f,(x, y,2) =2y, f,(a,b,c)=2b
fi(x, y,2)=2z, fi(a,b,c)=2c

Hence, the set of equations of the normal line at (a, b, c) is

x—=a y=b z—¢

2a 2b 2c

At the origin,x=0,y=0,z=0.
0-a 0-b 0-c 1

2a 2b 2c 2

The point (0,0,0) satisfies the equation of the normal line.
Hence, the normal line passes through the origin (0, 0, 0).
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EXERCISE 8.6

1. Find the equations of the tangent plane and the normal line to the
following surfaces at indicated points.

(a)Z: 4_X2_2y2 ) (1:_1)1)
(b)Z=V1_X2_y2 ) (%7%)%)
() z=1—l(x2+4y2) 11,4
10 ) ) 72
(d) x*v*+xz-2y* =10 , (2,1,4)

Ans.: (@) x-2y+z-4=0 , X1-1:y;1:z1—1

(b)2x+2y+z-3=0 , 3x-2 _3y-2_3z-1
2 2 1

el

(c)2x+8y+10z-15=0 , X1_¥=1__ 2

2 8 10

(d)4x+y+2z=13=0 , x-2_y-1_z-4
! 2 1 1 |

2. Show that the tangent plane to the surface x* = y(x + z) at any point
passes through the origin.

3. Show that the plane 3x + 12y — 6z — 17 = 0 touches the surface 3x* — 6y? +
9z + 17 = 0. Find also the point of contact.
[Ans. : (—1, 2, Z]]
3

4. Show that the plane ax + by + ¢z + d = 0 touches the surface
2 2

px* +9y* +2z =0, ifa—+b—+2cd:0
P q

8.10 LOCAL EXTREME VALUES (MAXIMUM
AND MINIMUM VALUES)

Let u = f(x, y) be a continuous function of x and y. u will be maximum at x = a,
y=0>b,if f(a, b) > f(a + h, b + k) and will be minimum at x = a, y = b,
if f(a, b) <f(a + h, b + k) for small positive or negative values of /& and k.
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The point at which function f(x, y) is either maximum or minimum is known as
stationary point. The value of the function at stationary point is known as extreme
(maximum or minimum) value of the function f(x, y).

Working Rule to determine extreme values of a function f(x, y)

Step I Solve %]: =0 and a—f =0 simultaneously for x and y.

X dy
Step Il Obtain the values of = E){ ,8= of gt = 8_/:
ox” ox dy ay”

Step Il
(1) Ifrt—s*>>0and r< 0 (or<0) at (a, b) then f(x, y) is maximum at (a, b) and
the maximum value of the function is f(a, b).
(ii) If rt—s>>0and r >0 (or 7> 0) at (a, b) then f(x, y) is minimum at (a, b) and
the minimum value of the function is f(a, b).
(iii) If rt — s> < O at (a, b) then f(x, y) is neither maximum nor minimum at
(a, b). Such a point is known as saddle point.
(iv) If rt — s> = 0 at (a, b) then no conclusion can be made about the extreme val-
ues of f(x, y) and further investigation is required.

Example 1
Discuss the maxima and minima of the function x* + y* +6x +12.
Solution
Let fO,y)=x2+y*+6x+ 12
Step | For extreme values,
o
ox
2x+6=0
2(x+3)=0
x+3=0
x=-3
and a_f =0
dy
2y=0

y=0
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Stationary point is (— 3, 0).

Step Il Fr=—— =2

Step Il At (=3, 0)
rt—s2=22)-0=4>0 andr>0
Hence, f (x, y) is minimum at (=3, 0).

foin=(=32+0+6(-3)+12=3

Example 2
3 3
Show that the minimum value of f(x, y) = xy+ g + & is 3a°.
x

Solution

3 3

5 a a
S y)=xy+—+—
x Yy

Step | For extreme values,
o _

0
ox

Py=d (D

and

xy? =a’ ...(2)
Solving Eqgs (1) and (2),

Substituting in Eq. (1),

=
I

- =
n
Q89

Stationary point is (a, a).
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Step Il

df 2

’ —3 > — 3
ox* X
= 9/ =1

dy

2 2a3

= " — -
dy” y

Step lll At (a,a), r=2,s=1,1r=2
r—s=2)(2)—=(12=3>0

Also, r=2>0
Hence, f(x, y) is minimum at (a, a).

2 L 2
fom=a +a (—+—) =3a".

a a

Example 3
Discuss the maxima and minima of the function 3x* — y* + x°.
Solution
Let f(x,y)=3x*-y"+x
Step | For extreme values, Jf -0
ox
6x+3x* =0
3x(x+2)=0
x=0,-2
5
and g =0
dy
-2y=0
y=0

Stationary points are (0, 0), (-2, 0).

Step Il r=—-=6+6x
ox”
s = o/ =0
dxdy
W
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Step Il
x,) r s t rt—s? Conclusion
0, 0) 6 0 -2  -12<0 neither maximum nor minimum
(-2,0) -6 0 -2  12>0and r<0 maximum

Hence, f (x, y) is maximum at (-2, 0)
So =3(-2) -0+ (-2)°=4

Example 4
Find the stationary value of x* + y* — 3axy, a > 0.
Solution
Let (e, y) =x*+y* = 3axy
Step | For extreme values,
of
iy
ox
3x* =3ay=0
x'—ay=0 ..
Jof
and =—=0
ay
3y =3ax=0
y'—ax=0 (2)
From Eq. (1),
xl
Yis—
a
Substituting in Eq. (2),
*—-a’x=0

x(x—a)(x*+ax+a’)=0

X=0,%=a
y=0,y=a.
Hence, stationary points are (0, 0) and (a, a).
Step Il 3 f
r=—-=>06x
ox*
§e= o7 =-3q
X dy
= a- = 6}/
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Step lll At (0,0),r=0, s=-3a, =0

rt—5*=(0) (0) - (-3a)*=-9a*< 0
Hence, f(x, y) is neither maximum nor minimum at (0, 0).
At (a,a),r=6a, s=-3a, t=6a

rt —s* = (6a) (6a) — (-3a)>*=27a>>0
Also, r=6a>0
Hence, f(x, y) is minimum at (a, a).

fo=a+ad-3a*=-ad’.

Example 5
Find the extreme values of the function x* + 3xy* — 3x*> — 3y* + 4, if any.
[Summer 2017]
Solution
Let O, y)=x+3x? - 3x> =3y’ + 4
Step | For extreme values,
v,
ox
3x*+3y* —6x=0
¥ +y'-2x=0 .1
and _al =0
dy
6xy—6y =0
6v(x—1)=0
y=0,x=1
Putting y = 0 in Eq. (1),
x*—=2x=0,
x=0,2
Stationary points are (0, 0), (2, 0).
Putting x = 1 in Eq. (1),
1+y*-2=0,
v=1,y==x1
Stationary points are (1, 1), (1, —1).
Step Il )
o' f
r=2L —6x-6=6(x-1)
ox”
o f
s=——=6y
oxdy
Wi P W

dy’
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Step Il
x¥) r ) t
0, 0) -6<0 0 -6
2,0) 6>0 0
(1, 1) 0 6 0
(1,-1) 0 -6 0

Hence, f(x, y) is maximum at (0, 0) and minimum at (2, 0).

rt—s?

36>0and r<0

36>0and r>0
-36<0

-36<0

Conclusion
maximum
minimum
neither maximum nor
minimum

neither maximum nor
minimum

fmax = O +4=4
and foin =23+ 3(2)(0)> - 3(2)>-3(0* + 4
=8+0-12+4
=0
Example 6
Find the extreme values of the function x*> + y* — 63 (x + y) + 12xy.
Solution
Let fe,y)=x+y = 63x— 63y + 12xy
Step | For extreme values,
af
R — 0
ox
3x* —63+ 12y =0,
3x2 +12y = 63
X +4y=21
of
and 2 =0
dy

3y" —63+12x =0,
12x+3y* =63
4x+y* =21

Equating Egs (1) and (2),

X’ +4y=4x+)°
¥ =y —4(x-y)=0
(x+y)x-y)-4x-y)=0
(x=y)x+y—-4)=0
x—y=0,x+y-4=0

y=x, y:4—x

(D

(2)
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Putting y = x in Eq. (1),

X +4x-21=0,
x+7(x-3)=0
x=-7,3
sy=-71,3
Stationary points are (-7, —7), (3, 3).
Putting y =4 — x in Eq. (1),
X +4(4-x)=21

X —4x-5=0,
(x+1)(x=5)=0
x=-1,5

Stationary points are (-1, 5), (5, -1).

Step Il
f
r=—=="6x
ox”
= o =12
dx dy
o’ f
t=—==606y
a7
Step Il
) r s t rt—s’ Conclusion
-7,-7) 42 12 —-42 1620 >0and r<0 maximum
3,3) 18 12 18 180>0and r>0 minimum
(-1,5) -6 12 30 -324 <0 neither maximum nor
minimum
(5,-1) 30 12 -6 -324<0 neither maximum nor
minimum

Hence, f(x, y) is maximum at (-7, —7).
-/;nux = (_7); & (_7)3 - 63(_7 - 7) R 12(_7)(—7) = 784

and f(x, y) is minimum at (3, 3).

fom =3 +3° —63(3+3)+12(3)(3) = -216.

Example 7
Find the extreme value of xy (a —x —y).
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Solution
Let fy)=xya-x-y)
=axy —x’y —xy’
Step | For extreme values,
of
I A— O
ox
ay-2xy—y* =0 ...(1)
ya-2x-y)=0
y=0,a-2x-y=0
and a_f =0
dy

...(2)

ax—x*=2xy=0
x(a—x-2y)=0
x=0,a-x-2y=0
Considering four pairs of equations of Eqs (1) and (2),

y=0 x=0
y=0 a-x-2y=0
a-2x-y=0 x=0
a-2x-y=0 a-x—2y=0

Solving these equations, the following pairs of values of stationary points are

obtained: (0, 0), (a, 0), (0, ), (% %)

Step Il o
P 7/
¥ ca— = —2)}
ox”
az
s = A =a-2x-2y
ox dy
fr
t= { =-2x
ay”
Step Il
x, ) r s t rt—s’ Conclusion
0, 0) 0 a 0 -a*<0 neither maximum nor minimum
(a, 0) 0 —a —2a —a*<0 neither maximum nor minimum
0, a) —2a —a 0 -a*<0 neither maximum nor minimum

a a —2a —-a —2a a?_ . ..
e —_ —_— —>0 maximum Or minimum

3°3 3 3 3
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Hence, f (x, y) is maximum or minimum at(%, %) depending on whether a >0 or a <0.

3

a a a a a
f::xlrcmc = a= == 1= %=
27

3307373

Example 8
Examine the function x> y*(12 — 3x — 4y) for extreme values.
Solution
Let f(x,y) = 12237 = 3x*y? — 4x3y?
Step | For extreme values,

v _,

ox

36x%y* —12x°y* —12x%y’ =0
12x*y*(3-x—-y)=0
x=0,y=0,x+y=3

and %zo
dy

24x’y—6x'y—12x’y* =0

6x’y(4—x-2y)=0
x=0,y=0,x+2y=4

Considering six pairs of equations of Eqs (1) and (2),

x=0 y=0
x=0 x+2y=4
y=0 x+2y=4
x+y=3 x=0
x+y=3 y=0
x+y=3 x+2y=4

Solving these equations, the following pairs of stationary points are obtained:

(0, 0), (0, 2), (4, 0), (0, 3),(3,0), (2, 1)

Step Il 3 p
Fi= 3 { =T72xy* =36x’y* —=24xy’ =12x° (6 -3x—2y)
2
_ azf _ 2 3 2L5F . 2
s= =T72x"y-24x"y—-36x"y" =12x"y(6-2x-3y)
ox dy
_9f

R

<

—=24x’ —6x* —24x’y = 6x°(4—x—4y)

...(D)

...(2)
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Step Il

x,»)
(0, 0)
0,2)
(4., 0)
(0, 3)
(3.0)
2,1) -48  -48

S O O O O =
S O O O O =

rt—s

S O O O =~
S O O O

162 0

-96 2304>0and r<0

Hence, f(x, y) is maximum at (2, 1).
-ﬁnax = (23 )(12)(]2 - 6 - 4) = ]6

Conclusion

no conclusion

no conclusion
no conclusion
no conclusion
no conclusion

maximum

Example 9
Find the maxima and minima of x* + y* —2x* + 4xy—2)".
Solution
Let f(x, y)=x"+y* =2x* +4xy-2)°
Step | For extreme values,
9
Lo

and

Adding Eqgs (1) and (2),

Substituting y = —x in Eq. (2),

45’ —4x+4y=0
4x*-x+y)=0

X —x+y=0
of
5=

4y’ +4x-4y=0
4" +x-y)=0
Y 4+x—y=0
)c3+y3 =0
y==x
-’ +x+x=0
x=2x=0
x(x*=2)=0
*¥=10

y= 0,

(D

(2)
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Stationary points are (0, 0), (\/_ = \/f) (—\/5, \/E)
Step Il
L T
ox”
= & =4
dx dy
=9 12y 4
ay’
Step Il
x, ) r s t rt—s’ Conclusion
0, 0) —4 4 —4 0 no conclusion
W2, ~12) 20 4 20 384>0and r>0  minimum
(=2, +/7) 20 4 20 384>0andr>0  minimum

Hence, f(x, y) is minimum at the point (\/7,—\/5) and (—\/5, JE).

At(V2,-2), £ = 2) +(—2)" —2(V2)* +4V2(—2) - 2(—/2)* = -8

Example 10

Find the extreme values of the function
f(x,y)=x+y’=3x-12y+20.
Solution

f(x,y)=x"+y =3x—12y+20

Step | For extreme values,

[Summer 2014]
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and §£=0
dy
3y*-12=0
3(y°-4)=0
¥ -4=0
y' =4
y=x2

Stationary points are (1, 2), (1, -2), (-1, 2), (-1, -2).

Step Il
o f
r=—==6x
ox”
al
Si= S =0
dx dy
o f
= '7 = 6’\)
ay”
Step Il
) r s t rt—s? Conclusion
(1,2) 6 0 12 72>0and r>0 minimum
(1,-2) 6 -12 -72<0 neither maximum nor
minimum
(-1,2) -6 0 12 -72<0 neither maximum nor
minimum
(-1,-2) -6 0 -12 72>0and r<0 maximum

Hence, f(x, y) is maximum at (-1, —2) and minimum at (1, 2).
fomn= (1’ +(2) =3(1)-12(2)+20=2

Example 11

Find the extreme values of the function x* +xy” +21x—12x" —2)"°.
Solution

Let f(x, ) =% +x0° +21x—12x* =2

Step | For extreme values,
J _

0 )
ox
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3x*+y* =24x+21=0 ...(1)
J _
5_
2xy—4y =0
2y(x-2)=0
y=0,x=2

and 0

Putting y =0 in Eq. (1),
3x*=24x+21=0,x>-8x+7=0
x-D(x-7)=0
Fi=ily T
Stationary points are (1, 0), (7, 0).
Putting x =2 in Eq. (1),
12+y* —48+21=0

yt =15, y= +/15
Stationary points are (2, J15 ), (2, =a/15 )

Hence, all stationary points are (1, 0), (7, 0), (2, \/G), (2, —\/G)

82
Step Il ri= {:6x—24:6(x—4)
ox”
aZ
= f = 2)7
0xdy
O’ f
t= { =2x—-4=2(x-2)
ay~
Step Il
) r s t rt—s’ Conclusion
(1,0) -18 0 -2 36>0and r<0 maximum
(7,0) 18 0 10 180>0and r>0 minimum
neither maximum nor
(2, \/G) -12 215 0 —60<0 minimum
neither maximum nor
(2~ i \/E) 2 _ZJE v —60<0 minimum

Hence, f(x, y) is maximum at (1, 0) and minimum at (7, 0).
S =P +(1x0*)+21-(12x1*)—-(2%x0%) =10,
fon =T +(Tx0*)+(21x7)-(12%x7*)-(2%x0%) =98
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Example 12
Find all the stationary points of the function
X’ +3xp° —15x" —15y° +72x
after examining whether the function is maximum or minimum at those

points. [Summer 2016]
Solution
Let f(x, ¥)=x"+3xp* —15x* =15y* + 2x
Step I For extreme values,
Lo
3x* +3y* =30x+72=0 (D
Y
¥
6xy —30y=0 ...(2)
6y(x—-5)=0
y=0,x=5

Putting y = 0 in Eq. (1),
3x7-30x+72=0

x=4,x=6
Stationary points are (4, 0), (6, 0).
Putting x =5 in Eq. (1),
3y?-3=0
y==+1

Stationary points are (5, 1) and (5, -1).
Hence, all stationary points are (5, 1) (5, -1), (4, 0) and (6, 0).

Step Il
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Step Il
) r s t rt—s’ Conclusion
4,0) -6 0 -6 36>0and r<0 maximum
(6,0) 6 0 6 36>0and r>0 minimum
6, 1) 0 6 0 -36<0 neither maximum
nor minimum
5,-1D 0 -6 0 -36<0 neither maximum

nor minimum

Hence, f (x, y) is maximum at (4, 0) and f (x, y) is minimum at (6, 0).

Jon =@ +0-15(4)?-0+72(4) =112
Jroin=(6)*+0~15(6)* -0+ 72 (6) = 108

in ™

Example 13

Find the extreme values of sin x + sin y + sin(x + y).
Solution

Let f(x,y)=sinx+siny + sin(x + y)

Step | For extreme values,

.
ox
cosx+cos(x+y)=0 ...(1)
of
an %
cosy+cos(x+y)=0 ...(2)

Equating Egs (1) and (2),
cosx+cos(x+ y) =cos y+cos(x+ )
COSX = COS y
x=y
Substituting y = x in Eq. (1),
cosx+cos2x =0,
COS X = —CO0S 2X
= cos(m — 2x) or cos(m + 2x)
X=W—2x0r w+2x
/4

X==,-T
3

T

_’_n
3

y =
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. . T
Stationary points are (3 5), (—m,—7).

Step Il
= 8'_): = —sinx —sin(x+ y)
ox”
o’f .
§ =——==sm(x+
T (x+y)
t= a.‘f, = —sin y —sin(x+ y)
dy°
Step Il
¥ r s t rt—s? Conclusion
(E E) —\/5 _ﬁ —\/3 2 >0and r<( Mmaximum
373 5 4
i (—m, —m) 0 0 0 0 no conclusion

Hence, f(x, y) is maximum at (g, %)

f;nax=Sin£+5in£+sin2—ﬁ—=£+_3.+_3_=3 3
3 3 3 2 2 2 2

Example 14

Find the extreme values of sin x sin y sin (x + y).
Solution

Let f(x,y)=sinxsin ysin (x + y)

Step | For extreme values,

9
ox

sin y [cosxsin(x + y)+sinxcos(x+ y)]=0

=0

sin ysin(2x+y)=0

1
E[COS 2x—cos(2x+2y)]=0

cos2x —cos(2x+2y) =0 (1)
o _
and a—y_()

sinx [cos ysin(x + y)+sin ycos(x+ y)] =0
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sinxsin(x+2y)=0
%[cos 2y—cos(2x+2y)]=0

cos2y—cos(2x+2y)=0 (2)

Equating Egs (1) and (2),
cos2x =cos2y

x=y
Substituting x =y in Eq. (1),
cos2x—cos(2x+2x)=0
cos2x = cos4x = 2cos’ 2x —1

2cos’ 2x—cos2x—1=0

1+1+8

cos2x =

4
L
2
cos2x =1=cos0, c052x=—%=cos—
x=0, x= &
3
T
— 0’ = —
y y 3
Stationary points are (0,0), (%, %) .
Step Il
' f : . ;
r= e = —sin2x+sin2(x+ y) = 2sin ycos(2x + y)
X
*F ;
§=—"—=sin2(x+
3% (x+y)
J9f . . .
t= 5 =—sin2y+sin2(x+ y) = 2sinxcos(x +2y)
Y
Step Il
) r s t rt—s’ Conclusion
0, 0) 0 0 0 0 no conclusion
(E E) 5 B B 2.0andr<0  maximum
373 4

2
Hence, f(x, y) is maximum at (%, g)
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2 xﬁ\ﬁ\ﬁ 3\/5

f;nax:SiHESiHESin—:—-—._:_
5 8 3 2 2 2 B

8.11 EXTREME VALUES WITH CONSTRAINED VARIABLES

Sometimes we have to find the extreme values of a function of three (or more)
variables, say f(x, y, z), which are not independent but are connected by some given
relation ¢(x, y, z) = 0. The extreme values of f(x, y, z) in such a situation are called
constrained extreme values.

In such situations, we use ¢(x, y,z) = 0 to eliminate one of the variables, say z,
from the given function, thus converting the function as a function of only two
variables and then find the extreme values of the function.

Example 1
Find the minimum value of x> + y* + 72 with the constraint x +y +z=3a .
Solution
Let f=xX2+y + 7
xX+y+z=3a
z=3a-x-y (1)

Substituting the value of z in Eq. (1),
f=x+y"+QBa—-x-y)

Step | For extreme values,

af
- = O
ox
2x-2(Ba-x-y)=0
4x—-6a+2y=0
2x+y=3a ...(2)
and
of
A Ay 0
dy
2y—-2Ba-x—-y)=0
2y—6a+2x+2y=0
x+2y=3a ...(3)
Solving Egs (2) and (3),
xX=y=a

The stationary point is (a, a).
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Step Il

QO
o
~

t=—5=4

’

Step lll At (a,a),r=4,s=2,1=4
== (@) ) = (22=12>0

Also, r=4>0
Hence, f(x, y) is minimum at (a, a)

fon=a*+a*+(B3a—a—a)
=3a?

Example 2
Find the minimum value of x’y*z subject to the condition x +y + z = 1.
Solution
Let f=xyz
x+y+z=1
z=1-x-y (1)

Substituting the value of z in Eq. (1),
f=2¥(1 = x=y)
=% — xy? — 1y
Step | For extreme values,
Yy
ox
3x%y? —4x}y? = 3x%3 =0
Xy (3 -4x-3y)=0

x=0,y=0,4x+3y=3 ...(2)
Jf
and —=0
dy

2%y = 2x'y = 3x%y* =0
Xy(2-2x-3y)=0
x=0,y=0,2x+3y=2 ...(3)
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Considering six pairs of Eqs (2) and (3),

x=0 y=0
x=0 2x +3y =2
y=0 2x +3y =2
4dx+3y=3 x=0
4dx+3y=3 y=0
4x+3y=3 2x+3y=2

Solving these equations, the following pairs of stationary points are formed:

2 3 11
(0,0), (0,5), 1,0), (0,1), (Z’O)’ (E,E)

Step Il
r= a—{ =6xy° —12x°y* —6xp° = 6xy°(1-2x— )
ox”
s= o/ =6x"y—8x’y—9x’y* = x*y(6—8x—-9y)
oxdy
t= 8'{{ =2x' -2x* -6’y =2x’(1-x-3y)
dy”
Step Il
) s rt—s’ Conclusion
0, 0) 0 0 0 no conclusion
2 .
0, 5 0 0 0 no conclusion
(1,0) no conclusion
O, 1) no conclusion
E 0 0 2_7 0 no conclusion
4’ 128
maximum
(l,l) BN - L .00
23 9 12 8 144

11
Hence, f(x, y) is maximum at (E’ g) .
IN(IY(. 11
(LY (LY (Lt
fu=(z) 5) (1-3-3)
_L
432
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Example 3

Divide 120 into three parts so that the sum of their products taken two
at a time shall be maximum.

Solution
Step | Letx, y, z be three numbers.
Let x+y+z=120

f=xy+yz+zx
=xy+y(120—x—-y)+(120—x-y)x
=xy+120y —xy—y” +120x—x* —xp
=120x+120y —xy — x* — y*

For extreme values,
o
ox
120—y—-2x=0 (1)
F _
dy
120—x-2y=0 ..(2)
Solving Eqgs (1) and (2),

and 0

Stationary point is (40, 40).
Step Il

Step Il At (40, 40).
rt-st=(2)(-2)-(-17=3>0
and F=_2<0
f(x, y) is maximum at (40, 40).
Hence, three parts are 40, 40 and 40.

Example 4

Find a point on the plane 2x + 3y — z = 5 which is nearest to the origin.
[Summer 2017]
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Solution
Let P(x, y, z) be any point on the plane 2x + 3y —z = 5.
Its distance from the origin is given by

d=\P+y’ +2
P=xX+y+7
Since P lies on the plane z=2x + 3y -5,
d=x+y + (2x+3y-5)
Let S, y) =22+ y* +4x* + 9y? + 25 + 12xy — 30y — 20x
=5x2 4+ 10y + 12xy — 30y — 20x + 25
Step | For extreme values,
I,

0x
10x + 12y = 20

5x + 6y =10 (1)
and 5—
20y + 12x =30

10y + 6x =15 ..(2)
Solving Eqgs (1) and (2),

. ... (515
Stationary pointis | = — |.
P (7’14)

Step Il r=—>=10

Step lll At (E,E), r=10, s=6, =10
7714

rt—s>=100-36=64>0
Also, r=10>0

Sfix, y) i.e. d* is minimum at (%, Ej and hence d is minimum at (é Ej .

7714
a[(22)
7 14 5
z=2x+3y—5=2(§)+3(§j—5=——
7 14 14
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Hence, d is minimum at E,E,—i .
714 14

The point é’ E, _3 ) onthe plane 2x + 3y — z =5 is nearest to the origin.
714 14
Example 5

Find the points on the surface 7> = xy + 1 nearest to the origin. Also find
that distance.

Solution
Let P (x, y, z) be any point on the surface z> = xy + 1.
Its distance from the origin is given by

d=+(*+y*+2%)
d*=x"+y*+ 2
Since P lies on the surface z2 = xy + 1,

d*=x*+y +xy+1

Let f,y)=x"+y +xp+1
Step | For extreme values,
v _,
ox
2x+y=0 ...(D)
of
and o =0
2y+x=0 ...(2)
Solving Egs (1) and (2),
x=0,y=0
Stationary point is (0, 0).
Step Il o
Pi= L { =2
ox”
' f
s= =]
dx dy
t= E)f =2
ay”

Step I At (0,0), r=2,t=2,5s=1
r-s2=(2)(2)-(12=3>0
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Also, r=2>0
f(x,y),1i.e., d?is minimum at (0, 0) and hence d is minimum at (0, 0).
At (0, 0),
Z=xy+1=1
z=%1
Hence, d is minimum at (0, 0, 1) and (0, 0, —1).
The points (0, 0, 1) and (0, 0, —1) on the surface 2 = xy + 1 are nearest to the origin.
Minimum distance =+0+0+1=1.

Example 6

A rectangular box open at the top is to have a volume of 108 cubic metres.
Find the dimensions of the box if its total surface area is minimum.

Solution
Let x, y and z be the dimensions of the box. Let V and § be its volume and surface area

respectively.
V =xyz

S=xy+2xz+2yz

o 14
Substituting z = —,
Xy

V V
S =425 —+2y-—

Xy xy
2V 2V
=xy+—+—
y X
Step | For extreme values,
s,
ox
2V
)/ —_ > = O .. .(1)
X
and B_S =0
dy
14
x—2, =0 ...(2)

y
2V

2

X

from Eq. (1) in Eq. (2),

4
x—ZV( & ,)zo
4y?
x(]—L)zo
14

Substituting y =
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!
x=2V)
w2

==

1
y= =(2F)® [Since x # 0 being the side of the box]

2

@y

1 1
Stationary point is [(ZV)3, (2V)3]'

Step Il 9°S _4r
" PR
DS _
dx dy
LIS _ar
anp’ y
; L 4v 4v
Step Il At [(21/)3, (21/)-‘], r=_s=2>0s=lt="_=2

rt—s?=2)2)-(1>*=3>0andr=2>0
1

Hence, S is minimum at x = y = (2V)§.

Putting V=108 m?,
1
x=y=(2x108) =6
Vo 108
=— =3

and z=—=——=
xy 6x6

Hence, dimensions of the box which make its total surface area S minimum are x = 6,
y=6,z=3.

Example 7
Show that the rectangular solid of maximum volume that can be inscribed
in a given sphere is a cube.

Solution

Let x, y, z be the length, breadth and height of the rectangular solid and V be its
volume.
V=xyz (D)
Let the given sphere be
X+y+2=a

2 2 2 2
z°=a —-x" -y
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Substituting in Eq. (1),

V =xp{a’ —x* -y
2 =x2y2(az — 2 _yz)
Let [ y) =V =2y} (@ -x* - %)

Step | For extreme values,

al

ox

Y [2x(a* —x* — y*)+x*(-2x)] =0
2x%(@* -2x* -y =0

=0

x=0,y=0,2x>+y’ =a*

of
and 2 -0
dy

*[2y(@® -x* =y )+ y* (2y)]=0
23 y(a* —-x* -2y =0
x=0,y=0,x2+2y2 =q*

But x and y are the sides of the rectangular solid, and therefore cannot be zero.

Solving 2x* +y* =a® and x* +2y° = a’,

. . a a a
Stationary points are (— g —)

Step Il ,
r=ﬂ= 2a°y* —12x*y* =2y*
ox’
s = ai_gy =4a’xy—8x’y —8xy°
' f

—=2a’x" -2x" —12x%y*
ay”

a a
Step Ilf At | -2, 2| =22 22 22 __ %2
i (ﬁ ﬁ) T3 T T

(2)

..(3)

...(4)
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4a¢* 8a* 8d* 44"
O
3 9 9 9
2 2" 124 '
3 9 9 9
, 64d® 164" 484°
rt—s- = - = >0
81 81 81

rt—s>>0and r<0

f(x, y), i.e. V? is maximum at x = y = z and hence, V is maximum when
x =Yy =z, i.e. the rectangular solid is a cube.

EXERCISE 8.7

1. Examine maxima and minima of the following functions and find their
extreme values:

(i) 2+2x+2y - x2 —y? (ii) x2?y? — 5x2 — 8xy — 5y?
(iii) x2+y2+xy+x—-4y+5 (iv) x2+y2+6x=12
(v) X’y (1-x-vy) (vi) xy Ba-x-y)
(vii) x3+ 3xy?—-3x2-3y?2+4 (viii) x*+y* -2 (x - y)?
(ix) x*+ X2y + y? (x) x*+y*—4a* xy
(xi) y* = x*+2(x% - y?) (xii) x3+ 3x% + V2 + 4xy

(xiii) x?y —3x2-2y?2 -4y +3 (xiv) x* —y* — x2 —y2 + 1.

Ans.: (i) Max. at(1,1);4 (i)) Max. at (0, 0);0
(iii) Min. at (-2, 3);-2 (iv) Min. at (-3, 0);3
(v) Max. at (%,%),é (vi) Max. at (a,a);a’
(vii) Max. at(0,0);4 (viii) Min. at (v2,~2)and (—v2,v2);-8
(ix) Min. at (0, 0);0 (x) Min. at (a, a) and (-a, a);a*
(xi) No extreme values  (xii) No extreme values
1 1)1
(xiii) Max. at (0, —1);5 (xiv) Max. at (0, 0);1,minat| +—,% |— |;=
i ( V27 \V2 ] 2|

2. Arectangular box, open at the top, is to have a volume of 32 cc. Find the
dimensions of the box requiring least materials for its construction.

[Ans.: 4, 4, 2]
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3. Divide 120 into three parts so that the sum of their products taken two
at a time shall be maximum.

[Hint: f = xy + yz + zx where x + y + z = 120]

[Ans. : 40, 40, 40]

4. The sum of three positive numbers is ‘a’. Determine the maximum value
of their product.
3
ans: & at(2,2,9)
27 3'3°3

5. Find the volume of the largest rectangular parallelepiped that can be
inscribed in an ellipsoid
2 2 2
Xy,
a b

Hint : Let 2x, 2y, 2z be the sides of the parallelepiped; then its volume|
{Ans. s Badx

XZ yZ
v =8xyz = 8xy,f1—a—z—F
343 |

6. Prove that area of a triangle with constant perimeter is maximum when
the triangle is equilateral.

Hint : Area = /s(s — a)(s — b)(s — ¢)
[ where2s=a+b+c,c=2s—-a-b, sis constant]
7. Find the shortest distance from the origin to the surface xyz? = 2.

[Ans.: 2]

8. Find the shortest distance from the origin to the plane x — 2y — 2z = 3.
[Ans.: 1]
9. Find the shortest distance between the lines =3 = ¥ _25 - Z;7 and

x+1 y+1 z+1
7 6 1

[Ans.: 2@]

10. Find the maximum value of cos A cos B cos C, where A, B, C are angles

of a triangle.
Ans.: max. at E,E,E ;1
3'3'3)8
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8.12 METHOD OF LAGRANGE MULTIPLIERS

Let f(x, y, z) be a function of three variables x, y, z, and the variables be connected by
the relation

¢ (x,y,2)=0 (D

Suppose we wish to find the values of x, y, z, for which f(x, y, z) is stationary (maxi-
mum and minimum).
For this purpose, we construct an auxiliary equation

f,y,2)+20(x, y,2) =0 (2
Differentiating Eq. (2) partially w.r.t. x, y, z,

of 09
A =0 ..03)
of  ,00 _
o A i 0 e
o  ,00
o +A =0 .05

Eliminating A from Egs (3), (4) and (5), the values of x, y, and z are obtained for which
f(x,y, ) has stationary value. This method of obtaining stationary values of f(x, y, z) is
called Lagrange’s method of undetermined multipliers, and equations (3), (4) and (5)
are called Lagrange’s equations. The term A is called undetermined multiplier.

Example 1

Find the minimum value of x* + y?, subject to the condition ax + by = c.

Solution

Let fO,y)=x2+y? (D)
ax+by=c ...(2)

Let O(x,y)=ax+by—-c=0

Let the auxiliary equation be
(x> +y)+AMax+by—c)=0 ..(3)

Differentiating Eq. (3) partially w.r.t x,

2x+Aa=0
Hese® (4

a
Differentiating Eq. (3) partially w.r.t y,
2y+Ab=0

= .(5)



8.146 Chapter 8 Partial Derivatives

From Eqs (4) and (5), 2x 2y
]

b
y=—x

Substituting y in Eq. (2),

ax+b(éx) =i
a

2

ax+—x=c
a

(@ +b*)x=ac
ac

a+b’

) V__ﬁ( ac )_ be
T a\d+ b a’+b’

2.2 2.9
a‘c b c

.+.
(@*+b*)?  (a® +b*)?

.. )
Minimum value of x™ +y~ =

Example 2
Find the minimum values of x*yz*, subject to the condition 2x +y + 3z =a.
[Summer 2014]
Solution
Let fxy 2) =x2y2 (D
2x+y+3z=a ..(2)
Let Ox,y,2)=2x+y+3z—-a=0
Let the auxiliary equation be
x’yz’ + A2x+y+3z—-a)=0 ..(3)
Differentiating Eq. (3) partially w.r.t x,
2xpz° +24=0
A=-xyz’ (4
Differentiating Eq. (3) partially w.r.t y,
X2 +A=0
A=—x'2 ...(5

Differentiating Eq. (3) partially w.r.t z,
3x*yz’ +34=0
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A=-x*yz?

From Eqs (4), (5), and (6), TE

xyz) = x*2 = x*y2
yz=xz=xy

~y=xand z=y

Substituting y = z = x in Eq. (2),

2x+x+3x=a

6x=a

Minimum value of x?yz*= (%) (%) (

...(6)

...(D)
...(2)

Example 3
Find the maximum value of f=xy3z*, subject to the conditionx +y + 7 =>5.
Solution
Let fx, v, 7) =x%3z*
xX+y+z=5
Let O, y,2)=x+y+z-5=0

Let the auxiliary equation be
VA +Ax+y+z-5=0
Differentiating Eq. (3) partially w.r.t x,
20’z +1=0
A=-2xy’z*
Differentiating Eq. (3) partially w.r.t y,
3x*y*z* +A=0
A=-3x*y*z*
Differentiating Eq. (3) partially w.r.t z,
4y’ +A=0
A=-4x*y’7’

(3

e,

...(5)

...(6)
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From Eqgs (4), (5), and (6),

Dayiat = 3Pyt il

2yz =3xz = 4xy

Substituting y and z in Eq. (2),

x+§x+2x=5
2

9x =10
10
xX=—
9
S E(E) N
Y7277 29 )73
and Z=2x=2(&]=§
9 9
2 3 4 10N/ 9
Maximum value of x*y’z* = il é) (E) = (2?#
9 3 9 3
Example 4
Find the maximum value of x™y"z” when x +y + z = a.
Solution
Let fO,y,2)=x"y"z?
x+y+z=a
Let O, y,2)=x+y+z-a=0

Let the auxiliary equation be
X"y zZP + Mx+y+z—a)=0
Differentiating Eq. (3) partially w.r.t x,
mx""'y"z" + A =0

m=1_.n
V)

A=-mx"")

zP

Differentiating Eq. (3) partially w.r.t y,
nynflxmzp kd l — 0
n=1_m_p

A=-ny""x"z
Differentiating Eq. (3) partially w.r.t z,

px"y"z" "+ A =0

(D)
(2)

(3

e,

.5
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A=—px"y"z"" ...(6)
From Eqgs (4), (5) and (6),

m=1_n_p m_n=1_p m_n_p-1

mx" " y"zP =nx"y""z" = px"y"z

m_n_p
X Y z
n
y=—x and z= L
m m
Substituting y and z in Eq. (2),
n
x+2x+Lx=a
m - m
am
X=——
m+n+p
n an
y=—XxX=—m08m 5 0m0m0m
m m+n+p
ap
and =Ly P

m m+n+p

mtn+p_m_.n__p
m};n Zp -, a m-n p

Maximum value of x
(m+n+p)

m+n+p

Example 5
Find the minimum value of x* + y* + 7> with the constraint xy + yz + zx = 3a*.

Solution

Let fy=x>+y*+2 (D
Xy +yz + zx = 3a? ...(2)
Let O (x, ¥, 2) =xy+yz + zx — 3a?

Let the auxiliary equation be
P+ +2)+ Ay +yz+2zx—3a*)=0 ..(3)
Differentiating Eq. (3) partially w.r.t x,
2x+ A(y+2)=0

2x
y+z

A

.4
Differentiating Eq. (3) partially w.r.t. y,
2y+A(x+2)=0
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Differentiating Eq. (3) partially w.r.t. z,
22+ A(y+x)=0

From Eqgs (4), (5) and (6),

2x 2y 2z  2x+2y+2z

.5

..(6)

=1

y+z z+x x+y y+z+z+x+x+y

2x—y—-z=
-x+2y-z=0
-x—y+2z=0

Solving these equations,

Substituting y = z = x in Eq. (2),

Minimum value of x* + y + 22 = 3a*

Example 6

Using Lagrange’s method of multipliers, show that the stationary

value of a’>x* + b*y* + ¢*°z> where —+—+—=1 occur at

X y z

a+b+c at+b+c at+b+c
x= , V= ,Z= .
a b c

Solution
Let f(x) Y Z) = a3x2 + b3y2 + C3Z2
11 1

—+—+-—-=1
X Wy Z

1 1 1
Let o(x,y,z2)=—+—+——1=0
X y z

Let the auxiliary equation be
| P

(a3x2+b3y3+c7‘zz)+ﬂ.(—+—+——1

X y z

...(D
...(2)

]= 0 (3)
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Differentiating Eq. (3) partially w.r.t. x,

2a’x— —=0
x
2a°x* -A=0
_n~.3.3
Cach (4
Differentiating Eq. (3) partially w.r.t. y,
2%y — 17 =0
I
26’y -A=0
l=23f ...(5)
Differentiating Eq. (3) partially w.r.t. z,
2¢’z— i, =0
2
22 -1=0
A=207 ...(6)

From Eqgs (3), (4) and (5),

2a°x =2b%y* =2¢°7°

ax=by=cz
ax ax
sy=— and z=—
b ¢

Substituting y and z in Eq. (2),

1 b c
Do e
X ax ax
a+b+c_]
ax
a+b+c
x=
a
ax a+b+c
o y = —=
b b
ax a+b+c
and z=—=
c c
Hence, the stationary value of a’x* + by* + ¢*z% occurs at
a+b+c a+b+c a+b+c
K= , V= ,Z=
a b c

Example 7

Find the point on the plane ax + by + cz = p at which the function
f=x%*+y?*+ z? has a minimum value and find this minimum value of f.
[Summer 2015]
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Solution

Let fy2=x>+y"+7
ax+by+cz=p

Let o(x,y,z2)=ax+by+cz—-p=0

Let the auxiliary equation be

F+y’+ )+ Alax+by+cz—p)=0

Differentiating Eq. (3) partially w.r.t x,

2x+Aa=0
s 22
Differentiating Eq. (3) partially w.r.t y, ¢
2y+Ab=0
A= -%
Differentiating Eq. (3) partially w.r.t z,
2z4+Ac=0
s 2
From Egs (4), (5) and (6), ‘
a b &
y= b_x andz = &
a a
Substituting y and z in Eq. (2),
b’x c’x
ax+—+—=p
a a
x=—2
a +b +c
g P
T d+br+c?
- P
and b+l
ap bp cp

Thus, (x*> + y* + z°) is minimum at (

Minimum value of x* + y* +z° =

2

b+ b+ +b +c

a2p2 blpZ C:pz

2 2 222 + ) 2 2\2 + 2 ” 2. 5):
(@+b +c°) (a+b +c) (a+b +c)

_pz(a2+b2+c2)_ pZ
(@ +b*+c*)? A +b+c

(D
(2)

(3

(4

..(5)

...(6)
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Example 8 5
Find the length of the shortest line from the point (0, 0, ?) to the sur-

face z = xy.

Solution
Let (x, y, z) be a point on the surface z = xy.

. 251 .
The distance d between (x, y, z) and (0, 0, ?) is

d=\/x2+y2+(z—é)
9

2 2. 2 25 N
d°=x"+y ' +|z——
4 ( 9)

Let f(x,y,2)=d> :x2+,\;2+(z—§] ...(1)
=Xy ...(2)
Let Ox,y,2)=z-xy=0

Let the auxiliary equation be

[f +y° +(z—§)-}+/1(z—xy)=0 +(3)

Differentiating Eq. (3) partially w.r.t. x,

2x+A(-=y)=0
A= 2 .4
y
Differentiating Eq. (3) partially w.r.t. y,
2y+A(-x)=0
2y
=— ...(5)
x

Differentiating Eq. (3) partially w.r.t. z,

2(z—§)+l=0
9

A= —2(2 _é)
9 (6)
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From Eqgs (4) and (5),

2 _2y
y X
2 yZ
x=x%y
Substituting x =y, in Eq. (4),
A=2
Substituting A =2 in Eq. (6),
2=-2 (2 - é)
9
g
9
25 16
z==l+—=—
9
o 16 .
Substituting y =x and z = T in Eq. (2),
16
B
9
4
¥==F—=
3
4
= i —_
=5
- 34 L
Similarly, when x = -y, z = i But this gives a complex value of x and y.
Thus f (x, y, ), i.e., d*is minimum when x = i%, y= ig, z= %
Minimum distance d= (ﬂ) +(iJ +(E_§) = E
3 3 9 9 3
Ja1

25
Hence, the length of the shortest line from (0, 0, ?) to the surface z =xyis X"

3

...(6)

Example 9

Show that the rectangular solid of maximum volume that can be inscribed
in a sphere is a cube. [Summer 2016]
Solution

Let 2x, 2y, 2z be the length, breadth and height of the rectangular solid.
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Let r be the radius of the sphere.

Volume of solid, V=8xyz ..
Equation of the sphere, X+y +2=r ...(2)
Let O, y, ) =X +y*+72-r=0

Let the auxiliary equation be
8xyz+ A(X* +y* +2 —r*)=0 ...(3)

Differentiating Eq. (3) partially w.r.t. x,

8yz+A-2x=0
4yz
A= (@)
Differentiating Eq. (3) partially w.r.t y,
8xz+A-2y=0
g 8
v ...(5)
Differentiating Eq. (3) partially w.r.t z,
8xy+A-2z=0
4xy
= ...(6)
From Eqgs (4), (5) and (6),
dyz  4xz _ 4dxy
x y Tz
y'=x* and z*=)?
% ==
xX=y=z

Hence, the rectangular solid is a cube.

Example 10
Find the minimum and maximum distance from the point (1, 2, 2) to the
sphere x> + y? + 77 = 36.

Solution
Let (x, y, z) be any point on the sphere. Its distance D from the point (1, 2, 2) is

D=Jx-17+(-2)+(z-2)
Let D*=f(x,y,2)=(x=1)*+(y—-2)*+ (z-2)° (1)

X +y +72=36 ..(2)
Let O, y,2)=x>+y*+2>-36
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Let the auxiliary equation be
[G=17 +(p=2) +(z=2) [+ A +y* + 22 =36) = 0 .3
Differentiating Eq. (3) partially w.r.t x,
2(x=1)+A(2x)=0

I Y (4
X X

Differentiating Eq. (3) partially w.r.t y,
2(y-2)+A2y)=0
y—2 2
A=———=-1+—
y ¥ ...(5)
Differentiating Eq. (3) partially, w.r.t. z,

2z-2)+A(22)=0

z—2 2
A=— =-1+-
- % ...(6)
From Eqgs (4), (5) and (6),

—l+———l+—=—1+z
X y z

1_2_2

X y z

y=2x and z=2x
Substituting y and z in Eq. (2),

X +4x7 +4x7 =36
9x? =36

Xi=rED

and z=314

Minimum distance = \/(2—1)2 +(4-2+4-2) =V1+4+4=3

Maximum distance = /(2 —1) +(—4—2)’ +(-4—2)° =\9+36+36 =9

Example 11

A rectangular box open at the top is to have a volume of 32 cubic units. Find
the dimensions of the box requiring least material for its construction.
[Winter 2016, 2014]
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Solution

Let x, y, z be the dimensions of the box.
The box is open at the top.

Surface area S=xy+2xz+2yz ...(1)
Volume V=xyz=32 ...(2)
Let O(x,y,2) =xyz—32
Let the auxiliary equation be
(xy+2xz+4+2yz)+ AMxyz—-32)=0 ..(3)
Differentiating Eq. (3) partially w.r.t. x,
y+2z4+Ayz=0
+2 1 2
i L 2 @
yz z Yy
Differentiating Eq. (3) partially w.r.t. y,
x+2z+Axz=0
)‘__x+22__l_z )
xz Z x
Differentiating Eq. (3) partially w.r.t. z,
2x+2y+ Axy=0
2x+2 2 2
e P00, B 8 ®
Xy y X
From Egs (4), (5) and (6),
e ol B B 2
z y zZ X y x
- = 4 and L = 2
Yy x z X

y=x and z= &
2
Substituting y and z in Eq. (2),

X
x(x)(a) =32

x* =64
x=4
sy=4, z=2

Hence, dimensions of the box requiring least material for its construction are 4, 4, 2.
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Example 12

A rectangular box without a lid is to be made from 12 m* of cardboard.

Find the maximum volume of such a box.

Solution

Let x, y, z be the dimensions of the box.
The box is open at the top.

Volume V=xyz
Surface area S=xy+2xz+2yz=12
Let O(x, y,27) =xy+2xz+ 2yz — 12

Let the auxiliary equation be
xyz + AMxy + 2xz +2yz—-12)=0
Differentiating Eq. (3) partially w.r.t. x,
yi+AMy+22)=0
vz
y+2z

_y+2z 1

1
A oy oz
Differentiating Eq. (4) partially w.r.t. y,
xZ+AUx+27)=0
X2
x+2z
x+2z 1

1
A
Differentiating Eq. (3) partially w.r.t. z,
xy+A2x+2y)=0

From Eqgs (4), (5) and (6),

[Winter 2013, 2015]
(1)
(2)
(3
2 (4
y
2
.(5)
X

.(6)
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Substituting y and z in Eq. (2),
x(x) + 2x(f) + 2x(fJ =12
2 2
3x* =12
=4
x=2
sLoy=2, z=1

Hence, maximum volume = xyz = 2(2)(1) = 4 m®

Example 13

A wire of length b is cut into two parts which are bent in the form of
a square and circle respectively. Find the least value of the sum of the
areas so found.

Solution

Let the piece of length x be bent in the form of a square so that each side is i

2

X X X

44 16
Suppose a piece of length y is bent in the form of a circle of radius r; so perimeter of
the circle is y.

The area of the square, 4=

2rr=y
y
re=
2r
. y ) oy
The area of the circle, A, = n(—) =—,
- 2r 4r
Let sum of the areas be given as
. = y
X, y)=—+— (1
f(x, ) TR (1)
Also, x+y=>b ...(2)
Let ox,y)=x+y->
Let the auxiliary equation be
(£+£)+A(x+ y—b)=0 .(3)
16 4r ’
Differentiating Eq. (3) partially w.r.t. x,
2
Zi1=0

16
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X
A=—= ..(4
3 “)
Differentiating Eq. (3) partially w.r.t. y,
2y +A=0
4r
y
A=—=— (5
o ()
From Eqgs (4) and (5),
.
8 2rm
= Ex
: 4
Substituting y in Eq. (2),
b4
x+—x=b
4b
x=—
441
_7b
U 4+nm

Hence, the least value of the sum of the areas is
2y 1(417)2 1(;:17)3
— =] — +—| —
16 4mr 16\4+nm dr\d+rm
bl ”2
=—|1+—
4+ 4r
_b'rn(4+m)
4n(4+ )’

T Am+4)

Example 14

A closed rectangular box has length twice its breadth and has constant
volume V. Determine the dimensions of the box requiring least surface
area.

Solution

Let x be the breadth and y be the height of the rectangular box so length of the box
will be 2x.
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Surface area of the box

S=22x-x+x-y+y-2x)=4x*+ 6xy

Let f(x, y) =4x* + 6xy (1)
Volume of the box V=x-2x-y=2x% ..(2)
Let O(x,y)=2xy -V
Let the auxiliary equation be

(4x* +6xp)+ A2x*y-V)=0 ..(3)

Differentiating Eq. (3) partially w.r.t. x,

8x+6y+A(4xy)=0
4x+3y

A== 2xy (4

Differentiating Eq. (3) partially w.r.t. y,
6x+A(2x*)=0

1=_3 (5)
X
From Eqgs (4) and (5),
4x+3y 3
2xy x
4x+3y=6y
i
Y73
Substituting y in Eq. (2),
22 2% _y
3
3 3V
xr=—
8

1 1
N (3 )
Hence, the dimensions of the box requiring least surface area are 2(?) 3 (—) 5

= |
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Example 15

Show that if the perimeter of a triangle is a constant, the triangle has
maximum area when it is equilateral.

Solution
Let x, y and z be the sides of the triangle.

Perimeter of the triangle g2 ; i

Area of the triangle A= \/s(s -x)(s=y)s—2z2)

Let fx,y,2)=A2=5(s —x)(s —y)(s — 2) ...(D)
Also, X+y+2z=2s ...(2)
Let O, y,2)=x+y+z7-2s

Let the auxiliary equation be

[s(s=x)(s=y)s—2)|+ A(x+y+2z-25)=0

..(3)
Differentiating Eq. (3) partially w.r.t x,
—s(s=y)(s—2)+A=0
A=s(s—y)(s—2z) (@)
Differentiating Eq. (3) partially w.r.t y,
—s(s=x)(s—2)+A=0
A=s(s—x)(s—z) ...(5
Differentiating Eq. (3) partially w.r.t z,
—s(s=x)(s—y)+A=0
A=s(s—x)(s—y) ...(6)

From Eqgs (4), (5) and (6),
S(s=y)s—2)=5(s=x)(s—2)=5(s—x)(s—Y)
s—y=s—x and s—-z=s-Yy
y=x and z=y
LX=y=z

Hence, the triangle is equilateral.

Example 16

The temperature u(x, y, z) at any point in space is u = 400 xyz>. Find the
highest temperature on surface of the sphere x*+ y*+ 7> = 1.
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Solution
f(x,y,2) =u=400 xyz?

Let
X+y+z72=1
O, y, ) =x+y*+2-1=0

Let

Let the auxiliary equation be
400 xyz’ + A(x* +y* +2° =1)=0

Differentiating Eq. (3) partially w.r.t. x,
Fles, 200yz
x

Differentiating Eq. (3) partially w.r.t. y,
400xz° + A(2y) =0

P 200xz°
y
Differentiating Eq. (3) partially w.r.t. z,
800xyz + A(22)=0
A =—-400xy
A =—-400xy
From Egs (4), (5) and (6),
200yz" _ 200 xz” i
X y
200y°z% =200x°z% = 400x°)°
1 _1_2
xl )/- 2
2 Z2
X = y =—

Substituting y* and 2 in Eq. (2),
X+xt+2x =1
4t =

2
X =

1
1
4

8.163

(D
(2)

..(3)

e,

(5

..(6)
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x=il
2
1 1
y=t—, z=1t—
2 V2
Considering positive sign,
. R 3
2 7T TR

Highest temperature on the surface of the sphere

u=400xyz* = 400(1)(1)(1) =50,
’ 282\ 2

Example 17

Use the method of the Lagrange’s multipliers to find volume of larg-
est rectangular parallelepiped that can be inscribed in the ellipsoid

2 2 2

i +y—,+—,:1.
a b ¢

Solution

Let 2x, 2y, 2z be the length, breadth and height of the rectangular parallelepiped
inscribed in the ellipsoid.

Volume of the parallelepiped, V = (2x) (2y) (2z) = 8xyz.

Let fx,y,2)=8xyz (D
AP NI 2
a” " bt s
Le R
a b

Let the auxiliary equation be

8xyz+/1(x—;+é+z- —])=0 ..(3)
a b

ry

&

Differentiating Eq. (3) partially w.r.t. x,
8yz+ A 2—: =0
i

.. )

X
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Differentiating Eq. (3) partially w.r.t. y,

8xz+l%=0

Jee .(5)

y
Differentiating Eq. (3) partially w.r.t. z,
8xy+ 4 2—,2 =0
P
4-/_ 2

A=-2= ..(6)

z

From Egs (4), (5) and (6),

dyza® B dxzb’ B dxyc’

X y z
@ b
I
X W 2
, b 5 B
sy =—=x" and z'=—x
a: a
Substituting y?, 72 in Eq. (2),
¥ x &
- + - + = ]
a a a
Ix?
—=1
.
2 a’
X =—
3
x= ii
V3
b c
y=t—, z=t—
V3 V3
Since sides cannot be negative,
a b (&

xX=

BB TS

Volume of the largest rectangular parallelepiped that can be inscribed in the ellipsoid

)55
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Example 18

Find the minimum distance from origin to the plane 3x + 2y + z = 12.

Solution

Let (x, y, z) be a point on the plane 3x + 2y + z = 12.
The distance d between (x, y, z) and origin (0, 0, 0) is

d=\x*+y"+2°

2 2 2 2
d°=x"+y " +z

Let fC,y,2)=d*=x*+y*+7 (1)
3x+2y+z=12 ..(2)
Let O, y,2)=3x+2y+z-12=0

Let the auxiliary equation be
P+ +2)+ABx+2y+2z-12)=0 (3

Differentiating Eq. (3) partially w.r.t. x,

2x+2(3)=0
2x
A=—-— ..(4
3 “)
Differentiating Eq. (3) partially w.r.t. y,
2y+A(2)=0
2y
A=——"=-y ..(5
g~ (&)

Differentiating Eq. (3) partially w.r.t. z,

27+ A(1)=0
A=-2z ...(6)
From Eqgs (3), (4) and (5), 5
X
_— = 2
3 y=2z
2x
y=—
3
X
z=—
3
Substituting y, z in Eq. (2),
4x x

3x+—+—-=12
3 3
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BE_
3
18 12 6
X=—,y=—,z=—
’ 7 7

The minimum distance is

=) -

Example 19

Divide 24 into three parts such that the continued product of the first,
square of the second and cube of the third may be maximum.

Solution
Let x, y and z be three parts of 24.
Let f,y,200=x2 (D)
Let x+y+z=24 ..(2)
o(x,y,z)=x+y+z-24=0
Let the auxiliary equation be
XV Z2+Ax+y+z-24)=0 ..(3)
Differentiating Eq. (3) partially w.r.t. x,
VZ2+A=0
A==y (4)
Differentiating Eq. (3) partially w.r.t. y,
2xy22+ A =0
A=—2xy7 ..(5)
Differentiating Eq. (3) partially w.r.t. z,
30?22+ A =0
A =—3xy*2? ...(6)

From Egs (4), (5), (6),
y2z3 = 2xyz3 = 3xy2Z2

Dividing by xy*z?,
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Substituting y, z in Eq. (2)
x+2x+3x=24
6x =24
x=4
y=8,z=12

Hence, 4, 8 and 12 are three parts of 24.

Example 20

A space probe in the shape of the ellipsoid 4x” + y* +4z° =16 enters
the earth’s atmosphere and its surface begins to heat. After 1 hour,
the temperature at the point (x, y, z) on the surface of the probe

T(x,y,z)=8x"+4yz — 16z + 600. Find the hottest points on the
probe’s surface.

Solution

Let F(x,y,2) =8x> +4yz — 162+ 600 (D
4x* +y* +4z* =16 Q)

Let ¢(x’yaz)=4x2+y2+4zz_16=O

Let the auxiliary equation be
(8x* +4yz—16z+600)+ A(4x* + y* +4z* —16) =0 ...(3)
Differentiating Eq. (3) partially w.r.t. x,
16x+ A(8x)=0

A=-2 .4
Differentiating Eq. (3) partially w.r.t. y,
47+ A2y)=0
2z
= .5

y
Differentiating Eq. (3) partially w.r.t. z,
4y -16+ A82)=0
16-4y 4-y
/l =
8z 27 ...(6)
From Eqgs (4) and (5),

y=2z A7)
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From Eqgs (4) and (6),

Substituting in Eq. (2),

42419588 _1g
9 9
4xz=ﬁ
9
s 1
X =—
9
4
x=*—
3

Example 21

Find the points on the surface z° = xy+1 nearest to the origin.

Solution

Let (x, y, z) be any point on the surface 72 = xy + 1.
The distance d between (x, y, z) and origin (0, 0, 0) is

d= )cz+yz+z2

d>=x"+y*+7

Let fx,y,2)=d* =x>+y*+7* ...(1)
Z=xy+1 .2
Let o(x,y,2)= z* —xy—-1=0

Let the auxiliary equation be
P+ +2)+AUP-xy-1)=0 ...(3)
Differentiating Eq. (3) partially w.r.t. x,
2x-Ay=0
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¥
A=— ...(4
9% (4)
Differentiating Eq. (3) partially w.r.t. y,
-Ax=0
x
A=— ...(5
2y ©)
Differentiating Eq. (3) partially w.r.t. z,
22+ A(22) =
A=-1 ...(6)
From Eqgs (4) and (6), "
AT, __1
2x
From Egs (5) and (6), Y=ok
X
=2 ]
2y
x=-2y=-2(-2x)=4x
x=0
y=0
Substituting in Eq. (2)
=1
z==1

The nearest points on the surface from the origin are (0, 0, =1).

Example 22
If u= 7 % + F where x +y + z =1 then prove that stationary value
‘ ‘ 3 a3 B b3 B C3
of uis given by X= a+b+c += A+ +c " a+b+c
Solution
: ¥ ¥ 7
Let fy,z)=u=—+—~5+— .1
a b
x+y+z=1 o)

Let O, y,2)=x+y+z-1=0
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Let the auxiliary equation be

[x +y—;+%)+l(x+y+z—l)=0
a b c

Differentiating Eq. (3) partially w.r.t. x,

2x

= +A=0
&
2
A=-=2
7
Differentiating Eq. (3) partially w.r.t. y,
2
b—f +A=0
Yy
A= —b—{
Differentiating Eq. (3) partially w.r.t. z,
2
—f +A=0
o
Rl
Z
From Eqgs (4), (5) and (6),
g 2x 2y 2z
P
LT N
@ B
b’ ¢
y=—=X z=—X
. -
Substituting y, z in Eq. (2),
3 C3
X+ —5X + —X= 1
a a
(@+b +)x ]
a}
T A+ +C
b} C3

=—"QF, A e
a+b+é a+b+7

8.171

...(3)

e,

...(5)

...(6)
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Example 23
a4 R
If u=—+—+— wherex+y+ z=1 then find the stationary values.
Xy z
Solution
: a@ b o
Let Sy, 2)=u=—+—5+— .1
Xy oz
x+y+z=1 ...(2)
Let O, y,2)=x+y+z-1=0
Let the auxiliary equation be
a b o7
—+—=+—=[+Ax+y+z-1)=0 ...(3)
x>y oz
Differentiating Eq. (3) partially w.r.t. x,
24’
-—+A=0
X
2a’
A=— (%)
X
Differentiating Eq. (3) partially w.r.t. y,
- Zb; +1=0
I
2b°
A=— ...(5)
¥y
Differentiating Eq. (3) partially w.r.t. z,
2 3
— L +A=0
-
ple
A=—- ...(6)
z
From Eqgs (4), (5) and (6),
24 _ 20’ 2
Xy z
LA
e - y} - 73
Z 008
X y z
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b
y=—x
a
c
z=—Xx
a

Substituting y, z in Eq. (2),

b c
x+—x+—x=1
a a
(a+b+c)
—Xx

a

=1

a

X =
a+b+c

B b L c
X a+b+c’4 a+b+c

Example 24
. x2 y2 ZZ
Prove that the stationary values of u=-—+ I +—  where
a c
x2 yZ ZZ
Ix + my+nz=0and e = are = =1 are given by the roots of the equa-
. I*a’ m’b* n’c
tion 5 5 =0
l-au 1-bu 1-cu
Solution
Let S, y,2)=u= x—4+y—4+z—4 ..(D
a b c
Ix+my+nz=0 ...(2)
O, y,2)=Ix+my+nz=0
x ¥ Z
— =+ —= | ...(3
° b )
v(x,y, )=+ + 5 -1=0
a b ¢

Let the auxiliary equation be

x? y2 z2 x’ Yy oz
— + A (Ix+my+nz)+ A, | —+—+—-1[=0 ...(4
(a4 b 04) ( . ) '(a‘ b" ¢ ) @
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Differentiating Eq. (4) partially w.r.t. x,

2 2x
—f+lll+/12 (—A)= 0
a a
Differentiating Eq. (4) partially w.r.t. y,
2 2
b—i}+llm+/lz ( b“;)): 0
Differentiating Eq. (4) partially w.r.t. z,
2 2
—42+2,1n+/lz(—zz)= 0
c ¢

Multiplying Eq. (5) by x, Eq. (6) by y, Eq. (7) by z and then adding,

2 )(—4+y—4+z—4 + A, (Ix+ my+nz)+22, x—,+y—2+z— =0
a b c a b ¢

2u+2,(0)+24,(1) =0
Ay=-u

Substituting A, = — u in Eq. (5),

Similarly y=

Substituting x, y, z in Eq. (2),
B IPa‘l, B m’b*A, B n’c‘d,
2(1-a’u) 2(1-b*u) 2(1-c’u)

2 4 274 2.4
lar’ijbq*_nc7 4=0
l—-au 1-bu l1-cu

But A, #0

(5

...(6)

(D
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I*a* m’b* n’c -0
l1-d’u 1-bu 1-c’u
Example 25
In a plane triangle ABC, find the extreme values of cos A cos B cos C.
[Summer 2015]
Solution
Let f(A, B, C) =cos A cos B cos C ...
In a triangle ABC,
A+B+C=180° (2)
Let #(A,B,C)=A+B+C—180°

Let the auxiliary equation be
cosAcosBcosC+A(A+B+C—-180°)=0 ...(3)
Differentiating Eq. (3) partially w.r.t. A,

—sinAcosBcosC+A =0
A =sin A cos B cos C .4
Differentiating Eq. (3) partially w.r.t. B,

—cosAsinBcosC+A =0
A =cos A sin B cos C ...(5)
Differentiating Eq. (3) partially w.r.t. C,
—cosAcosBsinC+A=0
A =cosAcosBsinC ...(6)
From Eqgs (4), (5) and (6),
sin A cos B cos C = cos A sin B cos C =cos A cos B sin C
Dividing by cos A cos B cos C,

tan A =tan B =tan C

A=B=Cc="
3

T T P2
Hence, f, . =cos Acos Bcos C = cos— cos— cos;

-
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EXERCISE 8.8

1.

10.

Find stationary values of the function f(x, v, z) = X2 + y* + 22, given that
z=xy + 1.
[Ans.: (0, O, -1), (O, O, 1)]

Find the stationary value of @’x* + b’y? + c3z2 subject to the fulfillment of

the condition l + l+ 1 =1, given a, b, c are not zero.
X vy z

[Ans.:x=l(a+b+c),y=l(a+b+c),z=1(a+b+c)]
a b G

. Find the largest product of the numbers x, y and z when x + v + z% = 16.

[Ans @]
PTNG

. Find the largest product of the numbers x, y and z when x? + y? + z2 =9,

[Ans. : 3\/5]

.Find a point in the plane x + 2y + 3z = 13 nearest to the point (1, 1, 1).

poss(3:23))

Find the shortest distance from the point (1, 2, 2) to the sphere
x2+yr+2z2=36. [Ans.: 3]

Find the maximum distance from the origin (0, 0) to the curve
3x2+3y?2+4xy —2=0.
[Ans. : \/i]

Decompose a positive number a into three parts so that their product is

maximum. _
Ans. : 2, 2, =

33 3)]

Find the maximum value of x™ y" zP when x + y + z = a.
' am+n+pmmnnpp i
.t (m+n+p)m+n+p‘

Find the dimensions of a rectangular box of maximum capacity whose
surface area is given when

(i) box is open at the top ) box is closed

[A"S TR (ﬁ)Jé,E,\/ﬂ



11.

12.

13.

14.

Points to Remember 8.177

Determine the perpendicular distance of the point (a, b, ¢) from the
plane [x + my + nz = 0.

la+mb+nc}

Ans. : minimum distance —————
VP +m? +n?

Find the length and breadth of a rectangle of maximum area that can be
inscribed in the ellipse 4x2 + y?* = 36.

{Ans. : %, \/f, Area = 12}

Find the volume of the largest rectangular parallelepiped that can be
inscribed in the ellipsoid of revolution 4x? + 4y? + 922 = 36.

[Ans. : 16x/§]

Find the extreme volume of x2 + y? + z2 + Xy + xz + yz subject to the
conditions x+y+z=1and x + 2y + 3z = 3.

[Ans. :

o

11
6’3’

Points to Remember

Chain Rule
e _dou G
ox du ox or du ox or Sy ox
b W
dy  dudy = du dy or ay

Composite Function of One Variable

Composite Function of Two Variables

du_dudx dudy
dt ox dt dy dt
du _dudx dudy dudz

dr  oxdr dydr 9z dr

o _dax
ou 0xdu Oy du

dz 0dzdx Jzdy

v dxdv dy v
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Implicit Differentiation

Jf
dy_ ox_ [
dx a__f_ ity
dy

Gradient and Directional Derivative

Gradient

20f nof ~of
df=Vf=i—+j—+k—
grad f =Vf l8x+]8y+ %

df =|Vf||dF|cos6

Directional Derivative
N a
Dafzvfazvf.?
[
Tangent Plane and Normal to a Surface
The equation of the tangent plane at P(x,, y,, z,) to the surface f(x, y, z) =0 is
(x = x) fi(x0s Yo 20) + OV — yo)fy (X Yo Z0) + (z— Zo)fz (%> Y0 20) =0
The equations of the normal line to the surface at P(x,, y,, z,) are
X=X, Y=Y _ Z—23

fe(xo, Y0, 20)  Fy(%5 Y0, 20) S (X5 Yo %)

Local Extreme Values (Maximum and Minimum Values)
To determine the maxima and minima (extreme values) of a function f (x, y)

Step 1: Solve il =0 and gl =0 simultaneously for x and y.
ox y

ax2 ’ a,\’ a_\' ’ a\'z '

2 2 2
Step 2: Obtain the values of r = a—f § o°f o°f

Step 3: (1) If rt—s*>>0and r<0 (or 1< 0) at (a, b) then f (x, y) is maximum at (a, b) and
the maximum value of the function is f (a, b).

(i) If rt — s>> 0 and > 0 (or ¢ > 0) at (a, b) then f (x, y) is minimum at
(a, b) and the minimum value of the function is f (a, b).

(iii) If rt—s><0at (a, b) then f(x, y) is neither maximum nor minimum at (a, b).

(iv) If rt — s>= 0 at (a, b) then no conclusion can be made about the
extreme values of f (x, y).




Multiple Choice Questions 8.179

Method of Lagrange Multipliers
Let f (x, y, z) be a function of three variables x, y, z, and the variables be connected
by the relation

o(x,y,2)=0

Letf(x, y, 2) + A¢(x, v, z) = 0 be an auxiliary equation.
Differentiating this equation partially w.r.t x, y and z

%Ma—‘b:o
ox ox
o ., d¢
—+A—=0
8_\‘+ dy
%+/la¢ =0
0z 0z

Eliminating A from these equations, the values of x, y and z are obtained for which f
(x, y, z) has a stationary (maximum and minimum) value.

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

1. The value of Ilim *Y
(x,y)—=(0,0) x+y

is

(a) limit does not exist (b) O
(© 1 (d) -1
+
2. The value of l)inzoo)\72_\/;,x¢0,y¢0 is
2O xT +y
(a) limit does not exist (b) O
() 1 (d -1
2
3. The value of lim 4x Y 3 is
(x))=0.0) x* +y
1 .
(a) O (b) > © 1 (d) does not exist

4. The value of 1lim Ly
()-00) y? — x

(a) 0 (b) 1 (c) -1 (d) does not exist

is
2
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2
5. The value of lim — szy is
=l x® +y"+5
y—1
8 8 3
a) — b) — c) — d —
(@) (b) . (© 7 (d) 5
. 4xy .
6. The value of lim —— 5 is
=1 6x" +y
y—2
2 3 2
a) — b) — c) — d —
(@) (b) 3 (© 10 (d 5
2 2
7. The value of lim =~ s
x>l 4x—y
y—0
3 1 5
(@ = (b — () 1 d =
2 2
2
8. The value of lim 27 is
x—0 4_x2 — y
y—0
(a) -1 (b) % © 1 (d) does not exist
2
9. Thevalueof lim ———2 s [Winter 2015]
=00 x = [y
(a) 1 (b) 0 (c) -1 (d) does not exist
X% —yx
10. The value of lim 2% g [Winter 2014]
(x,y)—0,0) x+y
(@) 2 (b) 1 © 0 (d -1
11. If x=rcos6, y =rsinOthen £=—andﬂ=—
ox dy
@ ,an (b)) -2 (© tanOsin 0 (&) ~ sing
r ror r
. du
12. If u = sin (ax + by + cz) then a— =
X
(a) acos (ax+ by + cz) (b) asin (ax + by + cz)
(¢) bcos (ax+ by +cz) (d) b sin (ax + by + cz)
13. If u=x2y+yzz+z2x then a_u+8_x+a_u:
x dy Oz
1
(@ x+y+z (b)) (x+y+2z)? (c)

x+y+z (x+y+2)°



14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

2
If f=x* + y* then B_f:

Multiple Choice Questions 8.181

0xdy
(@ 1 () 0 (© -1 (d)
If u = log (x* + y*) then ou =

ox
2y 2 2x

b b
W s OaE ©OmE O
If u =sin (x + y) then %:

dy
(a) sinx (b) cos(x+y) (c) tan(x +y) (d)
If = . °u  d%u
u=e'(xcosy—ysiny)then — + — =
ox?* 9y’
(@ 1 (b) -1 (© 0 (d)
If u = x then % is
ox
(@ 0 (b) yx! (c) xlogx (d)
Jdu du
If = th _— — d —_— = —
u =y* then = a %
(@) logyy~' (b) ylogx,x (©) ¥yt (d)
2

If u =x* + y* then Jdu =

0xdy
(a -3 (b) 3 (© 0 (d)

2
Ifu=f(x+ay)+ g (x—ay)then g—Zis
y
’u 0%u , 0%u
(a) P (b) a el (¢) a Pyl (d)
If u=x-y*"+-2"+(@z-x)" then LN
dx dy oz

(@ 1 (b) u (©) 4u (d)
If u = tan™'(x + y) then u, —u is
(@ 0 () 1 (© -1 (d)

If f=1log (x tan ' y) then f,  is equal to

1 1
(@ -— (® 0 © — (d)
X

2
X

X +y?

COS x

yx

y*logy, xy!

9*u

oxdy

sin x cos y

=
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25.

26.

27.

28.

29.

30.

31.

32.

0z

If z = x> — y? then e = [Winter 2014]
X
(a) 2y (b) 0 (©) 2z (d) 2x
.5
Iffix, v,z w)= M + 5 xzw then a—f at (1,2,3,4) is
1+ y9) Jz
Y
xyw [Winter 2015]
(a) 20 (b) 200 © 0 (d 1
If z =f(x,y), dz is equal to
DA o (2L)are(L)a
(2) (ax]d”(ayjdy (b) [ay + i y
CAFMR KA AP
(©) (axjdx (ayjdy (d) (ay)dx (axjdy
For an implicit function f(x,y) = ¢, the value of % is  [Summer 2017, 2015]
‘fx f) fx ‘f)’
(a) , (b) 7. (©) , (d) 7l

dy
If x> +y® +3xy=0then —=
y Xy dx

2
x4y X +y x> +y
2

2w - © (d)

Yy -x ¥ +x X -y x=y

(a)

d
If u=sin(xy?), x=1logt,y=e¢' thend—uz
t

@ ¥ G+2x) cos xy” (b) 0
(© 1 @ -1
. . . of .
If fis a function of u, v, w and u, v, w are functions of x, y, z then 5 18
W Y Y WY w o %
du 0z Jv 0z OJw 0z ox dv dy du Jz Ju
© Y U Y w A
ou dy v dy Ow dy ox dv dy dv dz Ov
If u=x> —yz,vzxythena—xis
ou
X Yy y X
a) —— (b)) ——5— C d
(a) 2(x2+y2)() 22+ () 2y (d) 2+



33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

Multiple Choice Questions 8.183

2
If f(x,y)=e"", the total differential of the function at the point (1,2) is
(a) e(dx+dy) (b) e*(dx+dy) (¢) e*(ddx+dy) (d) 4e* (dx+dy)
If f(x, y) = x* + y* + 3, the minimum value of f(x, y) is
(@ 3 (b) oo () 0 @ 1
The stationary points of x* + y* — 3axy are
(@ (0,0),(a, a) () (0,0),(a0) (c) (@0),(0,-a) (d) (©,a),(a,0)
If fix,y) = xy + (x — y), the stationary points are
(@ (0,0 (b) (1,-1) (© (1,2) (@ (1,-2)
The stationary points of x* + y* — 2x? + 4xy — 2y? are
@ (242 O 2D © (2N @ 02
In a plane triangle ABC, the maximum value of cos A cos B cos C is
1 NE) 3
a) 0 b) — c) — d) —
(@) (b) 3 (©) S (d) 3
For the function f(x,y) = x> + y* + 6x + 12, minima occurs at
(@ (0,3) (b) (=3,0) (©) (3,0 (d) (0,-3)
The function f(x, y) = 2x* + 2xy — y* has
(a) only one stationary point at (0, 0)
(b) two stationary points at (0, 0) and (%, —%j
(c) two stationary points at (0, 0) and (1, —1)
(d) no stationary points
1 1
The function z:5xy—4x2 +y2 —2x—y+5 hasat xZH,y=4—?
(a) maxima (b) saddle point  (c) minima (d) no conclusion
With usual notations, the properties of maxima and minima under various
conditions are
I I
(P) Maxima 1) rt—s5*=0
(Q) Minima ({i) rt—s*<0
(R) Saddle Point (iii) rt—s>>0,r>0
(S) Failure Case @iv) rt—s>>0,r<0
(a) P-1i,Q—iii, R—iv, S—ii (b) P-iiQ—i, R—iii, S—iv
(c) P-iv, Q —iii, R-ii, S —1i (d) P-iv,Q—ii,R—1i, S—iii
The minimum value of f(x,y) = x%y* is [Winter 2015]
(a) 1 (b) 2 (c) 4 (d) no conclusion
The sum of the squares of two positive numbers is 200, their minimum product

1S
(a) 200 (b) 257 (©) 28 (d) 0
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45. The minimum value of x> + y* + z> given that xy + yz + zx = 3a” is
1
(@) 3a (b) 4a () 5a2 (d) 3@
46. For the auxiliary equation F(x,y,z)= f(x,y,z) + Ap(x,y,z) =0, the Lagrange’s
equations are [Winter 2014]
d d d
(a) a_F:()’a_F:()’a_F:O (b) _f:0,_f:0,_f:O
ox dy 0z ox dy 0z
dp 09 99 of o o
¢c) —=0,—=0,—=0 d —=0,—=0,—=0
© ox dy 0z @ ox ol0) 0z
47. The equation of the tangent plane of z = x at (2, 0, 2) is
(a) z=x ®) x+y+z=2 (¢) z+x=0 (d x+y=2
48. A point (a, b) is said to be saddle point if at (a, b) [Summer 2016]
(@) rt—=s5*>0 (b) t—s5>=0 (¢c) rt—s><0 (d) rt—5*20
49. The minimum value of f(x, y) = x> + y*is [Winter 2016]
(@ 1 (b) 2 (c) 4 (d o
Answers

. 2. 3. 4@ 5@ 6@ 7.0 8@ 9 @
10.(c) 11.(b) 12.(a) 13.(b) 14.(b) 15.(c) 16.(b) 17.(c) 18.(b)
19.(d) 20.(c) 21.(c) 22.(d) 23.(a) 24.(b) 25.(d) 26.(a) 27.(a)
28.(c) 29.(b) 30.(a) 31.(c) 32.(a) 33.(d) 34.(a) 35.(a) 36.(b)
37.(c) 38.(b) 39.(b) 40.(b) 41.(b) 42.(c) 43.(d) 44.(d) 45.(d)
46.(a) 47.(a) 48.(b) 49.(d)
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CHAPTER

Multiple
Integrals

Chapter Outline

9.1 Introduction

9.2 Double Integrals

9.3 Change of Order of Integration

9.4  Double Integrals in Polar Coordinates
9.5 Multiple Integrals by Substitution

9.6 Triple Integrals

9.7 Area by Double Integrals

9.1 INTRODUCTION

Integration of functions of two or more variables is normally called multiple
integration. The particular case of integration of functions of two variables is called
double integration and that of three variables is called triple integration. Sometimes,
we have to change the variables to simplify the integrand while evaluating the multiple
integrals. Variables can be changed by substitution or by changing the coordinate
system (polar, spherical or cylindrical coordinates). Multiple integrals are useful in
evaluating plane area, mass of a lamina, mass and volume of solid regions, etc.

9.2 DOUBLE INTEGRALS

Let f (x, y) be a continuous function defined in a closed and bounded region R in
the xy-plane. Divide the region R into small elementary rectangles by drawing lines
parallel to coordinate axes. Let the total number of complete rectangles which lie
inside the region R be n. Let 0A, be the area of " rectangle and (x,, y,) be any point
in this rectangle.



9.2 Chapter 9 Multiple Integrals

Consider the sum So= Zf(x,_, V,)0A,
r=1

where 0A, = 0x,- 5y,

If we increase the number of elementary rectangles
then the area of each rectangle decreases. Hence, as
n — oo, 0A,— 0. The limit of the sum given by the
Eq. (1), if it exists, is called the double integral of f

(x, y) over the region R and is denoted by

[] £ v)da

Hence, ”f(x, »)d4=lim if(x,,, 1.)84,
R

4,0 r=1

where dA = dx dy

...(D

Fig. 9.1

\Z
SA
= il
A
\ 1 ]
e
o)

9.2.1 Double Integrals over Rectangles and General Regions

Double integral of a function f (x, y) over a region R can be evaluated by two successive

integrations. There are two different methods
to evaluate a double integral. Y4

Method-I Let the region R, i.e., PORS be
bounded by the curves y =y, (x), y =y, (x)
and the linesx=a, x = b.

In the region PORS, draw a vertical strip AB.
Along the strip AB, y varies from y, to y, and
x is fixed. Therefore, the double integral is
integrated first w.r.t. y between the limits y,
and y, treating x as constant.

Now, move the strip AB horizontally from o)
PS (i.e., x =a) to QR (i.e., x = b) to cover

the entire region PORS. The result of the
first integral is integrated w.r.t. x between the
limits a and b. Hence,

J[ e maxar= [ re pav]ax

xVY

Method-II Let the region R, i.e., PORS be bounded by the curves x = x,(y), x = x,(y)

and the linesy=c, y =d.
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In the region PQORS, draw a horizontal strip
AB. Along the strip AB, x varies from x, to x,
and y is fixed. Therefore, the double integral
is integrated first w.r.t. x between the limits x,
and x, treating y as constant.

YA

Now, move the strip AB vertically from PQ
(i.e., y =c) to RS (i.e., y = d) to cover the A B

entire region PORS. The result of the first x=x1(y) X=Xo(y)
integral is integrated w.r.t. y between the P y=c

limits ¢ and d.
Hence, >

d > (¥) g '
JJ £ asay= [ 7 e ]y

Fig. 9.3

Note:

(1) If all the four limits are constant then region of integration R is a rectangle. In this
case, the function f(x,y) can be integrated w.r.t. any variable first.

(i1) If all the four limits are constant and f (x, y) is explicit then double integral can be
written as product of two single integrals.

(iii) If inner limits depends on x then the function f (x, y) is integrated first w.r.t. y and
vice-versa.

9.2.2 Properties of Double Integrals

Various properties of double integrals are analogous to those for single integrals. For f
and g continuous in region R with k as rational number,

0[] (f+eydedy =[] fdxdy+]] gdxdy
(ii) J‘J.Rk fdxdy = k”R fdxdy , where k is a constant.

For f continuous in region R, where R = R, U R, where R, and R, are non-overlapping
regions whose union is R:

R R

9.2.3 Double Integrals as Volumes

If z = f(x, y) =2 0 represents a surface and R is a rectangle in the xy-plane, then the
double integral of f(x, y) over R,

J] £ x, y)drdy

represents the volume of the solid under the surface z = flx, y) and above the
region R.
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Example 1

Evaluate Jl(; J‘; (x? +3y%)dydx.

Solution
3pl > 5 5 ) }l
Jo j{)(.\‘ +3y )dydx:.[n|x y+y |u dx
= [ (2 +1dx
X3 -
3 0
=12
Example 2
1 p2 5 )
Evaluate J.O JO (x> + y*)dydx.
Solution )
e2 2 o 1 2 y .
J‘()J‘o (x"+y )dyd)\—J‘U x“y+ 5 OdA

ZJ‘l(zxz +§)dx
0 3

2x° 8.)(I
=|—+ —
) 3 5
_10
3
Example 3
1 2 2 .
Evaluate -[—1-[0 (I-6x"y)dxdy. [Winter 2016]
Solution

J‘—ll."oz(l —6x°y)dxdy = .“_11[-.‘02 (1= 6x2y)dx}dy

2
J‘l
-1

dy
0

3

X
x—6y -—
Y 3
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= J:I x—2yx° ﬁ) dy
=L @-16mdy

- 2J;2dy

Example 4

dxdy

Evaluate Jj Lb P

Solution

FEEr- RS - Bhosst o

al
= (1ogb—1og2)j2 ;dy
b a
= 10g(5]|log _\'|2
b
= log(a)(loga —log2)

“ua(3)e(3)

Another method: Since both the limits are constant and integrand (function) is
explicit in x and y, the integral can be written as

a bdxdy_ uﬂ bdx
jzjz xy -

2 y 2 x
=|log _\,»|;’ |log x|[2’

=(loga—1log2)(logb—1log2)

)l
ol
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Example 5

Evaluate J.Ol le xydydx.

Solution
Jj xydydx = I{I ydv}xd\‘

2
1y

= xdx
of 2 |
= I(i—l)xdx
o2 2
_3)@
2{2),
_31
2 2
=S
4

Another method: Since both the limits are constant and integrand (function) is
explicit in x and y, the integral can be written as

J(j J-]Z xydydx= J()l xdx- JT ydy

202

Example 6

Evaluate J: JO‘ dy dx.

Solution

JuJyavax=J g
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9.7

Example 7

Evaluate JOI _[O‘ efdy dx.

Solution )
lex = o 1 ¥ X
J.ojo eb\dyd“\ - .[0 xe* |y dx
= J(: x(e—1)dx
B 1
e
=S (e
Example 8

Evaluate J()l J.‘\ xy dy dx.

Solution

L wavae= ] ke
-

= % (:l:(xz)z — 2% Jxd

248 xdx
2 X

= %J.O] (x* =x)dx

16 1
216 4 0
_ l(l_l)
2\6 4
1
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Example 9
tevied dxdy
Evaluate IO _[0 m

Solution

J,l \/I+.\ dy x__j - » V vﬁdx
o| (Jivx2) +5 0\/1+r J1+22 ),

'[0 1+\f

ﬂ'
I +x3 Z
- Zliog+ i+ ),
=%log(l+\/§)

(tan”'1—tan"' 0)dx

Example 10

S

Evaluate o) =.
B

Solution

J‘ _ dxdy _J’I \#% dx v
\/7 KON e )

-],

i (R | -
=||sinT —=-sin" 0 |dy
[ s -]

T,
= Zlylu

sin~
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Example 11

Ea
Sketch the region of integration and evaluate '[14 J‘(;E % eVx dydx.

[Summer 2017]

Solution

1. Since the inner limits depend on x, the function is integrated first w.r.t. y and then
W.I.L. X,

2. Limitsof y: y=0 to y=\/;

Limitsofx: x=1 to x=4
3. The region is bounded by the line x = 1, y = 0, x = 4 and parabola y* = x.
4. The points of intersection of y>=xand x = 1, x =4 are (1, 1) (4, 2).

ffff%eﬁdyd":f% Ioﬁeﬁdy " y y=4
- L1 g | @2
i
Y SEI A R }
12 1/\/; o)

0 «—x=4
4 -

=J4§\/; 6‘7—; dx

Fig. 9.4

3
3 x2
= — —1 —_—
2(6 ) 3
2

1

3 4

3 2
=2(e=D-

3 2
2
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3
2(3_1)[45_]:|

2.3
=(e-D[2 2 -1]

=[e-11[2°-1]
=(e-1[8-1]
=7(e—1)

EXERCISE 9.1

Evaluate the following integrals:

20y o 5,
1. L J'_nyZX y“dx dy

[Ans :8ﬁ
945 |
2. j;foyxye”‘zdxdy
[Ans.:i
4e |
3. J.(:_[Oxe“ydxdy
[Ans.:—(e—1)2

N

1
s
: .Loj.oy ye¥dxdy
[Ans.: 9(1 - e)]
5. J‘:ogg_[:gye“”dx dy
[Ans.: 8(log 8 — 1)]

o

. J';Lyz (1+ xy*)dx dy

N

. LZG I;m xy dy dx
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9.2.4 Working Rule for Evaluation of Double Integrals

AW N

Over a General Region

. If the region is bounded by more than one curve then find the points of intersection

of all the curves.

. Draw all the curves and mark their point of intersection.
. Identify the region of integration.
. Draw a vertical or horizontal strip in the region whichever makes the integration easier.

. The vertical strip starts from the lowest part of the region and terminates on the

highest part of the region.

. For vertical strip: (i) The lower limit of y is obtained from the curve where the

vertical strip starts and the upper limit of y is obtained from the curve where it
terminates.

(i) The lower limit of x is obtained from the leftmost point of the region and the
upper limit of x is obtained from the rightmost point of the region.

. The horizontal strip starts from the left part of the region and terminates on the right

part of the region.

. For horizontal strip: (i) The lower limit of x is obtained from the curve where the

horizontal strip starts and upper limit is obtained from the curve where it terminates.

(i) The lower limit of y is obtained from the lowest point of the region and the
upper limit of y is obtained from the highest point of the region.

. If variation along the strip changes within the region then the region is divided into

parts.

Example 1

Evaluate ” e dx dy, over the triangle bounded by x =0, y =0, ax + by = 1.

Solution
1. The region of integration is the AOPQ.
2. The integration can be done w.r.t. any variable first. Draw a vertical strip AB paral-
lel to y-axis which starts from x-axis and terminates on the line ax + by = 1.
=
3. Limitsof y: y=0 to y= hax

.. 1
Limitsof x:x=0 to x=-—
a
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I-ax Ya
I —_ J j) b u\+h| dxd\/
0 J(

1—-ax

_Ju “‘J. be™dy dx Q(o, '2‘))

1—-ax
L
ax
= J.u e‘
0

b <« ax+by=1
1, o4
= oo et 1lds

o
e”

Pd.0)

l l ax A
= [ie—emyax &
I Fig. 9.5

ax |,

e

1
=i |ggp——

b

l(e e l)
= — ———+—
b\a a a

1
ab

XY

Example 2

Evaluate JJ < d dxdy over the first quadrant of the circle x* + y* = 1.
V

Solution

1. The region of integration is OPQ. 7

2. The integration can be done w.r.t any
variable first. Draw a vertical strip AB Q1)
parallel to y-axis which starts from x-axis ;
and terminates on the circle x* + y? = 1.

3. Limitsof y:y=0 to y=+1-x’ —x2+y2=1
Limitsof x: x=0 to x=1

dxdy

_j()j(b \/_7; P(1,0)
o

1 \“*,\" s —% A
= JUxJO —5<1—y-> (<2y)dy dx

\ll\ —

dr ST £/ ()dy =
s Ejol 2x(x—T)dx

Fig. 9.6

VAC ]
n+l1

v)
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Example 3
Evaluate Jj(a —x)’dxdy, over the right half of the circle x>+ y* = a>.

Solution

1. The region of integration is POR.
2. The integration can be done w.r.t. any variable first. Draw a vertical strip AB
parallel to y-axis which starts from the part of the circle x*+ y* =a” below
x-axis and terminates on the part of the VA
circle x* + y* = a’ above x-axis.

3. Limits of
yiy=—vJa*-x* =vat -x* A
Limitsofx'x—O to x=a B
<« XP+)yP=2a°
j j f(a x)*dx dy
a Y V(l:—.\‘:
='[O (a—x)‘J ﬁdydv Q(a, 0) -
a \/ O ;(
=J. (a-x)|y "r*" dx
0
= J{;l(a2 +x* =2ax)-2Na* —x*dx
a ) ) B 2 A
= 2'[0 (a”+x" —2ax)\Va" —x"dx P
Putting x = gsin®, dx=acos0do
When x=0, 6=0
v/
When x=a, 0= 5 Fig. 9.7

1= 2_’?(412 +a’sin® 0 —2a’sin@)-acosO-acosb db

= 2(14'[03 (cos® @ +sin” Bcos® B —2sin O cos” 6)d0
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3] 3F FP Tz "
7 | e b 1|— . D q
_ 4 ‘;’; ’; 25l 2 ~2_|.0251n Ocos? BdO
=a + 2
2 3 ’E p+1l g+1
=Bl — 1
. 2 02
[ P
I prifart
:a4222+22 , 12 1212
1 2! 3[3 p+qg+2
212 L 2 _
4_7r T 4
=a | —+———
2 8 3
4 S5t 4
=q | ———
| 8 3
Example 4

Evaluate J.J‘xy(z—z + Z—;)

2
X

4+ y_ =1. YA
a b
Solution
1. The region of integration is OPQ.
2. The integration can be done w.r.t any Q(0, b)
variable first. Draw a vertical strip AB par- x2 2
allel to y-axis which starts from x-axis and 2’
1.
P(a, 0)
2 o) A X
3. Limitsof y:y=0 to y=b/l—-—
Fig. 9.8
Limitsofx:x=0 to x=a
_ b 17~ X 2\2
I—J‘() J.() (a_2 bl) dxdl/
[ 2320 2 2N
a bfI-5 b 22y
— V < — d L = )
J.()xjo 2(a2+ 2) bld)dx
1 R & ]b\‘\'{lv—;—{
Z [ ( J ) /)
= — = + = win s n g’ , = Lo J/
ZL\(n ) R d [.J[f(.,v)] S0 dy=2

o=

dxdy, over the first quadrant of the ellipse
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2 a"? n+4|,

2 a"™? n+4
_ a’b*  (n+2)
T (n+2) 2(n+4)
a’b’
- 2(n+4)

9.15

Example 5
Evaluate _”(xz +yH)dxdy over the ellipse 2x* + y* = 1.

Solution

=
L~

1. The region of integration is PQRS, the ellipse 2x* + y* =1or s+ =1

1
with —= and 1 as its axes.
J2

2. The integration can be done w.r.t any vari- Q(, 1)
able first. Draw a vertical strip AB paral- B
lel to y-axis which starts from the part

of the ellipse 2x*+ y”> =1 below x-axis 2x2+y?=1

and terminates on the part of the ellipse
2x” +y* =1 above x-axis. . -

3. Limits of (_ 1F ) O) (@) (
yiy=—=V1-2x* to y=+1-2x" V2

. 1
Limitsof x:x =—— to x=

J2

L= .[i J.J\lf,_j (x* +y*)dy dx
;) -

>y
V2

| ¥
3 |VI=2x7

dx

)
-V1-2x*

2|:x2\/1—2x2 +%(1—2x2)3:|dx
- 4[75[)5 Ji-2x? +%(1 —2x?): :|dx

w

1]
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t 1

Puttin 2x2=t,x=\/:, dx=——=dt

£ 2 224t
Whenx=0,7r=0
1
2
I—4J‘]P£\/1—t+l(l—t)% LY

o| 2 3 22+
i1 L Lot 3
=\/§f [—t2(1—1)3 +3t -’(l—z)l]dt
{2l

27272 2’2

o

K= =1

ﬁ\

112
2

Example 6
Evaluate _”(xz— y*)dxdy over the triangle with the vertices (0, 1),
(1, 1), (1,2).

Solution

1. The region of integration is APQOR.
2. Equation of the line PQ isy = 1.
Equation of the line PR is

—l=——(x—-0)=7
¥y _0(‘6 ) =%

y=x+1
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3. The integration can be done w.r.t. any variable first. Draw a vertical strip AB parallel
to y-axis which starts from the line y = 1 and terminates on the line y =x + 1.

4,

Limitsof y:y=1 to y=x+1

Limitsof x:x=0 to x=1 y
ol 5 g R(1,2)
I:.’-()Jl (x* =y Myds B
. 3.\'+] N
=I xlv—-y— dx z
o 3
. P (0, 1) . 10(1,1)
1 3 y=
=I I:xz(x—kl)—(x+1) —x2+l:|dx
0 3 3
xt 2 et 2 A
12 3 3 o X
1 1 16 1 Fig. 9.10
=—t———t—
4 3 12 12
__2
3
Example 7

Evaluate J.J.e"zdxdy over the region bounded by the triangle with vertices
0,0), (2, 1), (0, 1).

Solution

1.

The region of integration is AOPQ.

2. Equation of the line OQ is

b
y==—orx=2y.
) > )

. Here, it is easier to integrate w.r.t.

x first than y. Draw a horizontal
strip AB parallel to x-axis which
starts from y-axis and terminates
on the line x = 2y.

. Limitsofx:x=0 to x=2y

Limitsof y: y=0 to y=1
1p2y 2
[=Jo.[0 Bty

= .[(: e"': j 017\' dx dy
N

= JO] e"‘: . 2); dy

YA
P (0, 1) Q@2,1)
A B
%42\1
0 X
Fig. 9.11
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=0 |:) [ jef(—V)f’(y)dy — ef(,v)]

=e-1

Example 8

Dxyp?
Evaluate ,[ J 7y7 = dxdy over the triangle having vertices
JI+xy =y
0,0), (1, 1) and (0, 1).

Solution
1. The region of integration is the AOPQ. Y
2. Equation of the line OP is y = x.
3. Here, it is easier to integrate w.r.t. x first than
with y. Draw a horizontal strip AB parallel
i . . Q(0, 1)
to x-axis which starts from y-axis and termi- P(1,1)
nates on the line y = x. 4
4. Limitsof x: x=0 to x=y §7
Limitsofy:y=0 to y=1 A B
_ J j 2’(\
0Jo / 0 >

=] 7 jo(l+x o=y ) 2xy*dxdy

[
_j [l~l—\ )]]

l
_ 585 sl 3
_joz_\ dy 2j0(1 yH2 yidy

Fig. 9.12

1|

2(1+ x*y?

LFoor! J
n

{ JLreor £/ (odx =
+1

L3
4 )2 ( 4,\ ) d_\'
4

-2fja-

LFor™! }

n+1

{ JUreor £eodx=
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9.19

Example 9

Evaluate [[(x*+ y*)dxdy over the region bounded by the lines

y=4x,x+y=3,y=0,y=2.

Solution

1. The region of integration is OPQOR.

2. The integration can be done w.rt. any
variable first. But in case of vertical strip
we need to divide the region into three
parts. Therefore, draw a horizontal strip
AB parallel to x-axis which starts from
the line y = 4x and terminates on the line
x+y=3.

3. Limits of x:x==— x=3-y

YA

y=4x

Limitsofy: y=0 to y=2

=J; Jg_"‘(xz +*)dxdy

192 4
1. g 24, (27
12 192 4
463

Fig. 9.13
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Example 10
Evaluate J_[(x + y)dy dx, where R is the region bounded by x =0, x =2,
R
y=x,y=x+2 [Summer 2016]
Solution
1. The region of integration is
OPOR.
2. The point of intersection of x = 2

and y = x + 2 is obtained as y = 4.
The point of intersection is (2, 4).

. The integration can be done w.r.t.
any variable first. Draw a vertical
strip AB parallel to y-axis which

starts from the line y = x and termi-
nates on the line y = x + 2.

4. Limitsof y:y=x to y=x+2
Limitsofx:x=0 to x=2
2 x+2
1 =jL (x+y)dydx

0
ar x+2

=1\ (x+y)dy}dx
ol
2 ) x+2

=Ixy+y— dx
0 2 x

2

1
x(x+2)+5(x+2)2—x

2

S O O ——

[4x+2]dx

=
o
o

=~
|

+
>

0
= ‘sz +2x‘2

0
=8+4-0
=12

PR, Y SR, P, S A
2 2

Fig. 9.14

2
x_}dx
2

2
dx
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Example 11

”(2X ~y%)d4 over the triangular region R enclosed between the lines
R
y==x+1l,y=x+1andy=3. [Summer 2015]

Solution

1. The region of integration is APQR.

2. The points of intersection of y

i) y=—=x+landy=x+1is
obtained as

—x+1=x+1
2x=0,x=0
y=1
The points of intersection
is P(0, 1).
@) y=x+1andy=31is
obtained as
3=x+1 (-1.0) © (1,0)
x=2,y=3
The points of intersection
is Q(z’ 3). Fig. 9.15
(iii)) y=-x+ 1 and y =3 is obtained as
3=-x+1
x=-2,y=3

The points of intersection is R(-2, 3).

3. The integration can be done w.r.t. any variable first. But in case of vertical strip,
we need to divide the region into two parts. Therefore, draw a horizontal strip AB
parallel to x-axis which starts from the line y = —x + 1 and terminates on the line
y=x+1.

4, Limitsof x:x=1-y to x=y-1
Limitsof y: y=1 to y=3

=[] @x-y"aa
=[] 2y dvay

:L}

= f[(."— D> =y (y=D-(1-y)* +y* —_\-)]dy

y-1
dy
1

—y

2 2
x°—xy
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= [ [o-D? == -2y +25* oy

3
13 )3 4 3
(o= A=y Ly 5

[8 8 81 54 1 2}
= +—+

.
3
Example 12
ydxdy
Evaluate JJ = over the region bounded by the parabola
(a— x)\/ ax—y”

y2= x and the line y = x.

Solution

1. The region of integration is OPQ.

2. The points of intersection of y* = x and
y = x are obtained as B y2=x

P(1,1)

2
X =X

x(x=1)=0 Q A
X = 0, 1 //*
y=0,1 )
The points of intersection are O (0, 0) and O X
P(,1).
3. Here, it is easier to integrate w.r.t. y first
than x. Draw a vertical strip AB parallel to

y-axis, which starts from the line y = x and
terminates on the parabola y*> = x.

4. Limitsof y: y=x to y=\/;

Limits of x: x=0 to x=1 Fig. 9.16

/= J‘J ded\
(a—x) ax—y

1

0(a_x) X
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Jx

I
2(ax—y*)?

[f(y)]”” i|

n+1

et 1
=il d [ Juror oy =

X

NV |
= S (ax—x)? —(ax—x°)? |dx

N Wy S e P8

Oa—x

Putting x = a sin? 0, dx = 2a sin 6 cos 6d0
When x=0,60=0
When x=1,6= sin”! L

Ja

sin'li 1
I= _Jo Ja \/Esme(‘/a_l —Ja cosB)2asinBcos6 dO

acos> 0

sin_l—l- in?
=—2\/a_J.(; Va 22 9(\/a—l—\/c_10059)d9

cos@
'in_lL _ 2
=2Va[™" Va| | 1220 ) u "1 Ja'sin® 6|6
9 cosf

11

= —2\/;_[?1— ﬁ{\/a —1(secO—cosB)— %(l —Cos 29)}d0

ﬂin_IL
- a

=-2Ja

va—1[log(sec 8 +tan @) —sin O] —@+M

0

=_2\/; a_l[log(1+sm0)_sin9:|_\/;9+\/c751n6c059

cos O 2 2

sin”!

1
Ja

b

—2Ja|Jaiflog—de L |~ Ja

=-2/ala-1) logj_a_lel ++a—1+asin”
a—

6 3
Ja
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Example 13

Evaluate J_[ydxdy over the region enclosed by the parabola x* = y and

the liney = x + 2.

Solution

1. The region of integration is POQ.

2. The points of intersection of x*> = y and
y =x + 2 are obtained as

¥ =x+2
x*=x-2=0
(x=2)(x+1)=0
x=2,=1
sy=4,1

%
(O, X
Fig. 9.17

The points of intersection are P (—1, 1) and Q (2, 4).
3. The integration can be done w.r.t. any variable first. Draw a vertical strip AB parallel
to y-axis which starts from the parabola x*> = y and terminates on the line y = x + 2.

to y=x+2
to x=2

4. Limits of y : y = x?
Limits of x : x =—1

=] [ yayax

=[P

5 [¥42
Yl odx
2

= %J‘_zll:()c+2)2 —x4]dx

_1x+2) o[

2l 3 s

_1(64 2 1 1)
203 s 3 s
36

i

Example 14

Evaluate ”xy(x +y)dxdy, over the region enclosed by the parabolas

=y y=-x

Solution
1. The region of integration is OPQ.
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2. The points of intersection of the parabola
x> =y, and y* = —x are obtained as
yi=y
y=0,1
wx=0,-1.
The points of intersection are O (0, 0) and
QL D.

3. Here, it is easier to integrate w.r.t. x first. Draw
a horizontal strip AB parallel to x-axis, which
starts from the parabola x> = y and terminates
on the parabola y* = —x.

2

4. Limitsof x: x=—y to x=-y

Limitsofy: y=0 to y=1
i -3 Fig. 9.18
J= j_v J. xy(x+ y)dxdy
0 —\,‘T
1

= J‘y _J‘. (o + xy)dxdy

0 -

»y. ¥y 2 ¥

24 14 21 8
-0

0

Example 15

Evaluate J.nydxdy over the region enclosed by the x-axis, the line
x = 2a and the parabola x* = 4ay.

Solution

1. The region of integration is OPQ.

2. The point of intersection of the parabola x> = 4ay and the line x = 2a is obtained as
4a* = 4ay

y=a

The point of intersection is Q (2a, a).

3. The integration can be done w.r.t. any variable first. Draw a vertical strip AB parallel
to y-axis, which starts from x-axis and terminates on the parabola x> = 4ay.
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4 Limitsof y:y=0 to y=-"
4a

Limitsofx:x=0 to x=2a
_ 2a _:—:‘
I_.[() J‘O Adedy

= [ vavas
A z
7

dx

2a
= X
0

1 64d°
324> 6
4
£.

3

Y

Q(2a, a)

X=2a

P (2a, 0)

xv

Example 16

Evaluate .”xy dxdy, over the region enclosed by the circle x* + y*—2x = 0,

the parabola y* = 2x and the line y = x.

Solution

1. The region of integration is OPQRO.
2. (i) The points of intersection of the circle
X+ y? —2x = 0 and the line y = x are ob-

tained as
X+x*-2x=0
x=0,1
sy=0,1
The points of intersection are O (0, 0) and
P(1,1).

(ii) The point of intersection of the circle
x>+ y* —2x = 0 and the parabola
y? = 2x is obtained as
X +2x-2x=0
x=0
sy=0
The point of intersection is O (0, 0).

=2X
R +' Q((2,2)

N

A PN\ X2+y?-2x=0
(1,1)

(@)

Fig. 9.20
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(iii) The points of intersection of the parabola y* = 2x and the line y = x are obtained

as x> =2x
x=0,2
sy=0,2

The points of intersection are O (0, 0) and Q (2, 2).

3. The integration can be done w.r.t. any variable first. To integrate w.r.t. y first we
need to draw a vertical strip in the region. But one vertical strip does not cover the
entire region, therefore, divide the region OPQRO into two subregions OPR and
RPQ and draw one vertical strip in each subregion.

4. In the subregion OPR, strip starts from the circle x* + y*> — 2x = 0 and terminates on
the parabola y* = 2x.

Limitsof y: y= J2x—=x* to y=+2x

Limitsof x: x=0 to x=1.
5. In the subregion RPQ, strip starts from the line y = x and terminates on the
parabola y* = 2x.
Limitsof y:y=x to y= V2x
Limitsofx:x=1 to x=2

I j J’ xydxdy
= H xydxdy + _U xydxdy
OPR RPQ

= J.; Aj\/\/% ydydx+ '[12 X J-\\/Z ydydx

R 2 V2x
:J.UXTW(LH-J‘] X

11 1 ¢2
= _-[() x(2x—2x~}-x2 )dx+5'[l x(2x—x2 )dx

2
Y

2

X

2
lx 126
2[4, 213 4]}
Ay 5 1.1
8 3 ~ 38
g
12
Example 17

Evaluate Jj,xzdxdy, over the region in the first quadrant enclosed by
the rectangular hyperbola xy = 16, the lines y = x, y = 0 and x = 8.
[Winter 2014]
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Solution

1. The region of integration is OPQOR. y

2. (i) The points of intersection of the

hyperbola xy = 16 and the line

y = x are obtained as
xX*=16,x=14

sy=t4
Hence, R (4, 4) is the point of inter-
section in the first quadrant.

(i1) The point of intersection of the
hyperbola xy = 16 and line x =8 is
obtained as Io)
8y=16

y=2

The point of intersection is Q (8, 2).

3. The integration can be done w.r.t. any variable first. To integrate w.r.t. y first we
need to draw a vertical strip in the region. But here one vertical strip cannot cover
the entire region, and therefore divide the region OPQR into two subregions OMR
and RMPQ and draw one vertical strip in each subregion.

4. In the subregion OMR, strip starts from x axis and terminates on the line y = x.
Limitsofy:y=0 to y=x
Limitsofx:x=0 to x=4

5. In subregion RMPQ, strip starts from x axis and terminates on the rectangular
hyperbola xy = 16

Fig. 9.21

Limitsof y: y=0 to y:E
X

Limitsof x:x=4 to x=8

I= j szdxdy
=S H xzdxdy+ ” xzdxdy
OMR RMPQ

[ s g o
- Jie e L
16

4 o 8 21 1%
=i ()x Iy‘|()dA+’[4 x |-y|(j dx
4 8 16
=j x3dx+J- X —dx
0 4 X
4

5|8

2| el
41, 2L
=64+8(64-16)

= 448

+16
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Example 18
dxdy
Evaluate J.Jm, over the region bounded by the y > x*, x > 1.

Solution

1. The region of integration is bounded by
y 2 x? (the region inside the parabola
x*=y) and x 2 1 (the region on the right
of line x = 1).

2. The point of intersection of x> = y and
x =11is obtained as 1 = y.

The point of intersection is P(1, 1).

3. Here, it is easier to integrate w.r.t. y
first than x. Draw a vertical strip AB
parallel to y-axis in the region which
starts from the parabola x> = y and POVD
extends up to infinity.

4. Limitsof y: y=x> to y-—>oo
Limitsofx:x=1 to x—>ee

T

4 b3
_Jl

X +y”
— 1L tan=1 oo —tan~!
—J —-(tan™ co—tan  1)dx
Iy 2

~1(m =&
-5 e
' x\2 4

le— x=1

Fig. 9.22

1 ay[
—-tan P2 dx
2

2

X

5

X

EXERCISE 9.2

Evaluate the following integrals:

1
1. Jf—dxdy, over the rectangle 1<x<2,1<y<2.

Xy [Ans.: (log 2)Y]
2, ”sin m(ax + by)dx dy, over the triangle bounded by the lines x =0, y =0

and ax + by = 1. [

Ans.: L]
rab
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3. _”e“"“ydx dy, over the triangle bounded by the lines x =0, y =0, and

10.

11.

12.

. “5 —2x —y(dx)dy, over the region bounded by x-axis, the line x + 2y = 3

x+y=1.

[Ans. J i(3e“ —4e’ +1)
12 o

_U xy+/1—x —y dx dy, over the triangle bounded by x =0, y=0and x +y = 1.

[Ans. : i
945 |

”«/xy —y?dxdy, over the triangle having vertices (0, 0), (10, 1), (1, 1).
[Ans.: 6]
”(x +y +a)dxdy, over the region bounded by the circle x* + y? = @2.

[Ans. : 7za®]

. ”xydxdy,over the region bounded by the x-axis, the line y = 2x and
2

X
the parabola v = —. ~
4a [Ans. : %a“

.

and the parabola y? = x.

[Ans. : L

60 ]
1

”(4x2 —y?*)2dx dy, over the triangle bounded by x-axis, the line y = x
and x = 1. [ 1(7[ ‘BJ

Ans.:—| —+—
383 2 /]
”xy(x +vy)dx dy, over the region bounded by the parabola y* = x, x> = v.
Ans.: 2
L 28 ]

”xy(x + y)dx dy, over the region bounded by the curve x? = y and the
line x = y. . 3
Ans.: —
L 56 |
“xy(x —1)dx dy, over the region bounded by the rectangular hyperbola
xy = 4, the linesy =0, x =1, x = 4 and x-axis.

[Ans.: 8(3 - log 4)]
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9.3 CHANGE OF ORDER OF INTEGRATION

Sometimes, evaluation of double integral becomes easier by changing the order of
integration. To change the order of integration, first, we draw the region of integration
with the help of the given limits. Then we draw a vertical or horizontal strip as per the
required order of integration. This change of order also changes the limits of integration.

Type | Change of Order of Integration

Example 1
Change the order of integration of J-Ol JO\ f(x, y)dxdy.

Solution Va
1. Since inner limits depends on x, the func-
tion is integrated first w.r.t. y and then Qa,1)
W.ILL X. ,
The correct form of the integral + -
1 pz 7
= .[<) .[(, S (x, y)dydx. )
2. Limitsof y: y=0 to y=ux,along sk
vertical strip A’B’
Limitsof x : x=0 to x=1 >
3. The region is bounded by the lines y = 0, o y=0 & P&
y=x,and x = 1.
4. The point of intersection of y = x and Fig. 9.23
x=11is Q(1, 1). VA
5. To change the order of integration, i.e.,
to integrate first w.r.t. x, draw a horizon- Q@
tal strip AB parallel to x-axis which starts
from the line y = x and terminates on the i x=1
line x = 1. )
Limitsofx :x=y to x=1 A B
Limitsof y:y=0 to y=1
Hence, the given integral after change of _
order is 16 P X

J.(: .[(:f(r’ y)dy dr :J()[J-I.f(xa ,V)(i\f dy
" Fig. 9.24

Example 2
Change the order of integration of L}l J‘(: f(x, y)dydx.
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Solution

1.

Since inner limits depend on y, the function
is integrated first w.r.t. x and then w.r.t. y.
The correct form of the integral

= J‘O[ JIO". f(x, y)dxdy.

. Limitsof x : x =0 to x =y, along hori-

zontal strip A’B’
Limitsofy:y=0 to y=1

. The region is bounded by the lines x = 0,

x=y,andy=1.

. The point of intersection of x =y and y =1

isQ (1, 1).

. To change the order of integration, i.e., to

integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis which starts from the
line x = y and terminates on the line y = 1.
Limitsofy: y=x to y=1
Limitsofx:x=0 to x=1

Hence, the given integral after change of order

18

L1 e vy = [ £e v

'z

A

Q@,1)

Q@,1)

Fig. 9.26

Example 3
Change the order of integration of J:Ju f(x, y)dydx.

Solution

1.

2.

Since inner limits depend on x, the function
is integrated first w.r.t. y and then w.r.t. x.
Limitsof y: y=x to y=a,along verti-
cal strip A’B’.

Limitsofx:x=0 to x=a

. The region is bounded by the lines y = x,

y=aand x=0.

. The point of intersection of y = x and

y=ais Q (a, a).

. To change the order of integration i.e., to

integrate first w.r.t. x, draw a horizontal
strip AB parallel to x-axis which starts from

Q(a, a)

7%

Fig. 9.27



the line x = 0 and terminates on the line YA

y =X
Limits of x:x=0
Limitsof y:y=0

Hence, the given integral after change of

order is

to x=y
to y=a

9.3 Change of Order of Integration

9.33

J.: :f (x, y)dydx ZJ: J‘(;r S (x, y)dxdy

Q(a, a)

Fig. 9.28

Example 4

Change the order of integration of J-: J.:c f(x, y)dxdy.

Solution

1.

. Limitsof y:y=x

Since inner limits depend on x, the function is
integrated first w.r.t. y and then w.r.t. x.

The correct form of the integral
=Lmqumem

to y— oo, along vertical
strip

Limitsof x: x=0 to x—> o

. The region is bounded by the lines y = x and

x=0.

. Here the only point of intersection is origin

0.

. To change the order of integration, i.e., to

integrate first w.r.t. x, draw a horizontal strip
AB parallel to x-axis which starts from the
line x = 0 and terminates on the line y = x.

Limitsof x: x=0 to
Limitsof y: y=0 to

X=Yy
y—>eo

Hence, the given integral after change of order

18

[ s dyde= [ f(x p)dedy

YA

B Yo

Fig. 9.29

N\

Fig. 9.30
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Example 5

1V
Change the order of integration of IO L S (x, y)dy dx.

Solution

1.

2.

The function is integrated first w.r.t. y and
then w.r.t. x.

Limitsof y: y=x to y:x/;
Limitsof x: x=0 to x=1

. The region is bounded by the line y = x and

the parabola y* = x.

. The points of intersection of y* = x and

y = x are obtained as
xX*=x
x=0,1
Sy=0,1.
The points of intersection are O (0, 0) and

o1, 1).

. To change the order of integration, i.e., to

integrate first w.r.t. x, draw a horizontal
strip AB parallel to x-axis which starts from
the parabola y* = x and terminates on the
line y = x.

Limitsof x :x=y*> to x=y
Limitsofy:y=0 to y=1

Hence, the given integral after change of order

is

L pedras=|, [ 7o e dy

VA
2=
4 Qa1
7 S
% 1
W
(0] X
Fig. 9.31
VA
2 =X
y
A~ Q(1,1)
A 5
(0] X
Fig. 9.32

Example 6

1 \'~l‘
Change the order of integration of JO J.‘ f(x, y)dxdy.

Solution

1. The function is integrated first w.r.t. x and then w.r.t. y.



9.3 Change of Order of Integration

1
2. Limitsof x: x=y*> to x=)3

Limitsofy:y=0 to y=1

3. The region is bounded by the parabola
y? = x and the cubical parabola y = x°.

4. The points of intersection of y* =x and y = x*
are obtained as

xXo=x

x=0,1
~y=0,1.
The points of intersection are O (0, 0) and
0, D.

5. To change the order of integration, i.e.,
to integrate first w.r.t. y, draw a vertical
strip parallel to y-axis which starts from the
cubical parabola y = x* and terminates on
the parabola y* = x.

Limitsof y: y=x* to y=x/;

Limitsof x :x=0 to x=1
Hence, the given integral after change of order
is

LI e pacay =] pe ayas

9.35

Fig. 9.33

Example 7

Change the order of integration of

J’OSJ'; S (x, y)dxdy.

Solution

1. The function is integrated first w.r.t. x and
then w.r.t. y.
y—38
4
Limitsof y: y=0 to y=8
3. The region is bounded by the line y = 4x + 8,
y=4x,y =8 and x-axis (y = 0).

2. Limitsof x : x= to x:%

Fig. 9.35
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4. The point of intersection of y = 4x and
y = 8 is obtained as
8 =4x

x=2.
The point of intersection is P (2, 8).

5. To change the order of integration, i.e.,
to integrate first w.r.t. y, divide the region
OPQR into two subregions OQR and
OPQ. Draw a vertical strip parallel to
y-axis in each subregion.

(i) In subregion OQR, strip AB starts
from x-axis and terminates on the line

y=4x+8.
Limitsofy:y=0 to y=4x+8
Limitsofx :x=-2 to x=0

(i1)In subregion OPQ, strip CD starts from
the line y = 4x and terminates on the line y = 8.

Limitsof y:y=4x to y=8
Limitsofx:x=0 to x=2

Hence, the given integral after change of order is

['s reeoaray=]" [ e pdvar + [ [ rexydvas
4

Example 8
Change the order of integration of f JOT f(x, y)dxdy.

Solution

1. The function is integrated first w.r.t. x and YA
then w.r.t. y.

9

)
2. Limitsof x:x= 0 to x= =

Limitsofy:y=-a to y=a
3. The region is bounded by the y-axis, the

parabola y* = ax, and the line y = —a, and
y=a.
4. (i) The point of intersection of y* = ax and
y = —a is obtained as
a’=ax
x=a
The point of intersection is R (a, —a).




. To change the order of integration, i.e.,
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(ii) The point of intersection of y*> = ax and VA
y = a is obtained as
a’ = ax
x=a
The point of intersection is Q (a, a).

>V

to integrate first w.r.t. y, divide the region Fo)
into two subregions ORS and OPQ. Draw

a vertical strip parallel to y-axis in each
subregion.

R (a, —a)
A y=-a

(1) In subregion ORS, strip AB starts from
the line y = —a and terminates on the .
parabola y? = ax. Fig. 9.38
Limitsofy:y=-a to y= —Jax (part of the parabola below x-axis)
Limitsofx:x=0 to x=a

(ii) In subregion OPQ, strip CD starts from the parabola y* = ax and terminates on

the line y = a.
Limits of y : y=\/5 to y=a
Limitsof x: x=0 to x=a

Hence, the given integral after change of order is

[ j" F o pedy=[ [ pou pavaes [0 7o pdvas

Example 9 P
2+ ..\
Change the order of integration of J J f(x, y)dxdy.
Solution
1. The function is integrated first w.r.t. x and then w.r.t. y.

2.

Limitsof x:x=y to x=2+.4-2y
Limitsofy:y=0 to y=2 v
. The region is bounded by the x-axis,
the line y = x and the parabola Q=)
(x=2y=2(2-y). 7 (x-2°=2(2-y)
. The points of intersection of y = x Y
and (x — 2)> = 2(2 — y) are obtained , B
as R (4,0)
(x=22=22-x) ] T X
x=0,2
~y=0,2.

Fig. 9.39
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The points of intersection are O (0, 0) and Q (2, 2).
5. To change the order of integration, i.e., to integrate first w.r.t. y, divide the region into
two subregions OPQ and PQR. Draw a vertical strip parallel to y-axis in each subre-

gion.

(i) In subregion OPQ, strip AB
starts from x-axis and termi-
nates on the line y = x.
Limitsofy:y=0 to y=x
Limitsofx:x=0 to x=2
In subregion PQR, strip CD
starts from x-axis and termi-
nates on the parabola (x — 2)> =

22 —y).
Limitsofy:y=0 to

(i)

Limitsof x: x=2 to x=4

YA

Q2,2
D

////
X e

B
(x-2=2(2-y)

5

y=2x——
2

Hence, the given integral after change of order is

N

f(x, ))dde‘IJ Fix, y)dydx+JJ

A P(2,0)C %

Fig. 9.40

f(x, y)dydx

Example 10

Change the order of integration of jmw.[

Solution

S (x, y)dydx.

xtano

1. The function is integrated first w.r.t. y and then w.r.t. x.

2. Limitsof y:y=xtana to y=
Limitsof x : x=0 to

3. The region is bounded by the line
y = x tan @, the circle x> + y* = @®
and y-axis. Since given limits of x
and y are positive, the region lies
in the first quadrant.

4. The points of intersection of y = x
tan o and x> + y*> = @ are obtained
as
X+ X tan’a=a’

x=%tacos o
sy=tasino.
The points of intersection are P
(a cos a, asin ) and P’(—a cos
o, —a sin Q).

2 2
a —Xx

X=acos &

Q (0, a)
y=xtan
P(acos a, asin «)

X2+ y2 = a2

’

(-acos ¢,

—asin o)

(0] X

Fig. 9.41
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5. To change the order of integration,
i.e., to integrate first w.r.t. x, divide
the region into two subregions
OPR and PQR. Draw a horizontal
strip in each subregion.

(i) Insubregion OPR, strip AB starts

IO

Q(0, a)
D y=xtan o

P(acos a, asin )

B X2+y2=2a?

from y-axis and terminates on
the line y = x tan o

Limitsof x: x=0 to
xX=Yycot«

=%

Limitsof y:y=0 to (~acos ¢,

y=asin o -asin @)

(i) In subregion PQR, strip CD
starts from y-axis and terminates
on the circle x* + y* = a.
Limitsof x: x=0to x=4/a’—)’
Limitsof y:y=asina to y=a
Hence, given integral after change of order is

[2 2
J‘UC()S(XJ- a=~=x;

asino J-ycot o
0

fx ydyde= [

xtano 0

o) X

f(x, y)dxdy+

Fig. 9.42

a Ja -y~ f(x’ y)dx d)v

asinoe 40

Example 11

Jax
Change the order of integration of J:J J:Tf f(x, y)dydx.

Solution

1. The function is integrated first w.r.t. y and then w.r.t. x.

2. Limitsof y: y=+4x—x" to y= Jax
Limitsof x : x=0to x = 4.
3. The region is bounded by the circle
X2+ y?* —4x =0, the parabola y* = 4x
and the line x = 4.
4. (i) The point of intersection of
xX?+3y?—4x=0and y* = 4x is
obtained as

x*=0
x=0
soy=0.

The point of intersection is O (0, 0).
(ii) The points of intersection of y* = 4x

and x = 4 are obtained as

=16

y==14

b

A

P(4,0)

“fx2+y?-4x=0

e

Q’'(4, -4)

Fig. 9.43

The points of intersection are Q (4, 4) and Q’ (4, —4).
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5. To change the order of integration, i.e.,
to integrate first w.r.t. x, divide the region
into three subregions ORT, TPS and
RSQ. Draw a horizontal strip parallel to
x-axis in each subregion.

(1) Insubregion ORT, strip AB starts from
the parabola y* = 4x and terminates on
the circle x> + y* —4x = 0.

Limits of x :

y: 2
x="—tox=2—4/4-
P y

Q4,4
F

S(4,2)
D

“1x2+y?—4x=0

(Part of the circle where x < 2)

Limitsof y: y=0toy=2 Q'(4,-4)
(i1) In subregion TPS, strip CD starts .
from the circle x*> + y? — 4x = 0 and Fig. 9.44

terminates on the line x = 4.

Limits of x : x=2+/4—)"
(Part of circle where x >2)tox =4
Limitsof y: y=0toy=2
(iii) In subregion RSQ, strip EF starts from the parabola y* = 4x and terminates on
the line x = 4.

5

Limits of x : xz% to x=4

Limitsof y: y=2 to y=4
Hence, given integral after change of order is

r

oJg r e yas= [ 7 fn ey

Example 12
Change the order of integration of J.Oh 'D:;) f(x, y)dydx.
Solution

1. The function is integrated first w.r.t. y and then w.r.t. x.

2. Limitsof y: y=+v4—x to y=(4-x)"

Limitsof x: x=0 to x=2
3. The region is enclosed by the parabolas y* =4 — x, y = (4 — x) the lines x = 0 and x = 2.
4. (i) The points of intersection of x =2 and y* = 4 — x are obtained as



y=04-2

y:i\/z.

Thepointsofintersectionare

0(2,+2)and 0'(2,—2).
(i) The point of intersection

ofx=2andy= (4 - x)?is

obtained as

y=(4-2)=4.

The point of intersection is

S(2,4).

(iii) The points of intersection
of x=0and y> =4 — x are
obtained as

y=4

y=12.
The points of intersection
are P (0, 2) and P’ (0, -2).

(iv) The point of intersection
ofx=0and y = (4 —x)?is
obtained as
y=16.

The point of intersection is
U (0, 16).

. To change the order of

integration, i.e., to integrate first

w.r.t. x, divide the region into

three subregions PQR, PRST

and STU. Draw a horizontal strip
in each subregion.

(i) In subregion PQOR, strip AB
starts from the parabola y* =
4 — x and terminates on the
line x = 2.
Limits of x :
x=4-y* to x=2
Limits of y :
y= V2 1o y=2
(i1) In subregion PRST, strip
CD starts from y-axis and
terminates on the line x = 2.
Limitsofx:x=0 to x=2
Limitsof y:y=2 to y=4

9.3 Change of Order of Integration 9.41

V) (4,0) X

«—y?=(4-x

Q@ -2)

P’(0, -2)

Fig. 9.46
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(ii1) In subregion STU, strip EF starts from y-axis and terminates on the parabola
=4 -x)>
Limitsofx:x=0 to x=4- \/; (Part of the parabola where x < 4)
Limitsofy:y=4 to y=16
Hence, the given integral after change of order is

f f‘:’ Sy d)'dx=J;Lz__‘_g f(x, y)drdy+ff: f(x, y)dxdy

+ le _[:_\G f(x, y)dxdy

Type Il Evaluation of Double Integrals by Changing the Order
of Integration

Example 1
Change the order of integration and evaluate J.O"J-a (x* + y*)dydx.

Solution

1. Since inner limits depend on x, the function y
is integrated first w.r.t. y. B y=a

2. Limitsof y:y=x to y=a, along verti- P Q(a a)
cal strip
Limitsofx:x=0 to x=a

3. The region is bounded by the lines y = x, Sy
y=aandx=0

4. The point of intersection of y=xand y =a
is O (a, a). A

5. To change the order of integration, i.e. to o) %
integrate first w.r.t. x, draw a horizontal
strip AB parallel to x-axis which starts from
y-axis and terminates on the line y = x. Fig. 9.47
Limitsof x: x=0 to x=y VA
Limitsof y: y=0 to y=a y=a

Hence, the given integral after change of P Q(aa)

order is

[[] 6+ y)dydr= j j "’(x2 5 yz)dxdy €

dy

0

af y° 6) X
= (y_ SE ‘;3 ]dV
ol 3™ 3

Fig. 9.48

+y X
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Example 2
: . 7 prsiny
Change the order of integration and evaluate IO L ) dy dx.
Solution
1. The function is integrated first w.r.t. d
v, but evaluation becomes easier by y=x .
changing the order of integration. Pz, 1)
2. Limitsof y:y=x to y=x
Limitsofx :x=0 to x=7x
3. The region is bounded by the line f
y=x,y=mand x =0. A
4. The point of intersection of the line 5
y=x and the line y = 7is P (7, 7). 3
5. To change the order of integration, i.e., o) >
to integrate first w.r.t. x, draw a hori-
zontal strip AB parallel to x-axis which
starts from y-axis and terminates on the Fig. 9.49
line y = x.
Limitsofx:x=0 to x=y
Limitsofy:y=0 to y=7x
Hence, the given integral after change of order is
7 xS Tsiny ¢ v
[ dyde= "2 dvdy
0dx oy Jo
Tsiny, |, Q y=r
= [, = ay Pz 7)
7siny
=h Ty ¥ A B
=J.:sin ydy *,/"-
=|-cosy|; 5 -
=—cosm+cos0
=2 Fig. 9.50
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Example 3
. . 1l . .

Evaluate the iterated integral Jo jx sin yzdydx. [Winter 2013]
Solution
1. Since the inner limits depend on x, the y

function is integrated first w.r.t. y, but

evaluation becomes easier by changing y=1pg

the order of integration. e T o)

2. Limits of y : y =x to y =1, along
vertical strip

Limitsof x:x=0 to x=1 : e : A
3. The region is bounded by the lines y = x, G

y=1land x=0. A
4. The point of intersection of the line 0 X

y=xand theliney=1is P (1, 1).
5. To change the order of integration, i.e., Fig. 9.51

to integrate first w.r.t. x, draw a horizontal

strip AB parallel to x-axis which starts ¥

from y-axis and terminates on the line

— y=1

y=x. . —

Limitsof x: x=0 to x=y s P(1,1)

Limitsof y: y=0 to y=1 ey

A
Hence, the given integral after change of s B
order is S
¥y .
||_2d‘_|y.2 5
JO J-'\_ sin y“dydx = JO '[0 sin y~ dxdy
Fig. 9.52

I . g, y
=J siny” |x[) dy
0 2 0 -
L. s
= J() siny” -ydy

|
=—I sinyz-Zy dy
2Jo

- %’—COS .\'2’] dy [ [sin f()- £/(»)dy = —cos f (-V)]

0
= %[— cos 1+ cos ()]

|
=—[l-cos1
2[ ]
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9.45

Example 4

Change the order of integration and evaluate J.Omjfe;dy dx.

Solution

1.

. Limitsof y : y=x

Since inner limits depend on x, the
function is integrated first w.r.t. y but
evaluation becomes easier by changing
the order of integration.

to y — oo, along
vertical strip

Limitsof x: x=0 to x— oo

. The region is bounded by the lines y = x

and x = 0.

. Here, the only point of intersection is

origin.

. To change the order of integration, i.e. to

integrate first w.r.t. x, draw a horizontal
strip AB parallel to x-axis which starts
from y-axis and terminates on the line
y=2x

Limitsof x : x=0
Limitsof y: y=0

to x=y
to y=o0

Hence, the given integral after change of
order is

y

A

dydx = IOM Jo‘ % dxdy

- H [ (bc}%rdy

ei'.
))

[l =y
:J‘(Ty.e_/v;—d“"]
!

Yy
[Winter 2015]
4 B y—
¢+
3
/%
o X
Fig. 9.53
YA
4+
3
A B
o) X
Fig. 9.54
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Evaluate the integral f()z _[1 ex2 dxdy by changing the order of integration.
[Summer 2017, 2015]

Example 5
2
Solution
1. The function is integrated first w.r.t. x, but

Hence, the given integral after change of order

1S

. Limitsof x : x = =
2

evaluation becomes easier by changing the
order of integration.

Y to x=1

along horizontal strip A’B’
Limitsof y:y=0 to y=2

. The region is bounded by the lines y = 2x,

x=1,y=2,and y=0.

. The point of intersection of y = 2x and x = 1

isx=1,y=2.
The point of intersection is Q (1, 2).

. To change the order of integration, i.e., to

integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis which starts from x-axis
and terminates on the line y = 2x.
Limitsofy:y=0 to y=2x

Limitsofx :x=0 to x=1

J;J‘; exzdxdy = J‘; ij e"2 dydx
2

S e

='[;2x-exzdx

1

0

[ f e/ f(x)dx = ef(x)]
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Example 6

X

Change the order of integration and evaluate j: JO\ xe_’_'dy dx.

Solution

1. The function is integrated first w.r.t. y, but ¥
evaluation becomes easier by changing the
order of integration.

2. Limitsof y:y=0 to y=ux.

Limitsof x :x=0 to x—> oco. B
3. The region is the part of the first quadrant
bounded between the lines y = x and y = 0.

4. To change the order of integration, i.e., to +
integrate first w.r.t. x, draw a horizontal strip 3

parallel to x-axis which starts from the line
y = x and extends up to infinity. o
Limitsofx:x=y to x— oo
Limitsofy:y=0 to y—>o

Hence, the given integral after change of order Fig. 9.57

is

=
Y.

J.: J,O‘ _xei‘%dy dx= J.: J:’xei%dx dy
() (oo

1 ¢
= _Ejo y

[+ e fayte =]

¥2

v

7, dy +

.
= _Ejo y(0—e)dy

Fig. 9.58

|
0

_l|
=gl-ye” —e

Example 7

2

. . a a x
Change the order of integration and evaluate _L ,[‘, m dx dy.
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Solution

1. Since inner limits depend on y, the function is integrated first w.r.t. x but evaluation
becomes easier by changing the order of inte-
gration.

2. Limitsof x:x=y to x=a,alonghorizontal
strip A’B’

Limitsofy: y=0 to y=a + 5

3. The region is bounded by the lines y =x, x=a 3y x
and y =0.

4. The point of intersection of y =x and x = a is
x=a,y=a.

The point of intersection is Q (a, a).

5. To change the order of integration, i.e. to
integrate first w.r.t. y, draw a vertical strip AB Fig. 9.59
parallel to y-axis which starts from x-axis and y
terminates on the line y = x.

Limitsof y:y=0 to y=x Q(a a)
Limitsofx: x=0 to x=a
Hence, the given integral after change of order is Xy

2 2
= apx - B

e N et
_j {J‘ dy}x dx
= J e+ 7+

- j: :log(x ++/2x° ) —log x]xzd\'
- J.u logM}xzdx

0 X

VA

Q(a, a)

N\

A B’

Fig. 9.60
x’dx

(l+x/—).[ x’dx
= og(l+\/§)%

= log(l+\/§)%3
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Example 8
Change the order of integration and evaluate [Winter 2016]

v

dy dx.

J‘IJ-\/: e
01 @+ D=2 - Q1)
B

Solution

1. The function is integrated first w.r.t. y, but
evaluation becomes easier by changing the
order of integration.

i
SN

2. Limitsof y:y=0 to y=+1-x

Limitsof x: x=0 to x=1

Fig. 9.61
3. Since given limits of x and y are positive, the v,
region is the part of circle x> + y*> = 1 in the
first quadrant.
Q(0,1)

4. To change the order of integration, i.e., to
integrate first w.r.t. x, draw a horizontal strip
AB parallel to x-axis which starts from y axis

e
and terminates on the circle x*> + y* = 1. 0 PA.0) x
Limitsof x : x=0 to x=4/1—)"

Limitsof y: y=0 to y=1

Hence, the given integral after change of order
is

Fig. 9.62

f

Ji=y

I] J-\/l—.\'z e’ il -[l e’ J- 3 1
0Jo (e +l)m 0" +1J0 m

[
VI=p®

dxdy

y

= [ i =
Ve +1 \/l—y~ 5
1 e’ e 4 iop
= ——(sin” I —sin~ 0)dy
g +1
_ 1 e Ed),
0’ +1 2
T _ | () ;
== |log(e’ +1 Ve —dy=log f(y
liogte’ + 1), [ | ) g/ )]
bid
= E[log(e-k 1)—log2]

i (e_ﬂ)
2 g 2
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Example 9
. . a patja’-y*
Change the order of integration and evaluate j f e dxdy.
0 Ja—Ja —y*
Solution
1. Since inner limits depend on y, the func- yA

tion is integrated first w.r.t. x.

2. Limitsof x:x=a—+/a" -y~ to A B

x=a++/a’ —y’, along horizontal strip .
A'B i
1
1

Limitsof y:y=0 to y=a :

3. The region is bounded by the circle (x —
a)* + y* = a® and the line y = 0. Since
limits of y are positive, the region is the
part of the circle (x — a)* + y* = a® above
X-axis.

4. The points of intersection of the circle
with x-axis are O (0, 0) and Q (24, 0).

5. To change the order of integration i.e. v
to integrate first w.r.t. y, draw a vertical

A
strip AB parallel to y-axis which starts B
from x-axis and terminates on the circle
x—ay+y'=a
orx>+y*—2ax=0 Q(2a,0)

Fig. 9.63

.. 5 (0] A (a, 0) X
Limitsof y:y=0 to y=+2ax—x"
Limitsofx:x=0 to x=2a
Hence, the given integral after change of
order is
a :H-\v"ﬁ _ 2a pN2ax-x* i Fig- 9.64
Io J.(,A\,";?'jf dxdy = -[0 Jo dydx

f; %,
V2ax—x*

dx

2a

0

= J.OM \2ax —x*dx

e )

a

0

2a

0

=2 0+£sin“'l—(0_a)

2 2 2

\/6—”2—2sin"(—1)
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=a’sin'1 [sin”' (1) = —sin~'(1)]

T
=q” —
2
_ra’
2
Example 10
1v2-+2 N
Evaluate ————dydx by changing the order of integration.
{{,—xzﬂzy v changing f integ
[Summer 2016]
Solution

1. Since inner limits depend on x, the function is integrated first w.r.t. y.

2. Limits of y:y=xto y=+2—x> along vertical setup A’B’
Limitsof x:x=0tox=1

3. The region is bounded by y-axis, the line
y = x and the circle x> + y* = 2.

4. The point of intersection of the circle

y=+2-x* andy=xis obtained as

X
2 _ 2 (0]
X" =2-x
2% =
X’ =1
x==1 Fig. 9.65
y=1

Hence, P(1, 1) is the point of intersection.

5. To change the order of integration, i.e. to
integrate first w.r.t. x, divide the region
into two subregions OPR and PQR.
Draw a horizontal strip parallel to x-axis
in each subregion.

> 200 =

(1) In the subregion OPR, strip AB starts (0
from y-axis and terminates on the
line y = x.

Limitofx:x=0 to x=y
Limitofy:y=0 to y=1 Fig. 9.66
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(i1) In the subregion POR, strip CD starts from y-axis and terminates on the circle

y=~2-x".
Limit of x: x=0to x =2 —y?

Limit of y: y=1toy=\/§

122
———dydr= dyde+ [[ —2—— dydx
'([ ;[ \/x ' (J;J;e\/x +y? ' +pJ;j|;n/x2+y2 '
¥ X ﬁ\/ﬁ X
= [[—=—dydx — % dydx
e e
2—
01 (x2+y2)% y 2 (x2+y)% }
=£5 T d +!5 T dy
2 0 2 0
1 V2
j[x/_y y]dy+“\/5—y]dy
0 1
1 ) 2
=(2-1|- {J’ —y?}

1
il
2103
=53t
e L
=1 \/5+\5

1
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Example 11
Sketch the region of integration, reverse the order of integration and
2 2y
2 r4—x" X€ -
evaluate | |, i dydx. [Summer 2014]

Solution

1. Since inner limit depends on x, the
function is integrated first w.r.t. y.

2. Limitsof y: y=0 to y=4-x*
along vertical strip A’B’

~
1]
o

Limitsof x: x=0 to x=2

3. The region is bounded by the parabola
x? =4 —y, x-axis and y-axis.

4. To change the order of integration, i.e., to
integrate first w.r.t. x, draw a horizontal
strip parallel to x-axis which starts from
y-axis and terminates on the parabola
xX=4-y.

Limitsofx:x=0 to x=.4-y

y=0 | [¢) 1(2,0)

Limitsof y: y=0 to y=4

Hence, the given integral after change of order is

A S

y

xez
4-y

2y

4 [ Ja—y
=< j Y xdx dy
04—yldo

2y 2

4
=], 4e—y 2
2y [

4 e |1
—104_y_2(4—y>}dy
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2y
d4e
"
1
_ eZy‘
4
1 s
=—(-1
2 (e =1)
Example 12
1 p2—x
Change the order of integration and evaluate j J ~ xydxdy.
0dJx*
Solution
1. Since inner limits depend on x, the function

is integrated first w.r.t. y.

The correct form of integral
1p2-x
[ w

. Limits of y : y=x*> to y =2 - x, along

vertical strip A’B’
Limitsofx:x=0 to x=1

. The region is bounded by y-axis, the line

x +y =2 and the parabola x> = y. Since given
limits of x and y are positive, the region lies
in the first quadrant.

. The points of intersection of x + y = 2 and

x? =y are obtained as
xX*=2-x
X+x-2=0
x-1D)x+2)=0
x=1,-2
y=1,4

The points of intersection are P (1, 1) and
P'(=2,4).

. To change the order of integration, i.e., to

P(-2,4) y

Fig. 9.70

integrate first w.r.t. x, divide the region into two subregions OPR and RPQ. Draw a
horizontal strip parallel to x-axis in each subregion.

(i) In subregion OPR, strip AB starts from y-axis and terminates on the parabola

xX2=y.
Limitsof x: x=0 to x=\/;
Limitsof y : y=0 to y=1
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(ii)In subregion RPQ, strip CD starts from y-axis and terminates on the line
x+y=2.
Limitsofx:x=0 to x=2-y
Limitsof y :y=1 to y=2
Hence, the given integral after change of order is

[ = [ vt [

—
Jy

J‘ 1

0

2| x?
ydv+] ‘7
0
1

1 1 ¢2 2

= EL (ydy+ Ef, (2-y)ydy
1 I 1 2 2

= EL ydy+ EL (4y—4y* +y")dy

”

ydy
0

X
2

Example 13
Change the order of integration and evaluate J.:u J.i - dy dx.

[Winter 2014]
Solution 7

1. Since inner limits depend on x, the y2=dax

function is integrated first w.r.t. y. P(4a, 4a)
2. Limits of y:y= 2 1o y= 2\/;, &

4a “— x2 = 4ay

along vertical strip A’B’ 7 R
3. The region is bounded by the parabolas o] X

x2=4ay and y* = 4ax.
4. The points of intersection of x* = 4ay

and y? = 4ax are obtained as

x* = 164>
=16a? (4ax)

Fig. 9.71
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x(x*—64a*) =0
x=0,x=4a
ny=0,y=4a
The points of intersection are O (0, 0) and P (4a, 4a).
5. To change the order of integration, i.e., to integrate first w.r.t. x, draw a horizontal
strip AB parallel to x-axis which starts from the parabola y> = 4ax and terminates on
the parabola x> = 4ay.
Y4

Limitsofx:x=y— to x=2\ay
4a

Limitsof y:y=0 to y=4a
Hence, the given integral after change of
order is

4a z\/ﬁ 4a r2.Jay
xydyde= [ [ drdy
JO J‘i yday 5 ﬁ Y 0
4a 4a
4a, 2. Jay
= '[ |_X f,/; d\‘
o My ™
4a

2
=I:"[2\/a7.\“i—]d~" Fig. 9.72

a

4a
4a

SR RS)

1

da

y

3
3

=9zl

3
2 g

0

4 22
=§\/;(4)2a2—a(64a3)
30 5 16 4
=— ——

3 3
16 »

=—a"

Example 14

Change the order of integration and evaluate
a pa- uz—}'z ] -+

J- J- J xy log(x ,a)dxdy.

040 (x—a)

Solution

1. The function is integrated first w.r.t. x, but evaluation becomes easier by changing
the order of integration.
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2. Limitsof x : x=0 to x=a—+/a’ —)’

Limitsof y:y=0to y=a
3. The region is bounded by the circle
(x—a)*+y*=d? thelinesy=aand x=0.
4. The point of intersection of
(x—a)*+ y*=a?and y = a is obtained as
x—ar+a*=a’
x=a
The point of intersection is P (a, a).

5. To change the order of integration,
ie., to integrate first wr.t. y, draw a
vertical strip AB parallel to y-axis which
starts from the circle (x — a)? + y* = a*and
terminates on the line y = a.

Limitsof y: y=+v2ax—x" to y=a
Limitsof x : x=0 to x=a

Hence, the given integral after change of
order is

Fig. 9.74
a pa— \/u -y xylog(x+a) ara xlog(x+a)
et = s’/ —————— ydydx
JI ( = ) j V2ax—x? (x )
_ [exlog(x+a)|y” dr
’ (Y a) V2ax-x*

_ uxlog(x+7a) a” —2ax+x” i
¢ (x-a)

2

= 1 J: xlog(x +a)dx

U—log(rﬂz)
1

2

1| &? 1
==|% 10824 ——
2|2 %73
_&

4

L
02 x+a

Faz 1 pa a’
=—| —log2a—— —-a)+ dx
_2 hed 2J-0{(x @) x+a} :|

2

%—ax+a2 log(x+a)

a
O}

a210g2a—a?+az—a2 Iog2a+azloga]
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—i £+azlo a
4| 2 &

=%(1+210ga)

Example 15

Change the order of integration and evaluate

JO;J.OW S 2 dxdy.

\/l—xz\/l—xz—y

Solution

1.

The function is integrated first w.r.t.
x, but evaluation becomes easier by
changing the order of integration.

. Limitsof x:x=0 to x=./1-4)’

Limitsof y: y=0 to y=5

. Since the limits of x and y are positive,

the region is the part of the ellipse in
the first quadrant.

. To change the order of integration, i.e.,

to integrate first w.r.t. y, draw a verti-
cal strip AB parallel to y-axis which
starts from x-axis and terminates on
the ellipse x* + 4y* = 1.

2

1
Limitsofy:y=0 to y=§ 1—-x"

Limitsof x: x=0 to x=1

Hence, the given integral after change of
order is

J‘%J‘W 1+x7
\/l—)cz\/l—x2 —

i
\

Fig. 9.76
1 1+x° lA
dydx
j j (1-x)—y* ’
] |; 1-x°
1 +x
dx
J \/1 X |
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J'\}%( l—sm“o)dx

J-l2 (l—x) nd,x

L Lﬁ_ l_xzjdx
6 70 J1-x?

I:J. az—xzd.x=§\/ e 22

X

(Esin_I 1)
2

oy

[}

oo’:n -b!?!

1
=£2$in \*—i 1—i° —Esm X

1

0

a —x" +—sin —
2

2
a | X

a

Example 16

Change the order of integration and evaluate

apy dydx
Io-[o \/(a° ?xy

2 _)a-p)(y-x)

Solution

1.

The function is integrated first w.r.t. x, but
evaluation becomes easier by changing the
order of integration.

. Limitsof x:x=0 to x=y

Limitsofy:y=0 to y=a

. The region is bounded by the line y = x,

y=aandx=0.

. The point of intersection of y=a and y = x

is P (a, a).

. To change the order of integration, i.e., to

integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis which starts from the
line y = x and terminates on the line y = a.

Y
y=a
P(a, a)
{’*
A B’
o) X

Fig. 9.77
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Limitsofy:y=x to y=a YA
Limitsofx:x=0 to x=a
Hence, the given integral after change of order
is B y=4
JaJ{r xdydx P (a, a)
"0 (@ =x)a- )y -x) /
f" xdydx 3
J(@ =¥ )a-y)y-x) /
a X, a dy
— —_—— d_x >
J-(l /az_xz |:J.‘ \/(a_y)(y—x)} [o) X
Putting y —x = 2, dy = 2¢ d¢ .
When y=x, t=0 Fig. 9.78
When y=a, t=~a—x
JaJ‘.v : xdydx J‘ 2tdt __dr
o @ - a-no-n Ja ’ J(a— v—r)r-
=2
J \/a -[o \/(a x)—
¢ Va—x
a X
2 in”'
¢ \/a2 =% \/a —x|0
= 2"‘:\/'%'(&1’1_1 l—sin_l O)dx
s e 1, "]§ i
_2'2.[()[_5(“ =x7) '(_21\)](1"
T - i Vo X n+1
“Zlaa? - 22y { JLrCor £ = &}
2 n+1

Example 17

Change the order of integration and evaluate

% ¥
LW

Solution

1. The function is integrated first w.r.t. y, but evaluation becomes easier by changing

the order of integration.
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- 1 YA
2. Limitsof y:y=x to y=-—
X
Limitsofx :x=0 to x=1 i
3. The region is bounded by the rectangular
hyperbola xy = 1, the line y = x and y-axis B
in the first quadrant.
4. The point of intersection of xy = 1 and P(,1)
y = x in the first quadrant is obtained as 4
x2 =1 +A
x=1 N -
Loy=1 o X
The point of intersection is P (1, 1).
5. To change the order of integration, i.e., to Fig. 9.79
integrate first w.r.t. x, divide the region y
into two subregions OPQ and QPR. Draw R
a horizontal strip parallel to x-axis in each
subregion.
(i) In subregion OPQ, strip AB starts from c D 7+
y-axis and terminates on the line y = x. =} 3
Limitsofx:x=0 to x=y
Limitsof y:y=0 to y=1 Q PQ,1)
(ii) In subregion QPR, strip CD starts from A B
y-axis and terminates on the rectangular
hyperbola xy = 1. 16} %
- 1
Limitsofx :x=0 to x=— Fig. 9.80

Yy
Limitsof y:y=1 to y—>eco.

Hence, the given integral after change of order is

e x e e gy 1
'[0'[" (1+x}")2(1+y2)d} & _'[0'[0 1+ (1+xp)’ dXderI'

1

-l 1

J‘y . 2 2 dxdy
0 1+y° 1+xp)°

= 7‘— |‘dy+r y,‘— 1 de
o1+ | yA+xp)|, o N 1+ y+ ),

1 = 1 [i
=== 2 ',_1 d)_ y) __1
(’1+y“(1+y“ J -} 1+y'(2 )dy

= %—; dY+l_[w l rdy
opd+y’)y 1+y° 291 14 y°
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Putting y = tan 0 in the first term of first integral, dy = sec’6 d6,
Wheny=0,0=0

Wheny=1, o=

J

)

_[% v i _ﬁseczedG

4

0 sec'6
_ % (14+c0s26)
0 2

(A o

z
4

sin 20
2

T

1

+=+=
s 4 2

(

T T

2 4

R
+‘tan y‘0+§‘tan

)

v
“h

d6+(tan"' 1—tan™ O)+%(tan’

'oo—tan™' 1)

Example 18

Change the order of integration and evaluate

L pi-? cos™' x
J()jo \/1_

dxdy.
xz\/l—xz—yz 4

Solution

1.

The function is integrated first w.r.t. x, but
evaluation becomes easier by changing the
order of integration.

.Limitsof x :x=0 to x=4/1-)’

Limitsofy:y=0 to y=1

. Since given limits of x and y are positive, the

region is the part of the circle x> + y>=1in
the first quadrant.

. To change the order of integration, i.e., to

integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis in the region. AB starts
from x-axis and terminates on the circle
X+yr=1.

Limitsofy:y=0 to y=+l-x

Limitsof x: x=0 to x=1.

Q(0,1)

A

X2+ y2=1

Fig. 9.81

P(1,0) x
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Hence, the given integral after change of order is
JI '[ -7 cos”' x
RN B \/1 -x’ =y’

Ji-? cos™ 1
.[ .[ \/l—x' \/(l_xz)_yz dydx
_jl cos x| . IVH

¥
iz 0 A JP(1,0) x
= sin”! —2 dx
Ox/l—x2 \/l—le0

_II cos” x (sm "I —sin™" 0)dx

Fig. 9.82

7 |(cos™ x)? ]
2

[ [ e ae=LE ”}

0

=—Z[(cos™ 1)* = (cos™ 0)?
4

EXERCISE 9.3

Change the order of integration of the following integrals:

1. J‘:j:‘ f(x, y)dy dx

[Ans. s '[_24 J:_y f(x, y)dydx + j: j:_zf(x, v)dy dx:|
2. J:J-:X f(x, y)dy dx
[Ans. - J.(:J.Zy f(x, y)dxdy + JfJ! f(x, y)dx dy}
2 2
3. J:J_Jj; f(x, y)dx dy

[Ans. : J.1J:l f(x, y)dx dy]
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[° ] Fix, vdxdy

»

[Ans. : J: J':HJ& f(x, y)dy dx + J: J‘aarx f(x, y)dy dx]

U

. j: @H f(x, y)dy dx

[Ans. : _[: '[0‘@ f(x, y)dxdy + Lza _[;u_y f(x, y)dx dy}

o

. _3 yz_ f(x, y)dx dy
J-z vi-6

[Ans. ¢ '[__:J‘_;ng f(x, y)dydx + J'_Bz jxm f(x, y)dy dx}

N

N ) fx, y)dxdy

[Ans. : _[:L,% f(x, y)dydx + J':J':x“;x f(x, y)dy dx]

oo

. I;jzf(x, y)dy dx
4

|:Ans. : J‘:_[:Jﬁf(x, y)dxdy + Izsj:_zy f(x, y)dx dy]

x+6a

9. [ [ flx, y)dy dx
2 02 6a 2 6a+2 p2
[Ans. : _[0 -[W f(x, y)dxdy + _L jo f(x, y)dxdy + La J‘Ha f(x, y)dx dy]

10. [, [ fx, y)dxdy

| Ans.: 77 foe vidyax+ 1] o y)dy ox |

2a pv2ax
11. JO _[mf(x, y)dxdy
Ans.:

o0 et yiaxay + [T o, viaxay + [, iy
2a 2a
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12, [° j\/g f(x, y)dy dx
{Ans. : jog _[g f(x, y)dxdy + J;J.O"a?2 f(x, y)dx dy]

13. _[:J':Tf(x, y)dy dx

[Ans. : J;J.; f(x, y)dxdy + J.:jo%f(x, y)dx dy]

14. [ f(x, y)dy dx
[Ans. : JE J'f f(x, y)dxdy + J'énaj.: f(x, y)dxdy + J‘::J'; f(x, y)dxdy
b vy a m ]

15. j; fx f(x, y)dy dx
[Ans. : Le Jllgy f(x, y)dx dy:

16. _[:J.oxz f(x, y)dy dx

{Ans. : jjj'if(x, y)dx dy
v §

1 iy 2
17. JOZJ.O\“ - 1+—x2dxdy

1-x* -y

V1-x? 2
1 1+ x 2z
!Ans. : IOIO 2 —dy dx = ?:|

2 2

1-x" -y

N3

dy dx

8. [/], Ty

202 X 1
ItAnS. . jo J-\/ﬂmdx dy = 2(5 log5 - 4)]

[Ans. s n_a]
4

19. _[:J.yaxz iyz dy dx
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9.4 DOUBLE INTEGRALS IN POLAR COORDINATES

6
The integral j J‘RZ f(r,0)drd@ represents the polar form of the double integration. This
P 1

integral is first integrated w.r.t. r keeping 6 constant and then the resulting expression
is integrated w.r.t. 6.

Limits of Integration

If the limits of integration are not given
then these limits are obtained from
the equations of the given curves. Let
the region be bounded by the curves
r=r(0), r=r, (60 ) and the lines
0=20,0=0.,

The region of integration is PQRS.
Draw an elementary radius vector AB
from origin which enters in the region
from the curve r = r(0) and leaves at
the curve r = r,(0). Therefore, limits for
rare r,(0) to r,(0).

To cover the entire region PORS, rotate elementary radius vector AB from PQ to RS.
Therefore, 6 varies from 6, to 9,.

[[re00ardo=["["" r(r,0)drdo

Fig. 9.83

Type | Evaluation of Double Integrals in Polar Coordinates

Example 1

Z o

4 e PA
Evaluate .[o JOI drde.

Solution

j“ dezd@ R Uzdl]

2!
r

2

de

0
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Another method: Since both the limits are constant and integrand (function) is
explicit in r and 6, the integral can be written as

ij: rdrdf= J'Og d9~j(; rdr

z
= 4 .
[9|O

1
0

i
2

Example 2
T esin®
Evaluate jo jo rdrde.

Solution

[ = ][ rr]ao
sin @
(] o
0
1

- EJ.:sinz 0d6

=1J‘n1—c0529d9
270 2

5

Ll
2

T

» sin 26
2 0

( sin27t]
n_
2

1
4
n
4
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Example 3 i
5 rl—sinf
Evaluate the integral _[02 -[0 r* cos0drd@ [Summer 2014]
Solution
J‘%jlisiner2 cos @ drdf = J.% J-Iﬂiner2 dr|cos 6 deo
0 J0 0 0
7| 3 1-sin@
= J.O3 — cos 0do

1 T ;
- —|2a1—si
3 jo (1 —sin 8)” cos 6 d6

7.
_1]{a-sin§)*|?
3 4

0

1
11
3 4
__1
12

Example 4

z 2acosf ., |
Evaluate L)— JO r-sin0@dodr.

Solution

Since inner limits depend on 6, the function is integrated first w.r.t. r.

i 2acos® ,
The correct form of the integral = IOZ jﬁ r~sinfdrdo

jf [ sin0 dr do= jf[ | 2"“’"’#dr}sin 0do

0

2acos6

sinfdo

| 3

P

0

= 8L‘_Fcos3 fsin6do
3 Jo

3oz
- _%Joz cos’ 0(—sin)do
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8a’ [/(9)]““ r

{ [Lr@7 £ 6)do = n

cos* 02

Example 5

% a(l+sin6)
Evaluate IO- IO r-cos@dodr.

Solution

Since inner limits depend on 6, the function is integrated first w.r.t. r.

X a(l+sinf)

The correct form of the integral = JO- _[0 r-cos6drd

jo J.("“N"e)ﬂcosedl do= | [j"””"e’r’d;]cosede

x| 3 |a(l+sing)
—|2

cosBde

0

D N P
—gjo~a (1+5sin )’ cos8d6

2 n+1
_a’|(1+sin@)*|2 ..J‘[.f'(e)]"if"(())d(?: Lf(O)] ’
T3 4 : n+1
3 4
0 n#-1
3 4
=2 |:(1+sm£) —(l+sin0)4]
12 2
ar.,
==[2'-1]
5 5
=—a
Example 6
Evaluate _[ J e ——drde.

(l+r )
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Solution
j j’ L) ~drde
2 (1+7?
=—j U w20 r2)72~2rdr:|d0
- [f( )]n+l
_f | (1472 29d9 o] fdr=
n#-1
__ 1 Z( ! —1jde
270 \ 1+ cos20
- _( ! —1}10
270 \ 2cos? 6
=_l 4(—se020—1jd0
270
5
——|—tan6 -0
0
1(1 T n)
=——|—tan=-=
20274 4
=—(r-2)
Example 7
T T

Evaluate J'OE L)E sin(6@ + ¢)d6 d¢.
Solution

j j sin(6+¢)d0d¢ = j [j sm(9+¢)d9} P

N|§

—J | cos(9+¢)|

=} {co%( +(p]—cos¢}d¢

- _'[E(—sin¢ —cos¢)d¢
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T

= —|cos¢—sin¢]g

= —(cosz—sinz—0050+sin0
2 2

=2

Type Il Evaluation of Double Integrals Over a Given Region

in Polar Coordinates

Example 1
Evaluate Jj.r3 sin20drd@ over the area bounded in the first quadrant

R

between the circle r =2 and r = 4.

Solution

1.

2.

. Limitsof r: r=2tor=4

The region of integration is the interior of the
circle between r =2 to r = 4.

Draw an elementary radius vector OAB from the
origin which enters in the region from the circle

[Summer 2016]

T
0=7

r =2 and leaves at the circle r = 4.

Limits of 8: 6=0to 9:%

I1=||r*sin20drde

1l
Sty

4
jr3 sin20 drdé
2

4 T
}"4 2

4

_cos 20
2

2 0

= %[(4)4 — (2)4 ] (%) (cosm—cos0)
1 1
= 5[256 - 16](—5j (-2)

1

= —[240
2[ ]

=120

e
\J

Fig. 9.84
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Example 2

Evaluate Ijr\/az—rzdrde over the upper half of the circle

r=acos 6. [Summer 2017]
Solution o=Z
1. The region of integration is the upper half
of the circle r=acos6. | A
2. Draw an elementary radius vector OA which r=acos @
starts from the origin and terminates on the
circle » = a cos®.
3. Limitsof r:r=0 to r=acosf .
i 0=0
Limitsof 6 : 8=0 to 9:5
I= ”r a* —r*drde
L cacosd | :
_ 5 acos _* 2 _ .2 E " .
=1z] ( 2j<a r*)? (=2r)drd@ Fig. 9.85

)

108
3((9

2(a2 —ip? )E
3

T
L7

~ o2do

0

T
= —%J‘OZ (a3 sin® 9—a3)d9

3 o
:_Lj-z(ZSsmB sm39_l)d9
3 Jo

do | L fi(rydr=
n

CLfr
+1

4
] z
3 3 =
_l_(_g 0 cos,GJ_e‘

3 0

@(3 m 1 3n 7w 3 1
=——|—-—cos—+—cos— ——+—cos0——-cos0

3 4 2 12 2 2 4 12
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Example 3

Evaluate ” r*cos® 0drd@ over the interior of the circle r = 2a cos 6.

Solution

1. The region of integration is the interior of A o=
the circle » = 2acos@.
2. Draw an elementary radius vector OA A
which starts from the origin and termi- r=2acos 6
nates on the circle » = 2acos6.

(2
2

3. Limitsof r:r=0tor=2acosO

Limitsof@:@z—%to@z% o 6=0

I= er4 cos® 0drdo

V4

(2 3 2acosB i

= J_ECOS 0.[() rdrd@
% Fig. 9.86

< |2acos
5 acos@

3|
:'[ . COS 9‘?

SRR

de

|

0
1 x
= Ej_zz c0s°0 (2acos0)’do

_ 32a°
5

’% 5
226 o2 1L
5 2 2

V4
-ZJ()Z cos® 6do

b/
{B(p_ﬁ-lq_ﬂ] = 2"‘()3 sin” @ cos? 9d91

5 Is
7 z.z_iﬁﬁ
_32a" 22221212
5 24
r 5
=—ua
4
Example 4

Evaluate ” r2sin@drd@ over the cardioid r = a (1 + cos 0) above the

initial line.
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Solution

1. The region of integration is the part of the cardioid r = a (1 + cos 8) above the initial
line (6= 0).

2. Draw an elementary radius vector OA which starts from the origin and terminates
on the cardioid » = a (1 + cos 0).

3. Limitsof r: r=0 to r=a(l+cosb)

Limitsof 6 : 8 =0 to 8=rx ‘H:g
1=[[r?sinodrde A
n ra(l+cosB) r= 3(1 HC0S 0)
:-[0 L) " rsin® dr d6
3 a(l+cos@) o 9=6
A | Gk »
:J e sin@ d6
0131
Lo Bt
= 3_[0 a’(1+cosB)’ sinf-do
3 Fig. 9.87
_._a * 0V (i
=g -[(1 (14+cosB)’ (—sinB)do
3 4|7 n+l
a (1+C0$6) n prs [f(e)]
LI ki < [Lr@n fe)de =21 —
s, [ JLr@n r®) -
a3
=—E[(1+cos7z:)4—(1+c050)4]
(13
=-2_(0-16
12( )
2
=—a
Example 5
rdrd@ )
Evaluate ”ﬁ over one loop of the lemniscate r* = a*> cos26.
Nro+a
Solution

1. The region of integration is one loop of the lemniscate r* = a* cos 260 bounded

between the lines 6 = —% and 6 = %
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2. Draw an elementary radius vector OA which
starts from the origin and terminates on the
lemniscate 72 = a® cos 26.

3. Limits of r: r=0to r = a+/cos260

Limitsof 8:0=-2 t0 9=~
4 4

Pa _U rdrdo

Vr? +a?
_I jum rdrdé

e

7 [aveos26
[

1
( 2+a%) 2(2r)drde
7

iz
_ % B
4

a~/cos20

1
200 +a*)?

n+l
do [f[f()"f(z)d, [f(i]l ]

0
L 1
= EI_4£2a[(00329+1)2 —1}19
4
n

= aJ.Z” (\/ECOSG - l)d@

4

2
=a‘\/§sin9—9|:‘£

Example 6

Evaluate H r*drd@ over the area between the circles r = a sin6 and
r = 2a sin 6.

Solution

1. The region of integration is the area bounded between the circle = a sin 6 and
r="2asin6.
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2. Draw an elementary radius vector OAB 9= =
from the origin which enters in the region 2
from the circle r = a sin 6 and leaves at
the circle r = 2a sin 6.
3. Limitsof r: r=asin@ to r=2asinf B
Limitsof 0 : 6 =0 to O=rx
I='[J-r2drd0 r=2asin 6
n p2asin® A
=J. '[ r-drdé
0 Jasin@
3 |2asin@ r=asin @
z|r
= 0 2 de
3 asin@ O 6=0

_1 4 P B ey
—EJ.O (8a’ sin” @ —a” sin” 6)dO

3 Fig. 9.89
L R
3 Jo
=7_a3 fr3sin6—sin39d9
3 %0 4
.y —3cosf+ Ml
1 0
74 1
= —3(cosm—cos0)+—(cos3m—cos0)
12 3
-%(3)
12\ 3
9

EXERCISE 9.4

Evaluate the following integrals:

2

1. ”re’ﬂ_Z cosfsin6drdé over the upper half of the circle r = 2a cos 6.

2
Ans.:a— 3+i
16 e’

2, ”r3drd6 over the region between the circles r =2 sin6 and r = 4 sin 6.

451
Ans.: —
[ns 2}
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3. HrsinedA over the cardioid r = a (1+ cos 0) above the initial line.

[Ans. ; iaﬂ
3

drdoé over one loop of the lemniscate r? = 4 cos 26.

4. ”ﬁ

[Ans.:(4-m)]

9.5 MULTIPLE INTEGRALS BY SUBSTITUTION

9.5.1 Change of Variables from Cartesian to
Polar Coordinates

The double integral can be changed from Cartesian coordinates (x, y) to polar
coordinates (r, 0) by putting x = r cos 6, y = r sin 6. Then _”.f (x, y)dydx =
Hf("COSG, rsin®)|J|drd@ where J is the Jacobian (functional determinant)

defined as
ox ox
5 _0G.y) _[or 20
a(r, 0) E)_y 8_1
ar 90

cosf® —rsinf

sin@® rcos@

= r(cos’ @+sin” 6)

=r
Hence, H S (x, y)dydx :JJ f(rcos®, rsin0)|r|drd6
= ”_/‘(rcos 0, rsin@)rdrdo

Example 1
1-x%—y? i
Evaluate ” ———dxdy over the first quadrant of the circle
1+ x"+y°
X +yr=1.
Solution

1. Putting x = r cos 6, y = r sin 6, polar form of the circle x> + y* = 1 is obtained as r = 1.
2. The region of integration is the part of the circle r = 1 in the first quadrant.
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3. Draw an elementary radius vector OA which Aog=-Z
starts from the origin and terminates on the 4
circle r=1.

4. Limitsof r: r=0 to r=1 A

Limitsof 6: 6=0 to e=§

Hence, the polar form of the given integral is o) 0 :5

—jj\/:,d,de

Fig. 9.90

1 —cos2t
L= |2 ———(—sin2tdr)do
'[ J. 1+cosZt( )

2z /2 in*t |
=J2J“ Sm, sin2¢tdtdO
0J0 y2cos ¢t

e Zsint
=jzj4—~25intcosrdtd9
0 cost

= jfdejf(l —cos 2¢)dt

in 21+
sin 40

Example 2

Evaluate ” . e ¥ ™ dxdy over the region bounded by the circle
X =k y
x> + y?—x = 0 in the first quadrant.

Solution

1. Putting x = r cos 6, y = r sin 6, polar form of the circle x* + y* —x=01is r*—rcos 0 =0,
r=cos 0.
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2. The region of integration is the part of A 9=
the circle r = cos 0 in the first quadrant.

3. Draw an elementary radius vector
OA which starts from the origin and
terminates on the circle r = cos 6.

4. Limitsof r: r=0 to r=cos6

Ny

r=cos ¢

Limitsof 0: 0=0 to 9=§ 0 9-0

Hence, the polar form of the given integral
is

5 .
Z reos0 477 cosOsin @ _

-[if oo,
0 Jo 7

Fig. 9.91
" rdrde

cosf

=9 jof cos esine[j0 Ve (=2r)dr ]de

cosf

o o [ [/ dr =]

= —ZJ‘O3 cos 0sin Gle”':

n

= —2‘[0E cosBsin G(e’""":g = 1)d0

- % —cos’ 0 N - o
== [e (2cosBsin B) —sin 29]d0

cos26

—cos? 6
—le

Example 3
2.5
Evaluate ”fiyz
(x"+y7)

X +y'=a*and x* + y* = b* (a > b).

dxdy over the region bounded by the circles

Solution

1. Putting x = r cos 6, y = r sin 6, polar form of
(i) thecircle ¥ + y* = a?is P =a* r=a.
(ii) thecircle x>+ y*=b*isr?=b*r=>.



9.80 Chapter 9 Multiple Integrals

2. The region of integration is the part bounded 4
between the circles r = a and r = b. ¢
3. Draw an elementary radius vector OAB
from the origin which enters in the region B
from the circle r = b and terminates on the r=a
circle r=a.
4. Limitsof r: r=b to r=a
Limitsof 6 : 6=0 to 0=2x o) 9=0
Hence, the polar form of the given integral is

I= H dr dy

(r +V

« 2
J.M_[a r* cos® @sin’ @

5 -rdrd@
! Fig. 9.92
4 a
—_[ cos’ Osin’ 9 de
4
b
o win2 4 44
:‘[-nsm 29_(a 417 )dO

B a*-p* J-er (1—cos40)

de
16 70 2
(a*-b* 0_sin49|2n
32 4 |,
a*-p*
= 2
[ 2 )P
T4 44
=" (a*-b
16(a )
Example 4
2, 232
+ . .
Evaluate j%dxdy over the region common to the circles
Xy

x>+ y?=axand x* + y* = by (a, b > 0).

Solution
1. Putting x = r cos 6, y = r sin 6, polar form of
(i) the circle x> + y2=axis r>=ar cos 0, r = a cos 6.
(ii) the circle x>+ y2=byis r>=brsin6, r = b sin 6.
2. The region of integration is the common part of the circles » = a cos8 and
r=>bsin6.
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3. The point of intersection of the circle 0= g
r=acos@and r=b sin 6, is obtained
as <« r=>bsin @
bsin® = acosO <—9=tan“%

a P
tan@ = — B
b

& r=acos 6@

Hence, 9:tan“'% at P.

4. Divide the region into two subregions
OAP and OBP. Draw an elementary
radius vector OA and OB in each
subregion.

(i) In subregion OAP, elementary radius vector OA starts from the origin and
terminates on the circle » = b sin 6.
Limitsof r: r=0 to r=>bsinf

Fig. 9.93

Limitsof : =0 to 0= tan"%

(i1) In subregion OBP, elementary radius vector OB starts from the origin and
terminates on the circle r = a cos 6.
Limitsof r: r=0 to r=acosf

Limitsof@:@ztan”% o 9==

2
Hence, the polar form of the given integral is

(22 +y2)?
1=[[==5"dray

x“y”
tan~! & bsin6 r4 acos@ r'4
= [’J 7 rdrd9+J- J “771'(11(19
0 0 y*sin®Gcos’ O tan” [—7 r*sin” Ocos” @
|a 5 |bsin@ P ~ |acosf
tan” ' — re 1 re
= ol PR . R Ll R
sin” Gcos 2] 2 tan ,%m 20cos’ 6
tan~ 1
:—j ——  b’sin®0d0+— j —— a*cos’0de
sin’ Bcos 7] tan ;sm 20cos’ 6

2 al
=%L;(n b sec? 9d9+—J coseczede

tan” —
b
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[)2 tan™! <4 aZ iz
=—|tan9’ b+ —|-cot6)|
2 0 2

2
_1a
tan” —

2 2
21b 2 a

_% ab

+_
2 2
=ab

b’ _ifa a* V4 i a
— | tantan™ | — |—tan0 |——| cot——cot| tan~ —
2 b 2 2 b

Example 5
L _(xT?)
Evaluate JO J-O e dxdy.

Solution y
1. Limitsofx:x=0 to x—oo
Limitsof y:y=0 to y-—oo
2. The region of integration is the first
quadrant.
3. Putting x = r cos 0, y = r sin 6, the integral
changes to polar form.
4. Draw an elementary radius vector which
starts from the origin and extends up to
infinity. >
Limitsof r: r=0 to r—oee © X
Limits of 0 : 6=0 to 6=— Fig. 9.94
Hence, the polar form of the given integral is Af= g
(71 -2+ r— oo
I= JU L e dxdy
e 2
=|2[ e rdrae
= —ljgroe_": (—2r)drdé
270 Jo
T ¢ & 5
—_2 (2|, o [ o f O 2700 qp = W f ()
S e ()d9 [ Je f/(ndr=e ]
o 0=0

I+ E
———|200_,0
= 2.[0 (0—¢")do

Fig. 9.95
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1 T
--3l-ol

i
4

Example 6

Evaluate J: J:Q

dxdy

0w

(l+x2+y2)

Solution

1.

Limitsof x:x > - to x—oo

Limitsof y:y——c0 to y—oo

. The region of integration is the entire coor-

dinate plane.

. Putting x = r cos6, y = r sin6, integral

changes to polar form.

. Draw an elementary radius vector which

starts from origin and extends up to oo.
Limitsofr: r=0 to r—ee
Limitsof 8 : 6 =0 to 6=2x

Hence, the polar form of the given integral is

= j_mj _ dxdy

(1+x*+)° )

Jw rdr d@
0
1+ )

3
1 p2rm peo s 5
:5.[0 L (1+r7) “(2r)drde

1 2n 2 ’?M
=EL “2(1+7%) 2| d6

0

[ J[/(')]”f(r)d Thi }
n+l

D 1+I

=—j0' (0-1)d6

2r
- |9|0

=2

YA
o X
Fig. 9.96
A O = —2’5
r— e
(0] =0
Fig. 9.97



9.84  Chapter 9 Multiple Integrals

Example 7

Evaluate J- J

———=dxdv by transforming into polar coordinates.

[Winter 2013]
Solution
1. Limitsofx:x=y to x=a 4
Limitsof y:y=0 to y=a
2. The region of integration is bounded by
. Q(a a)
the linesy=x,x=aand y = 0.
3. Putting x = r cos 0, y = r sin 6, polar form
of 2
+
(i) the line y = x is r sin 6@ = r cos O, tan «—X=a
0=1,0="2.
4
(ii) thelinex=aisrcos 8=a, >
r=asec 6. o B ¥
4. Draw an elementary radius vector OA
which starts from the origin and terminates )
on the line r = a sec 6. Fig. 9.98
Limitsof r:r=0 to r=asecb
Limitsof 8 : =0 to 9=§
Hence, the polar form of the given integral is
1=[" +drdy
|8 s
_J JAum.()] COSB d d9 kgzl
0o Jo 72 2
— pasect
=J.*J. cos@drdo
0J0 Q
= J‘Z r :)"cce cos0dO
0 %,
& Q// b A
= J‘; asecBcos6do
z l«—r=asect
=a j(; de
x P o=
b4
=a-—
4 Fig. 9.99
Ta
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Example 8

2 py2x—x? X
Evaluate JO J-O mdy dx by transforming into polar coordinates.

Solution

1.

2.

Limitsof y:y=0 to y=+2x—x’
Limitsofx:x=0 to x=2

The region of integration is bounded by
the circle x? + y? — 2x = 0 and the lines
y=0,x=0. Since the limits of x and y are
positive, the region of integration is the
part of the circle in the first quadrant.

. Putting x = r cos 6, y = rsin 6, polar form

of the circle x> + y2-2x=01is

r=2rcos 6 =0
r=2cos 6.

. Draw an elementary radius vector OA

which starts from the origin and termi-
nates on the circle r =2 cos 6.

Limitsof r:r=0 to r=2cos 0O
Limitsof 6: 0 =0 to ezg

Hence, the polar form of the given integral is

dydx

B

2 2
x*+y

-rdrd@

_J§J2c0s9 rcos@
“Jo Ji

) B
£ 2cos6
=IZJ~ ~ cosOdrde
0 Jo
_ 2_20059 0de
—J.()-lii() cosOd
L
='[22c0529d6
0
i
= _[03 (1+cos26)do

n
2

sin26
2

:’9+

0

X24+y2-2x=0

(2,0)
X
Fig. 9.100
.gzg
A
r=2cosé
(2,0)
=0
Fig. 9.101
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=—+lsin7r—lsin0
2 2

Example 9

1 \/2.\‘—.\‘: .) 5
Evaluate jo L (x™+ y7)dxdy.

Solution

1

. Limitsof y:y=x to y=+2x—x"

Limitsofx:x=0 to x=1

. The region of integration is bound-

ed by the line y = x and the circle

X2+y2=2x=0.

. Putting x = r cos 0, y = r sin 6, polar

form of
(1) the line y =xis
rsin@=rcosO, tanf=1,0= %
(ii) the circle x>+ y*—2x=01is
r»—2rcos0 =0
r=2cos6.

. Draw an elementary radius vector OA

which starts from the origin and termi-
nates on the circle » = 2 cos 6.
Limitsof r: r=0 to r=2cosf

Limitsof@:f):z to 9=E
4 2

Hence, the polar form of the given integral

1S

I= J‘(l J‘:/F (Jr2 + )'2 )dxdy

n
= [2cosf 5,
= ij r=-rdrd@
zJy
4

2cos6

do

4

il
4

4—|>~IN|=1

0

-

= 4.[”5 cos*0de

4

(1,0

Fig. 9.102

(@)

Fig. 9.103
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V4 2
([ 1+cos26 \
(2
4
z
= [ 2 (14+ 20526 + cos’ 20)
2

T
:j;[1+2cosze+ de

1+cos40]
4

[k

3 2sin26 sin460
=|-0+ +
2 2 8

N

3(n « . . T L. . :
=—| ———|—| sinm —sin— |+ —(sin27 —sin 1)
4 2) 8

Example 10

[2_2
Evaluate the integral Ig Joa Y yZ\/xz +y2 dydx by changing into

polar coordinates.

Solution

1. Limits of x : x =0 to x = 4/’ —y2

Limitsofy:y=0toy=a

2. The region of integration is bounded by x = 0,

xX= \/az—yz ,y=0andy=a.

3. Putting x =rcos 6, y = r sin 6, polar form of the
circle x> + y* = a* is
(i) rP=a

Lr=a

4. Draw an elementary radius vector OA which
starts from the origin and terminates on the
circle r=a.
Limitsof : r=0tor=a

Limit of 6: 6=0 to 9=§

[Summer 2014]

X2+ )2 = g2

Fig. 9.105
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Hence, the polar form of the given integral is

T
I = j02 j:rz sin®> @-r-rdrd@

—j2sm 9“ r dr}de

a

T 5

L r
25in% O |—
0

de

1l
—
o
a.
=
)
[
o
[

Example 11

G xye <D

Evaluate f I e
x—x* X y-

dxdy.

Solution

>

1. Limitsof y:y=vx—x> to y=+l-x

Limitsof x:x=0 to x=1
2. The region of integration is the part of vt
the first quadrant bounded by the circles
x2+y*—x=0and x>+ y>=1. — xPy2=
3. Putting x = r cos 6, y = r sin 6, polar
form of x2+y?-x=0
(i) thecircle x> +y?—x=01is P(1,0)
r»—rcos @=0,r=cosé. o) X

(ii) thecirclex*+y*=1lisr?=1,r=1.

4. Draw an elementary radius vector OAB
from the origin which enters in the
region from the circle r = cos6 and
terminates on the circle r = 1.
Limitsof r : r=cos@ to r=1

Fig. 9.106
Limitsof 6: 6 =0 to 0=

SHE
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Hence, the polar form of the given integral is b o=

[ —(x*+y%)
xye .
1= [ —axay
X=X x°+y° ="
3 . _——
_‘[g-[l r°sinfcosBe”’
- cos@

2 -rdrdé A r=cos @

=——I smOcosG 5 _"2(—2r)drd9 o 0=0

cos

de

cos6

1 0= 2
=——stin9c059 e’
2Jo

[ eSO f1(rydr = ef(r)]

=——J sin@cosB(e”! — e 0)dg Fig. 9.107

1¢Z21/(1 2
=——J2— ~5in20-¢*"?.24inBcosO |dO
270 2\ e

Ik

1|1 2
ey _(_ cos20)_e_cm P
2

4|e ["’.["f(e)f’(e)da=e./‘<9)]

| 1 —[coszg) 20
=——|——(cosm—cos0)—e “rpe™"
2e

11 0, -l
=——|——(2)-¢" +e
41 26( ) }

1[1 1
=a| S
4le e

s

Example 12

Evaluate [ [', > AT v = dvdy. [Winter 2013]
4a X ¥ y

Solution

1. Limits of x:sz to x=y
4a

Limitsof y:y=0 to y=4a.
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2. The region of integration is bounded by the
line y = x and the parabola y? = 4ax.

3. Putting x = r cos 0, y = r sin 6, polar form of

(i) the line y = x is r sin 8 = r cos 6,

tan 0 =1, 0=£.
4

(ii) the parabola y* = 4ax is

r?sin® 0 =4ar cos 6, r = 4a cot 6 cosec 6.

4. Draw an elementary radius vector OA which
starts from the origin and terminates on the

parabola r = 4a cot6 cosec®.

Limitsof r: r=0 to
e bd
Limits of 9:(9:2 to

Hence, the polar form of the given integral is

2

2 2
4apry X" —y
1= J‘O I‘vz B Y dXd‘

=X Y
4a

%
2

=j§jo

4

r
=j£ (1-2sin% @)
4

V3
= %J‘,f (1-2sin” 0)(4a)* cot® Ocosec’0 dO
4

T
=8a’ J‘”z (cot” Bcosec’ — 2 cot® 6)dO

4

T

=8a’ JE [{—(cot2 9)(—cosecze)} —2cosec’0 + 2] de

4

3

cot” O

=8a”

=84’ [—%(009 121-—cot3 %)+2[cot%—cot-§—)+2(

r=4a cot O cosec 0

g==
2

yﬂ

y2 = dax P(4a, 4a)

2

il
2

+2cotf+260

2
r

4acotBcosec 6

0

2

4acotBcosec 6 r2 (Cos2 06— Sin2 0)
r

de

Fig. 9.108

A 9=ﬂ

2

r=4acot cosec 6

A

P

[ JLr@ r@e=

o
Q>

I
ov

Fig. 9.109

Lf(O)1""!
n+1

=)
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[ 1 T
=8| —=(-1)+2(-1)+2.—
a ] 3( )+2(-1) 4}
=8a* —§+£}
| 3 2
=8a* £—§:|
12 3
Example 13
a pVSax—x? ﬂx +
Evaluate_[ y dx dy.
Solution
1. Limits of y:y=2\/a to y
y =~5ax—x*
Limitsof x :x=0 to x=a

2. Since the limits of x and y are posi-
tive, the region of integration is the
part of the first quadrant bounded
by the parabola y? = 4ax and the
circle x> + y2—5ax =0

3. Putting x = r cos 6, y = r sin 0, polar
form of

(i) the parabola y* = 4ax is

r?sin? 6 = 4ar cos 6, Fig. 9.110
r=4a cot O cosech. =L
(ii) the circle x*> + y*— 5ax=01is 2 r = 4a cotf cosect
r*—5arcos0=0,
r=5a cos 6.

) ) ) < r=5acosf
4. The points of intersection of

r=4a cotO cosecBH and r = 5a cos 0

are obtained as 0 o
4a cot 6 cosec B =5a cos O =0
. 4
sin®@=—
5

Fig. 9.111
Hence, 6 =sin"' — at P.
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5. Draw an elementary radius vector OAB from the origin which enters in the region
from the parabola r = 4a cot@ cosec and terminates on the circle r = 5a cos 6.
Limits of r : r=4a cotfcosec to r=5acos0

Limits of 6:6 =sin™" i to 6=E
\/g 2

Hence, the polar form of the given integral is

—j j\/s(,\ X ,[x /+\ oty

2ax

2

Sacos@ j &
= j J. rdrd@
4acotBcosecHd ’ sin” @

sin~ —

T

5 2
=j3 , cosec’6r|

o 2 4acotBcosecd
sin” —

Sacosf

1

= |2 9 cosec29(5a cos@ —4acot O cosech)dd

s lﬁ
z
= J 2 _ iy [Sa cot Bcosech + 4acosecZO(—cosec 6 cot 9)]d9
s ﬁ
cosec 0|2 X y ()"
=|-5acosecO +4a ———— ) { J[f O]" f/(6)d6 = ﬁ}
sin”' ==

\/g

T . 4a 3T 4a v 2
=| —5acosec —+ Sacosec| sinT — +—cosec R
2 f 2 3 NG

[ \/— 4 4 \/5 3 cosec(sin_' %]zcosec[cesec_l g]
a 4a
=|-5a+5a— ———[—]
2 3 3( 2 \/g

=%(5\E—11)

2

Example 14

n

2 2

2
Evaluate ” xy x_z + y—zJ dxdy over the first quadrant of the ellipse
a b

F
+b—2—1.
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Solution
Let x=arcos 0,y=>brcos 6
ox oOx
PECCSON T
a(r, 0) ﬂ 8_\
Jr d0

acos® —arsinf
bsin®  brcos6
dxdy = |J|drd9 =abrdrd@

= abr

Under the transformation x = ar cos 6,

2 2

y = brsin 6, the ellipse — + Z— =1 in the
Tt

xy-plane gets transformed to r>=1lorr=1,
circle with centre (0, 0) and radius 1 in the
r@-plane.

The region of integration is the part of the
circle r = 1 in first quadrant in the r6-plane.
Draw an elementary radius vector OA which
starts from the origin and terminates on the
circle r = 1.

Limitsof r: r=0 to r=
Limitsof 6 : =0 to =

Hence, the polar form of the given integral is

n
2

2 22
(=[] o[ 5]

b4 n
g l Y s
= joz jo abr? cosOsin 0(r2)2 abr dr d@

.
_ 2,2(78in20 ¢l .5
=a’b -[02 Tjo(r) dr

= (—cosm+cos0)-
4 n+4

_ a*b?
2(n+4)

Vi

- v
N

Fig. 9.112

()
-

Fig. 9.113
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EXERCISE 9.5

Change to polar coordinates and evaluate the following integrals:

1. ”de dy over the region bounded by the semicircle x? + y2 — x = 0,
X

y>0.
T
Ans.: —
]
2, Hyzdx dy over the area outside the circle x? + y2 — ax = 0 and inside the
circle x2 + y*-2ax =0.
i x2+y ax it
Ans.: ——
64
3. Hsin(x2 +y?)dxdy over the circle x2+y?=a.

[Ans. = cosaz)]

3
4, J'J.xy(x2 +y?)2dxdy over the first quadrant of the circle x? + y? = @

-
Ans.:a—
14

J~ J-\/sx dy dx

VX2 +y?

: i
Ans. : =log3
[ns 2og

_[ J-x x’dxdy

\/X +y

o

. ogf1+42) |

2
{Ans. : a_]
2

[Ans. : %(1 . )}

o]
5]
L

EN
>
(
x
<

o

x

Q.

<
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2a —x?

9. J'O _I.ovm “ (2 +y?)dxdy

1 pdx—x? 4xy —(x2+y?)
10. Jo jo XZTyZ e dx dy

N

11. _[OTZ J';a 7 loge(x* +y?)dxdy

[Ans. I
4

a parai-y? dx dy
12. JO -[y (4a* + x* +y?)’

13. J J‘\/ﬂ2 x! dx dy

Jax—x? \/7

e X"V dx dy

14. fo Ty

dxdy

15””

9.5.2 Change of Variables from Cartesian to
Other Coordinates

4

{Ans. s Lo
4

[Ans. : l
e_

(loga—l]
2

In some cases, evaluation of double integral becomes easier by changing the variables.

Let the variables x, y be replaced by new variables u, v by the
x = fu,v),y = f5(u,v), then

[J £Geyidxdy = [[ £, £)]7|dudy

ar o
where Jacobian J = gg: 1)3 = ;g
Ju dv

transformation

(D)

Using Eq. (1), the double integral can be transformed to new variables.
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Example 1

x —
Using the transformationx -y =u, x + y =V, evaluate _” cos [ J ] dxdy
xX+y

over the region bounded by the lines x=0,y=0,x +y=1.

Solution X=y=ux+ty=v
_utv  v-u
X = ) Y= 2
ox ox 11
=a(x,y)=a_u Ez 22 =l+l=l
ou,v) |[dy dy 11 4 4 2
wu vl | 22

dxdy = |J|dudv = %dudv

The region bounded by the lines x = 0, y = 0 and x + y = | in xy-plane is a triangle
OPQ.

. u+v v—u
Under the transformation x = and y = 5
(i) the line x = 0 gets transformed to the line u = —v
YA
‘)
v=1
0 C !
0 P’
x=0—> «— x+y=1 A B
Uu=-y—-—> _
«—U=v
& > >
o T X Y u
¥=0

Fig. 9.114

(ii) the line y = 0 gets transformed to the line u = v
(iii) the line x + y = 1 gets transformed to the line v = 1

Thus, triangle OPQ in xy-plane gets transformed to triangle OP'Q’ in uv-plane bounded
by the linesu=v, u=—vandv=1.
In the region, draw a horizontal strip AB parallel to u-axis which starts from the line
u =—v and terminates on the line u = v.

Limitsof u:u=-vtou=v

Limitsof v:v=0tov=1
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= ”m(
—H cos( ) dudy

o]

-2 [ v[sin1 —sin(-1)]av

jdxd\

dv

—y

2 1
=L stV
2
0
= lsinl
Example 2
Using the transformation x* - y =u, 2xy =v, find ” (x +y )dxdy
over the region in the first quadrant bounded by x* — y*=1, x* =2,
xy=4, xy=2.
Solution

X—y=u,2xy=v
It is difficult to express x and y in terms of u and v, therefore we write Jacobian of u,
v in terms of x and y.

ou
2x -2
L _[or | P -n)_, Lo
d(x,y) |dv dv| |2y 2x
ox dy
dudv = || dxdy = 4(x2 +y? )dxdy
1
dxdy = ——dudv
4(x2+y2)

The region in xy-plane bounded by the curves x*—y*=1,x>-y*=2, xy=4,xy=21s
transformed to a square in uv-plane bounded by the linesu =1, u=2,v=4,v=8.

In the region, draw a vertical strip AB parallel to the v-axis which starts from the line
v =4 and terminates on the line v = 8.

1= ”(xz +y2)dxdy
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(28, 2, 1
_L L(x +y )74( dudv

x2+y2)
I T
_Z|u|1‘v|4
=1
1 '
v=2_8
R| B |2 |
xy=2—
s| 4 [P t
v=4
- J «—u=2
O X 0 u
Fig. 9.115
Example 3

Evaluate Jj(xz + yz) d4 by changing the variables, where R is
R

the region lying in the first quadrant and bounded by the hyperbola

K-y =1,x-y*=9,xy =2 andxy = 4. [Summer 2014]
Solution
Let u=x*-y? v =xy
o
7= o(u, v) _ dox dy _|2x -2y
a(x,y) ov  dv y ox
ax dy

=2x2 4+ 2y =2(x* + %)
du dv =J1dx dy = 2(x* + y*) dx dy
1
dxdy = ———-dudv
2(x* +y%)
The region in the xy-plane bounded by the curves x> —y*—1,x>—y*=9,xy=2 and xy =4
is transformed to a square in the uv-plane bounded by the linesu =1,u=9,v=2,v=4.
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y4 v
v=_8
R| B |0 |
xy=2—
sT 4 [P 1
y=4
w1 J — u =2
0] X 0] l:
Fig. 9.116
I= J.J.(x2 +y2)dxdy
R
= ”(xz +y2)~%dudv
f 2(x" +y7)
1
=5”dudv
BE
=—deudv
259
= 3b3
=3 v, |4,
1
=—4-2)9-1
2( )O-1
1
=—(2)8
2( (@)
=8
Example 4

Using the transformation x +y = u, y = uv, show that

1 pl=x #Yv B 1 .
jo J, e dydv= (e~ 1) [Winter 2014]
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Solution
X+y=uy=uv

x=u(l-v),y=uv

o i
ox,y) |duov| |l-v -—u
J=—"="= = =(- =
PR Qa_y ‘v u‘ (1=vVu+uv=u
Ju dv

dxdy = ’J| dudv = ududv
Limitsof y: y=0toy=1-x
Limitsof x : x=0tox=1.
The region in xy-plane is the triangle OPQ bounded by the lines x=0,y=0and x+y=1.
Under the transformation x = u (1 —v) and y = uv,
(i) the line x = 0 gets transformed to the lineu =0 orv =1
(i1) the line y = 0 gets transformed to the line u =0 or v =0

(iii) the line x + y = 1 gets transformed to the line u = 1
VA

0 R’ B l 0'(1,1)

u=0 —» le—u=1

Fig. 9.117

Thus, the triangle OPQ in the xy-plane gets transformed to the square OP'Q'R’ in
uv-plane bounded by the linesu =0,v=0,u=1andv=1.
In the region, draw a vertical strip AB parallel to the v-axis which starts from the u-axis
and terminates on the line v = 1.

Limitsof v:v=0tov=1

Limitsof u:u=0tou=1 y

1= J.(; J.(i_xe:ydx dy

= J.(; J.; e'ududy

u
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Example 5
y
4 p=+1 2x —
Evaluate Io J.ZZ Tdedy by applying the transformations
2
2x—y _J) . .
u= y V= 5 Draw both regions. [Winter 2015]
y
Solution
1. The function is integrated first w.r.t. x.

2. Limitsof x : x = 2 to x=X+1
2 2

Limitsof y: y=0toy=4.
3. The region is the parallelogram bounded

by the lines x = %,x:§+l, y = 0 and o

y =4 in xy-plane.
Applying the transformations

Iy —
u=="-2 y=2

R =

2 2

=x—-=

2

. . Yy _ : -
(i) the line x 5= 0 mapped to the line =0 B(12)

(i) the line x —% = 1 mapped to the line u =1

(iii) the line y = 0 mapped to the line v=0
(iv) the line y = 4 mapped to the line v =2

Hence, the parallelogram OABC in the xy-plane
mapped to the rectangle O’A’B’C’ in uv-plane,
bounded by the linesu=0,u=1,v=0and v =2.
In the region, draw a vertical strip AB parallel to the Fig. 9.119
v-axis which starts from the u-axis and terminates on the line v = 2.
Limitsof u :u=0tou=1
Limitsof v:v=0tov=2

A'(1,0)

dxdy = |J |dudv
where Jacobian, J = JIx,y)
o(u,v)
I d(u,v)

k —

T Axy)
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o
_|ox dy
Tlav o

ox dy

L
_ 2

o L

2
_1

2

1

dxdy=§dudv

Hence, the new form of the integral is
4 2x—y
I= jo j% dxdy

2

= .[vz:o.[ul:ou . %du dv
12
=§j0

1, 2
:ZMO

1

2

u—dv
2

0

1
—2(2)
=2

Example 6

Using the transformation x =u(l1+v),y =v(l+u),u =20,v =0,

1
evaluate joz joy[(x — 9 +2(x+ ) +1] Zdydr.

Solution
x=u(l+v),y=v(l+u)
ox ox
J=8(x,y)= ou v _ 1+v u
o(u,v) |dy 9y v l+u
u ov

dxdv =1Jldudv = (1+ u+v)dudv
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VA y= 2 y=x
0 l vl +u)=2
P

Q' vV=u
x =0 —> B
u=-1—»

u=0 >

Fig. 9.120

Limitsof x :x=0tox=y

Limitsof y: y=0toy=2.
The region in the xy-plane is the AOPQ bounded by the linesx=0,y=2and y = x.
Under the transformation x =u(1+v),y=v(1+u),u=>0,v=0

(1) the line x = 0 gets transformed to the line u =0

(ii) the line y = 2 gets transformed to the curve v (1 + u) =2

(iii) the line y = x gets transformed to the line u = v
Thus, the triangle OPQ in the xy-plane gets transformed to the region OP'Q’ in uv
plane bounded by the lines # = 0, u = v and the curve v (1 + u) = 2.
The point of intersection of u =vand v (1 + u) =2 is obtained as > + u -2 =0, u=1,-2
andv=1,-2.
The point of intersection is P'(1,1).
In the region, draw a vertical strip AB parallel to the v-axis which starts from the line
u = v and terminates on the curve v (1 + u) = 2.

Limitsof v:iv=uto v=
14+u
Limitsof u:u=0tou=1
1

= jozjoy[(x— V)2 +2(x+y)+ 1]_5dydx
1

2 2
=j1jl+u[(u—v)2 +2(u+v+2uv)+1] (1+u+v)dudy
0Ju
2
:mwu(1+u+v)*1(1+u+v)dvdu

= J}j J-Lll% dvdu
2
= J.(;|v|:+_"du

=J.I(L—quu
0\1+u
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L

210g(1+u)—”7

0

1
=2log2——
g 2

Example 7

Evaluate || xydxdy by changing the variables over the region in the
first quadrant bounded by the hyperbolas x* — y* = a?, x* — y* = b* and the
circles x> +y*=c%, > +y’=d*withO<a<b<c<d.

Solution
Let =y =uxt+yr=v
2_M+V 2=V—M
TV T
arax | 11
_0(xy) _|ouav|_| 4xdx |_ 1
d(u,v) |dy dy 11 8xy

Ju v 4y 4y

dxdy = |J|dudv = L dudv
8xy

dudv

xydxdy =

The region bounded by the hyperbolas x> — y* = @2, x> — y* = b* and the circles x° + y* = ¢?, x?
+ y* = d? in xy-plane is the curvilinear rectangle PQRS.

VA
4 , v=d?
S B v R'
-2 =42
R=y=p
5 <« = b?
u=a-—i>
x2+y2=d? P’ 4 * o
. v=e*
g @] u
x4y =2

Fig. 9.121
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Under the transformation x*> — y* = u and x> + y* = v,
(i) the hyperbolas x? — y? = a2, x* — y? = b? get transformed to the lines u = a?,
u = b? respectively.
(ii) the circles x? + y* = ¢, x* + y* = d? get transformed to the lines v = ¢, v = d?
respectively.
Thus, the curvilinear rectangle PORS in the xy-plane gets transformed to the rectangle
P'Q'R'S' in uv-plane bounded by the lines u = a? u =b* v=c?and v =d>
In the region, draw a vertical strip AB parallel to v-axis which starts from the line
v = ¢? and terminates on the line v = d>.
Limits of v: v =c?tov=d?
Limits of u : u = a* to u = b?

I = [ xydxdy

= J:;z _[vd:cz %dudv

Example 8
Evaluate J.J. (x+y)’dxdy,by changing the variables over the
parallelogram with vertices (1, 0), (3, 1), (2, 2), (O, 1).

Solution

The region of integration in xy-plane is the parallelogram PQRS.
Equations of the sides of the parallelogram are obtained as

@ PO:y-0="%-1) i
3-1
2y =x-1
x-2y=1 R(2,2)
(ii) RS:y—1=2_1(x—0) S
2-0 0@, 1)
2y—2=x (051) ’
x—=2y=-2
. ol P(.0) ¥
(iii) PS:y—O:%(x—l)

*+y=1 Fig. 9.122
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: =2
@iv) OR:y 1—2_3(x 3)

y—l=—x+3
x+y=4

Let x-2y=u,x+y=v
u+2v v—u
A
Jx dx 1
st _foen|_|3 3|
o(u,v) |dy dy 1
wawl |3 3

2
3

1
3

dxdy =|J|dudy = %dudv

Under the transformation x — 2y =u, and x + y = v
(1) the lines x — 2y = I, x — 2y = -2 get transformed to the lines u = 1, u = -2
respectively.
(ii) thelines x +y =1, x + y =4 get transformed to the lines v = 1, v = 4 respectively
Thus, the parallelogram PQORS in the xy-
plane gets transformed to a square P'Q'R'S’ p=4
in uv-plane bounded by the linesu =1, u = R l
—2,v=1andv=4.
In the region, draw a vertical strip AB
parallel to v-axis which starts from the line
v =1 and terminates on the line v = 4.

Vv

Limitsof v:v=1tov=4
Limitsof u :u=-2tou=1

I= _U(x+y)2dxdy

= -[:=2 J‘jzl V2 %dudv S’ T

4

u=-2— —u=1

N ————

3
1%

3

1, n
= §|u|_2

1 Fig. 9.123
=21

Example 9

N3

2 2

Evaluate ”xy x—2+Z—2 over the first quadrant of the ellipse
a

2 2
x—2+y—2:1.
a b
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Solution
Letx=arcos@,y=>brsin0 VA
ox ox
_9(x,) _|or 96
S 0(r.0) |y oy
or 00
acos® —arsin® >
|bsin®  breos6 = abr 0 !
dxdy = |J|drd0 =abrdrdé
Under the transformation x = ar cos 6,
. . X2 y2 . :
y=brsin 0, the ellipse a—z + b—z =1. inthe Fig. 9.124

xy-plane gets transformed to > = 1 or r =

1, circle with centre (0, 0) and radius 1 in the 70 -plane.

The region of integration is the part of the circle r = 1 in first quadrant in the
r@-plane. In the region, draw an elementary radius vector OA from the pole which

terminates on the circle r = 1.
Limitsof r: r=0tor=1

Limits of 0: 0 =0to 6= ro=Z
2 2
n
5 A
1= ”xy( +—) dxdy r=1
E 1 2 . 2 n 0 9=6
= JOZ Jo abr” cos0sin0(r-)2 abrdrd
T .
_ 2,2(78In20 1 5
=d’b joszo(r) dr
Z 1
_d’b?| cos26|2 || Fig. 9.125
2 2 |, n+4\0
a’b?

= (—cosm+cos0)-
4 n+4

_ a’b?
2(n+4)
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EXERCISE 9.6

X-y
1. Using the transformation x + v = u, x - y = v, evaluate He“ydxdy over

o]

2. Using the transformation x2 — y2 = u, 2xy = v, evaluate _”(XZ —y?)dxdy
over the region bounded by the hyperbolas x> —y> =1, X2 -2 =9, xy =2
and xy = 4.

the region bounded by x=0,y=0and x +y=1.

[Ans.: 4]
3. Using the transformation x + v = u, y = uv, evaluate
7 o (x+y) yp-1y,q-1
jo JO e xP"'y?'dx dy.

[Ans.: wr_q]

4. Using the transformation x = u, y = uv, evaluate J;J‘:\/xz +y*dxdy.
1{v2 1
{Ans.. §{T+Elog(1+ﬁ)ﬂ

5. Evaluate ”(x +y)*dx dy by changing the variables over the region bounded
by the parallelogram with sides x+y=0, x+y=2, 3x-2y=0and 3x-2y=3.

gy

6. Evaluate J(x—y)“e"*ydxdy, by changing the variables over the region
bounded by the square with vertices at (1, 0), (2, 1), (1, 2), (0, 1).

3 —
|:Ans. s e e:|
5

1
7. Evaluate H[xy(1 —x —y)]? dxdy, by changing the variables over the region
bounded by the triangle with sides x=0,y=0, x +y = 1.
Ans.: 2r
105




9.6 Triple Integrals 9.109

9.6 TRIPLE INTEGRALS

Let f(x, y, z) be a continuous function defined in a closed and bounded region V in
3-dimensional space. Divide the region V into small elementary parallelopipeds by
drawing planes parallel to the coordinate planes. Let the total number of complete
parallelopipeds which lie inside the region V be n. Let dV, be the volume of the
parallelopiped and (x,, y,, z,) be any point in this parallelopiped. Consider the sum

§=2 f(%:¥,.2,)8Y, (1)

r=I1
where, o6V, =0x, -0y, 0z,

If we increase the number of elementary parallelopipeds, 7, then the volume of each
parallelopiped decreases. Hence as n — oo, 8V, — 0.

The limit of the sum given by Eq. (1), if it exists is called the triple integral of
f(x, y, ) over the region V and is denoted by ”J. f(x,y,2)dV
v

Hence, ij(v 3. AV = lim Y £ 3,206V,
6V—>0' 1
where dV=dxdydz

9.6.1 Triple Integrals in Cartesian Coordinates

Triple integral of a continuous function f(x, y, z) over a region V can be evaluated by
three successive integrations.

Let the region V be bounded below by a surface z = z; (x, y) and above by a surface
Z =z, (x, y). Let the projection of region V in xy-plane be R which be bounded by the
curves y = y,(x), y = y,(x) and x = @, x = b. Then the triple integral is defined as

I =f:[_.‘:((\':){_[ 7(\\ “: f(x,y,2) }d)f}dx

Note: The order of variables in dx dy dz indicates the order of integration. In some
cases this order is not maintained. Therefore, it is advisable to identify the order of
integration with the help of the limits.

9.6.2 Triple Integrals in Cylindrical Coordinates

Cylindrical coordinates 7, 0, z are used to evaluate the integral in the regions which
are bounded by cylinders along z-axis, planes through z-axis, planes perpendicular to
the z-axis.
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Relations between Cartesian (rectangular) coordinates (x, y, z) and cylindrical
coordinates (r, 6, ¢) are given as x = r cos

y=rsinf

2=z

Then mf (x, y, z)dxdydz
= ”J.f(rcos 6, rsin, 7)

J|dzdrd6

where, J

_9(xy,3) _
ar, 6, z)

cos6

ox
or
dy
ar
0z
ar

—rsin@

ox
20
dy
20
0z
20
0

ox
2z
dy
z
0z
oz

=|sin® rcos® O X
0 0 1
=cosO(rcosB)+rsinO(sin Q)

Fig. 9.126

=r

Hence, ”J. f(x,y, 2)dxdydz = HJ. f(rcos@, rsin@, z)rdzdrd@

9.6.3 Triple Integrals in Spherical Coordinates

Spherical coordinates (r, 8, ¢) are used Z A
to evaluate the integral in the regions
which are bounded by the sphere with

centre at the origin. 1 Py 2)

Relations between cartesian (rectangu- ;
lar) coordinates (x, y, z) and spherical s
coordinates (r, 8, @) are given as _\‘9

x=rsin6 cos¢ opY= rsin @sin ¢ N

z=rcos @

y=rsinf sin¢ & k 90°/

z=rcosf 2 s,

Then )
[[] £x, v, rdxdydz /

= J”f(rsin 6 cos ¢, rsin@sing, rcos0)|J|drdod¢ Fig. 9.127



_ a(x, y,z2) N
a(r, 0, )

where

sin 6 cos ¢
=|[sin@sin¢
cos6

ox Ox ox
ar 96 3¢
dy dy dy
o 90 3¢
dz 0z 0z
o 90 3¢
rcosfcosp
rcos@sin@
—rsin@
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—rsin@sin @
rsin@cos ¢
0

=sin6cos (D(r2 sin” 6 cos ¢)—rcosBcosd(—rsinbcos@cosh)

—rsin@sin ¢(—rsin® @sin ¢ — r cos” Osin @)

= r? sin@cos’ P(sin® @+ cos” 0) +r> sinOsin’ ¢

2 .
=r-sin6

Hence, '[J.J' f(x,y,z)dxdydz = ”J f(rsin@cos@, rsin@sin ¢, rcos 0)r* sin6drde d¢.

Note: If the region of integration is a sphere x? + y* + 72 = a* with centre at (0, 0, 0)
and radius a, then limits of r, 6, ¢ are
(1) For positive octant of the sphere,

(i) For hemisphere,

(iii) For complete sphere,

rir=0
0:0=0
0:90=0
r:r=0
0:0=0
¢:¢=0
r:r=0
6:0=0
¢:9=0

9.6.4 Change of Variables

In some cases, evaluation of a triple integral becomes easier by changing the variables.
Let the variables x, y, z be replaced by new variables u, v, w by the transformation x =

S v,w),y =1, v,w), z=f,

(u, v, w).

to

to

to

to

to

to

to
to
to

r=a
L
2
T
*=3
r=a
2z
2
O0=2xn
r=a
O=rm
0=2rm
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Then [[[ £y, 2xdxdyde = [[[ £(£. fo £3)|] dudvdw
o5 Jc 98
ou Jdv ow

J= d(x,y,z) [dy dy 9y

where, B Au, v, w) a g N 87
Jdu Jdv ow

9.6.5 Working Rule for Evaluation of Triple Integrals

. Draw all the planes and surfaces and identify the region of integration.

. Draw an elementary volume parallel to z (y or x) axis.

. Find the variation of z (y or x) along the elementary volume.

. Lower and upper limits of z (y or x) are obtained from the equation of the surface
(or plane) where elementary volume starts and terminates respectively.

. Find the projection of the region on xy (zx or yz) plane.

. Draw the region of projection in xy (zx or yz) plane.

7. Follow the steps of double integration to find the limits of x and y (z and x or y

and 7).

R R

AN W

Note: (1) If the region is bounded by the cylinders along the z-axis, planes through
z-axis, the planes perpendicular to the z-axis, then the cylindrical coordinates are used.
(2) If the region is bounded by the sphere, then the spherical coordinates are used.

Type | Evaluation of Triple Integrals when Limits are Given

Example 1
1¢2 e
Evaluate ‘[0 -[0 j() dydxdz.

Solution
B Lo
= [,y
= (;Uozedx]dz
CEKS

= e'[(i 2dz
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Another method

Since all the limits are constant and integrand (function) is explicit in x, y and z, the
integral can be written as

1 p2 pe 1 2 e
J()-[() ()d"/~dXd:=J.<)dz.j0dx- ()dy
1 2 e
0 ~|x‘0 '|ylo
=1-2-e
=2e.

Z
<

Example 2
20302 5
Evaluate jo -[1 f] xy“zdzdydx.

Solution

Since all the limits are constant and integrand (function) is explicit in x, y and z, the
integral can be written as

_[(: L}J']z xy’zdzdydy = _[:xdx ..[13 P .[12 sl

) 2 3 3 2 2
=% L2 JE
2] 3] |2
0 1 1
32
=26
Example 3
| 5 .
Evaluate J.o J: J(;r ysinz dxdydz. [Winter 2013]
Solution

Since all the limits are constant and integrand (function) is explicit in x, y, and z, the
integral can be written as

J(; J.(T jg ysinz dxdydz = Lj sinz dzjojr ,\'dy'[:dx

5 |

= |-cos ], %
2

T
0

o

0
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2
= (—cosl+cos0) [%J ()
3
= % (I1-cosl)
Example 4
Evaluate [)| (f Jo7(r? cos® 8 + 22)rd6drdz. [Winter 2016]
Solution

1z ¢2 vz o2
.[o.[oZ.[oﬂ(r2cosz9+Z2)rd9drdzz_[0.[oZ{jo”[rzcosz9+Z2]d9}rdrdz

_(tpvz ) p2r| o 14 cos26 2

= 0-[0 {jo {r (T)+z :|d9}rdrdz
1z | 1 in26 o

3 ) 11, sin 2

_J‘oJ‘o r[zr (9+—2 )+z 9} }drdz

0

1 2
=on[ |+ 22| 4
08 2
2 3
1z Z
—271'J.0 §+? dz

- 1
30 4

=2r Z—+Z—}
8

| 24
=2r L+l
24 8
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Example 5
1 pl=x px+y
Evaluate IOJ() i dxdydz.
Solution
I pl=x px+y 1 pl=x| px+y
A I R A
1 pl-x Xty
=J‘0J'0 |Z|o dyde
1pl-x
:J-OJ-() (®-+y)dyds
5 [1=x
=J‘|xy+L dx
0 2
0
:Jl x(l—x)+(l_x)_}dx
0 2
:J] .x_.\'2+(]_—X)_j|dX
ol 2
B ESRE S O ()
2 32 (33|
1 1 1
= ———4—
2 3 6
_1
3
Example 6

x+y

Evaluate j(; j(;_x .[()

e“dxdydz.

Solution

.[(: .[(i_’“ .[(;H e“dxdydz = J(; J-(i_x |:J.(:.+". e:dz:| dydx
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X

+y
dydx

Lk

P
0

=iff [f;_"’(e*‘*-" - )d)’]‘”‘
1
- .[0

= [ [e=e")-(-x0)]dx

I-x
dx
0

X+y
u =y

2 1

(e—l)x+x7—e-“

0

I
=(e—-D)+——e+e’

Example 7
Evaluate J'(;' J’(; Jg*»" e dzdy dx.
Solution
A K e
frege
[l

= : e _J‘(: (e"‘ez-" - ey)dyji dx

e:

x+y il
0 Y

a - )
=J- e'let - ——¢’
0

1 e 3 & \a
______ +e
2 4 2 2
0
_é(ezm ) 2(20 ) 4 (e —o0)
1 4a 2a a 3
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Example 8
22 ryz
Evaluate the integral Jo J.l J-o xyz dx dy dz. [Summer 2014]

Solution

J()Z _[12 J-Oyz xyz dxdydz = j: le vz onz X dx} dy dz

vz

N e
= J-Ozj.lz% v Zdydz
bR
214 X N

1(1
=3 —j[16—1]—[16 0]

15

Example 9
Bvaluate [* [+ [ xydzdydr.
Solution
[ f jll jo‘r = jf [ Il U)f dz}xy s

T
= [ Jle

=], [j fdx}dx
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2
log3—2\/§+?J

Example 10
2202
Evaluate Jo L _[0 xyzdxdydz.

Solution

[Summer 2017]

The innermost limits depend on y and z. Hence, integrating first w.r.t. x,

yzdydz

joj J.‘”,ﬂ«dxdydz—‘l._[

1
-
12 z
=5 4 Ul y d\]d7
12 3|y :
20" 4] ¢
l.[‘-'/'3(‘«'4 )z
_8 0\; < L
1 -8 7 g
“8(8 4
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Example 11
|

(x+y+z+1)°

1-x-y

Evaluate j Il ‘f

Solution

dxdydz.

The innermost limits depend on x and y. Hence, integrating first w.r.t. z,

WL

—dxdydz
(x+y+z +1)

S I

LL Xx+y+ +1)?

|

(x+y+z+1)°

dz} dydx

1-x-y

dydx

I ¢l pl=x 1
-1

{x+y+(d-x-

»+1

- [dydx
(x+y+1)°

1o piex 1 1
S e
270190 14 (x+y+1)”
I-x
=_lj‘l+ L
29014 x+y+l],
11—
=__J' 1 x+ 1 : 1
2700 4 x+(l—x)+1 x+1

Il

b5

Jo

Jas

l|x x
——5 Z—?+5—l()g(x+l)()
=_l(§_10g2)
218
Example 12
Evaluate |'[ o [ i xyz dzdy dx. [Winter 2014]
0J0 0
Solution
/l_xz_yz
( 2
J‘J‘lx ‘:jlx :|dxdy_JJ] 17 d_xdy
0
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1 ¢t pvi-x? s o
=ShJy - -ydrdy

11| i
= 5 ox_-[o I:(l—xz)y—y3ﬂdydx
Y\
SIia-e ]
270 2 4,
i 2 2.2
N I Gt )—(l_x ) de
2007 2 4
B 2.2
s
2007 4
I NP Y
= 8j0x(1 x2)? dx
_1pa 2, 4
= gjo{x(l—zx +xh)) dx
= l".1()c—2)c3-+-xs)dx
8 Jo
]2 2t )
“8l2 4 6],
_ l(l_l+l)
T 8l2 2 6
-1
48
Example 13
e rlogy e’ :
Evaluate L L J'l log zdx dy dz. [Summer 2016]
Solution

The inner most limit depends on x and middle limit depends on y. Hence, integrating
first w.r.t. z,

J.I“ J'lh’g'\' J':\ logzdxdydz = .[le Llny J’I"'\ log zdzdxdy
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logy e* 1
:J J (| logz | J z~—dz)dxdy
=j j - (e loge* —log1—|2; )dxd_v
Iot\ %
= [ *op— e +l)dx}dy
logy
= [‘|xe* —e* —¢* +xI dy
= j [e]°g~"(log y—2)+logy—e(l-2)— 1]dy
=J [y(logy—2)+logy+e—1]dy
=J (\+1)log_v—2_y+e—l]dy
\'2 € el \'2 >
= 10g.v['7+y] “L ;[‘7+y]dy—|y“|l (G
1 3
e 1 y? ‘
=loge| —+e |—logl| —=+1 [-|=—+y| —(e* =) +[(e—=1)(e—1
5(2 ] g(z ) 4.1( )+[(e=T)(e-1)]
_é+€—|:l(€2—l)+(€—1)}—€2+1+€2—2€+1
2 4
2
» 3
=e——2e+l—
4 4
Example 14
oo poo poo dxdydz
Evaluate .
.[0 Jo J() (l+x2+y2+z2)2
Solution z
1. It is difficult to integrate this integral in Fyon
cartesian form. Putting x = r sinf cosd,
y=rsinf sin @, z=r cosO integral changes to
spherical form.
2. Limitsof x:x =0 to x—eoo
g >y

Limitsof y:y=0 to y—eo

Limitsof z:z2=0 to z—>o

The region of integration is the positive octant of
the plane.

Limitsof r:r=0 to r—oo

X

Fig. 9.128
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Limits of 6=0  to 9=§

Limitsof ¢:¢=0 to q):%

Hence, the spherical form of the given integral is

_J- J '[( dxd\dz

) (l+x +y +72 )“

_ J-wJ'EJ-E r*sin@ dr d@ do
0 (1+r7)
o  ridr
=| ———=|2%sinfdO|2d¢
0 (1+r2)2'[ J
Putting r = tant, dr = sec” 1 dt
When r=0,7=0

b4
When r—->oo,t=5

[= J smOdOJ sec tdtj2d¢

SCC t

B . z
—-cosdf (Esinz,d,)ws
V(4 .
= (—cos%+c050)-[_’}f#dl}%

ﬂ'

l _sm2t n
2 2 |5 2
i[———(smn’—smO)}n
212 2 2
)
gl
8

Example 15

Evaluate J‘((; _[(;/az . j(;/az I xyzdxdydz.

Solution

1. Itis difficult to integrate this integral in cartesian form. Putting
x=rsin 6 cos@, y=rsin@sing,z =rcos6 integral changes to spherical form.
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.. 2 2 2
2. Limitsof 2:2=0 to z=yla"—x" -y -
Limitsof y:y=0 to y=\/a2—x2
Limitsof x:x=0 to x=a

The region of integration is the positive octant
of the sphere 2 +y +72 =a’.

9.123

Limitsof r:r=0 to r=a o ;
Limits of 0:60=0 to e_g .
Limitsof ¢:¢=0 to ¢—£ %
Hence, the spherical form of the given integral is Fig. 9.129
1= o[ [ gy

T T
= LDZ oj.ez—ojfl—o 3 sin® @cosB-cosPsing- > sin@ dr d6 dg

—J sm2¢ d({)J sin*6cos 6 de.[ rdr

— % A'405 64 (e)nﬂ
=E‘ cc;s q)i .sm4 } r [‘-‘Hf(@)] f(9)d9_[f ]
0 0 0
6
=l l( cos+cos0)- l(sinz—sinO)G—
2 2 4 2 6
_1214d
2246
&
48
Example 16

2 dzdydx
Evaluate _[(;J'(;/l—jl\ - sk

polar coordinates.

Solution
1. Limits of Z:Z=\lx2+y2 to z=1
Limits of y:y=0 to y=+1-x

Limitsof x : x =0 to x=1

(22 TS5 5 5 bytransforming into spherical
\/x +y“+2
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2. The region of integration is the part of the cone z> = x* + y? bounded above by the
plane z = 1 in the positive octant (since all three limits are positive).
3. Putting x = r sin@ cos ¢, y = r sinf sin @, z = r cos6, spherical polar form of
(i) the cone Z2=x*+y?is
r? cos?0 = r? sin*6 (cos*¢ + sin’¢)

=r?sin’0
cosf@=sin O
tanf =1
g=2
4

(ii) the planez=11isrcos@=1
r=secf

A< r=sec 6

Fig. 9.130

4. Draw an elementary radius vector OA which starts from the origin and terminates
on the plane r = sec.
Limitsof r: r=0to r =secf

Limits of 8: 8 =0 to e:%

Limitsof ¢: ¢=0to ¢ = % (in positive octant)

Hence, the spherical form of the given integral is

=J-1iji dzd_vdx
0J0 \/.\‘l+_\'2 m

_J- .[ Jsecer sm9drd9d¢
$=0d6=0Jr=(

:jo?joi[j;“erdr]sine d6 do
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sec

sin@ do d¢

,)

I
=z [jz sec” 8 i ede}mp

T

b/
= %joz do ‘[04 tan @ secO dO

T

T
= —|(1)|02 ‘sec (9|(‘)1

1 n T
=—.—| sec——sec0
2.2 4

-2

Type Il Evaluation of Triple Integrals Over the Given Region

Example 1

Evaluate HJ' x*yzdxdydz over the region bounded by the planes
x=0,y=0,z=0andx +y+z=1.

Solution

1. Draw an elementary volume AB parallel to z-axis in the region. AB starts from
xy-plane and terminates on the plane x + y + z = 1.

Z

R (0,0, 1)

«—Xx+y+z=1

ms
Q(0,1,0)
0
2

A y ol A P(1,0) X
.

5

)(f\’

P(1,0,0)

Fig. 9.131
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Limitsofz:z=0 to z=1-x-y

2. Projection of the plane x + y + z =1 in xy-plane is AOPQ. Putting z=0inx+y+z=1,
the equation of the line PQ is obtained asx +y = 1.

3. Draw a vertical strip A’B” in the region OPQ. A’B’ starts from the x-axis and
terminates on the line x + y = 1.
Limitsofy:y=0 to y=1-x
Limitsofx:x=0 to x=1

1=.[;J( LI . \X‘)\(,d zdydx

e
_.[ J( E N?

dydx
= %J}: x* _J‘(:_x y{(l —x)* +y* -2y —x)} dy] dx

- %Lj - J;{‘(‘ -2 +y -2y —X)}dy}dx

l-x

dx

{5 : 17 v o
=5j0x (1-x) +7—2(1— P

30

11, » (1-x)* (1-x* N {-xy
:E-[o (1—) =i —2(1—%)- }dx

4 3
1
=—[Zq-
270 12( 5
5 6 7|
_L|a-o’ 5 a-w® L d-v _2’
241 =5 30 -210
= L(O‘F _1-j
24 105
1
2520
Example 2
Evaluate ” J' 2xdV, Where E is the region under the plane
E
2x + 3y + z = 6 that lies in the first octant. [Winter 2015]
Solution

1. Draw an elementary volume AB parallel to z-axis in the region. AB starts from xy-plane
and terminates on the plane 2x + 3y + z = 6.
Limitsofz:z=0 to z=6-2x-3y



9.6 Triple Integrals 9.127

2. Projection of the plane 2x + 3y + z = 6 in xy-plane is AOPQ. Putting z = 0 in
2x + 3y + z = 6, the equation of the line PQ is obtained as 2x + 3y = 6.

ZA
R(0, 0, 6) ‘@
Q(0,2)
5
B
m Q(0,2,0)
o) - >
WA y ol A P(3,0) X
A
)(‘\’ y -
P(3,0,0)

Fig. 9.132

3. Draw a vertical strip A’B” in the region OPQ. A’B’ starts from the x-axis and
terminates on the line 2x + 3y = 6.

6—2x
3

Limitsof y: y=0 to y=

Limitsofx:x=0 to x=3

I =mE2x av

= j(j J‘(% JS_ZX_S'V 2xdzdydx

—J‘SJ.%Z_XW |6—2X—3yd dx
“Joldo %o Y

6-2x
=2j§jo 3 x(6-2x—-3y)dydx

6-2x
3
=2j X
0
0

3
2
:zfx[(6—2x)(6_2x)—3(6_2’“j }dx
0 3020 3

3y2

6-2x)y——— dx
( x)y 2
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3 (6-2x)°
—ZJOdex

:%ij(9+x2—6x)dx

43 3 2
—EJO(9x+x —6x7)dx

Example 3

Evaluate fﬂ xyzdxdydz over the positive
X +y+72=4.

Solution

Putting x = r sinf cos@, y = r sin@ sing,
z = r cos6, the equation of the sphere
X%+ y*+ 22 =4 reduces to 2 sin’0 cos’¢ + r* sin’6
sinf@+ 2 cos? 0=4, 7 =4,r=2.

The region is the positive octant of the sphere
r=2.
Limitsof r: r=0 to

=2

.. V3
Limitsof 6=0 to 9=5
z

Limitsof ¢=0 to ¢—

Hence, the spherical form of the given integral is

I= J:U xyzdxdydz

octant of the sphere

AZ
r XP
g
o) >y
(4
Fig. 9.133

T T, 5
:IQJZI @« sin29c059cos¢sin(b)r* sinf@drdO@de

= j sin’ 9cos0.d6 | 2 S‘“2¢d¢j“ Sdr
P e ud 2
_|sin*@ : —cos2¢[2 |r°
4 4 1,6
0 0

{ J[r@] r©)a6=

n+l
ore 1}
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”
[sin4 E—sin 0) —l(cosn—cosO) 2—
2 4 6

Wl A=

Example 4
dxdydz

\/02 x2 y2 ‘..;

Evaluate .”.[ over the region bounded by the sphere

Solution
1. Putting x = r sin O cos ¢, y = r sin 8 sin ¢, z = r cos 6, the equation of the sphere
X2 +3y? + 72 =a’reduces to r = a.
2. For the complete sphere, limitsof r:r=0 to r=a
limitsof 6: 0=0 to O=mrm
limitsof ¢ : ¢=0 to ¢ =21
Hence, the spherical form of the given integral is

B

2
a —-x"-y -z

_ Iznjnju r*sin@drdde
o JolJo \/ﬁ

8.
ar*+a” —a

= Lf”dq)j:sin odo[" L ar

2 2
a —r

2 a a’ 5 2
= |¢‘0” 'I_Coselg AJ‘O [ﬁ— a7 _r7 ]dr

5

2 sy r 2 ) a .o T

A7 S, e NG S, e
2 2

a a

a

=(2r)(—cosm+cos0)

0

2
= 27:(2)[a2 sin”! l—%sin“I lj

2
=4n[a—sin_l 1]
2

&
2

Il

B~

=
| R

(¥}
2
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Example 5

dxdydz )
Evaluate j”—] over the region bounded by the spheres
(x* + 3 +2%)?
XH+y*+zP=adtandx* +y*+z*=b*a>b>0.
Solution “

1. Putting x = r sinf cos @, y = r sin6 sin @,
z = r cosf, equations of the spheres
X2+ y*+z2=a’and x> + y? + 72 = b reduce

to r = a and r = b respectively. {7 B -
2. Draw an elementary radius vector OAB (/A F= b
from the origin in the region. This radius o) >

vector enters in the region from the sphere
r = b and terminates on the sphere r = a.
3. Limitsof r:r=5b to r=a.
For the complete sphere,
limitsof : 0=0 to O=rm
limitsof g : ¢ =0 to ¢ =2rm
Hence, the spherical form of the given
integral is Fig. 9.134

= [t

(x2 +y2 + 22)2

27 ¢ pa r? sind
= jo jo jh drdode

r

- j:”d¢j:sined9j: il

7“

2 r-
= |q)|07r ~}—cos€|(7)r . 7

b

=2m(—cosT+ cosO)M

=2n(a® - b*).

Example 6

Evaluate szzdxdydz over the region common to the sphere

X* + y* + 72 = 4 and the cylinder x* + y* = 2x.



Solution

1.

[98]

Putting x = r cos 6, y = r sin6, z = z, the
equation of
(i) the sphere x2 + y? + z% = 4 reduces to
rr+z2=4
72=4—r2

(ii) the cylinder x* + y? = 2x reduces to
=2rcos0, r =2 cos0.

. Draw an elementary volume parallel to z-axis

in the region. This elementary volume starts
from the part of the sphere z2=4—r2, below xy-
plane and terminates on the part of the sphere
72 =4 —r2, above xy-plane.

Limits of r:z=—V4—r? toz=\/4—r2

the origin and terminates on the circle r =2 cos0
Limitsof r:r=0 to r=2cos@
- T T
Limitsof 6:0=—— to 0=—
2 2

Hence, the cylindrical form of the given integral is

I= .[”zzdx dydz

—J J?COSOJ \/ﬁ“ 2rdzdrde

(5]

-2
3 4—r
<

2cos0| 7 arde
E-[o T ﬁr !
2 —\/4—!"

(SRR

=j_

Vi 3
| ¢5 r2cosf o=
= gfzﬂj(f 2(4-r*)2rdrdo
2

3

== j j(e[ (4-r?)2(=2r)dr |d6

2cos0
24-r- )-
5

15
=‘§fﬁ

/4

2 5 5
- .[ (4—4cos® 0)2—(4)2

[ [Lre £dr =

< Jao
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-
8=3
A
r=2cos 6
v 8=0
Fig. 9.135

. Projection of the region in r@-plane is the circle r = 2 cos®6.
. Draw an elementary radius vector OA in the region (r = 2 cos0) which starts from

L)1
n+l

=
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9 2
= 2 (2°sin’ -2°)d6

2

: {0 -2°lof2, } [ 16060 =0.if f(-6)=~f(8)

2 Here sins(—G) =—sin’ 0

_2(’7r
s
_64m
s

Example 7
Evaluate J‘J'J‘ xyzdxdydz over the region bounded by the planes
x=0,y=0,z=0,z=1and the cylinder x** + y> = 1.

Solution
1. Putting x = r cosf, y = r sin6, z = z, equation of the cylinder x* + y* = 1 reduces to
r’=1,r=1.

.
y QJ‘%O

Fig. 9.136

2. Draw an elementary volume AB parallel to z-axis in the region. This elementary
volume AB starts from xy-plane and terminates on the plane z = 1.
Limitsof z: z=0toz=1
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3. Projection of the region in r@-plane is the part of the circle r = 1 in the first quadrant.
4. Draw an elementary radius vector OA’ in the region in the r-plane which starts
from the origin and terminates on the circle r = 1.

Limitsof r:r=0 to r=1
Limits of 0:0=0 to 9=§

Hence, the cylindrical form of the given integral is

I= J'J‘J‘x_\-‘zdxdydz

= Jil_() J?—oﬁ: r? cosOsin@-zrdzdrdo

=Jo -[0 et 0-[1 dr

4l
¥

4

T

c0s260|2
4

=
2
0
1

16

0 0

Example 8
Evaluate J._”\/xz +y*dxdydz over the region bounded by the right

circular cone x* + y* = 72, 7 > 0 and the planes 7 = 0 and 7 = 1.

Solution

1. Putting x = r cos0, y = r sin#, z = z, the equation of the cone x* + y? = z? reduces to
r’=z,r=z

2. Draw an elementary volume AB parallel to z-axis in the region, which starts from
the cone r = z and terminates on the plane z = 1.

Limitsofz:z=r to z=1.

3. Projection of the region in r0-plane is the curve of intersection of the cone r = z
and the plane z = 1 which is obtained as r = 1, a circle with centre at the origin and
radius 1.

4. Draw an elementary radius vector OA” in the region which starts from the origin and
terminates on the circle r = 1.

Limitsof r:r=0 to r=1
Limitsof 6 : =0 to 6=2rx
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/
o y &J 60

Fig. 9.137

Hence, the cylindrical form of the given integral is

I= ”J x>+ ),2 dxdydz
_ 2rn

“Jo=o
2r r1 5

= -[ <
0o Jo

= [a0[' rPa-rar
_L) 0 (=riar

J.r]:o J.:I:,.r -rdzdrd@

| drde

<

1
3 4
r ¥

3 4

2r

0

0

:27r4L
12

X
6

Example 9

Evaluate J”(x2 +y*)dxdydz over the region bounded by the parabo-
loid x* + y* = 3z and the plane 7 = 3.

Solution

1. Putting x = r cos 0, y = r sin 6, z = z, the equation of the paraboloid x*> + y* = 37
reduces to r? = 3z.

2. Draw an elementary volume AB parallel to z-axis in the region which starts from the
paraboloid 72 = 3z and terminates on the plane z = 3.
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2
.. r
Limits of z:z=?toz=3

3. Projection of the region in r6-plane is the curve of intersection of the paraboloid
r? =3z and the plane z = 3 which is obtained as r> =9, r = 3, a circle with centre at
the origin and radius 1.

\5\\\\\\\\\\\\\\\\

L
V

//

Fig. 9.138

4. Draw an elementary radius vector OA” in the region (circle » = 3) which starts from
origin and terminates on the circle r = 3.
Limitsof r:r =0 to r =3
Limitsof 6:0 = 0 to 6 =2rx

Hence, the cylindrical form of the given integral is

I = _UJ.()(2 + vz )dxdydz

_j”'jj 7 .rdzdrde

=l I

drd9

T oy L
O 14 18
0
5 6
=21 L.
4 18
8l
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Example 10
2y 2
Evaluate ”J l—a—z—'b—z—c—ded)’dZ» where V is the volume of the
v
2 2 2
=i

llipsoid —+- 5+
ellipsoid "3+

Solution

It is difficult to integrate this integral in cartesian form. Therefore, transforming the
ellipsoid into a sphere using following change of variables.

2 92 2

.k y z . oL Xy
Putting —=u, = =v,~=w, equation of the ellipsoid — +=5+-—5 =1 reduces to
a b c a b”

u” +v* +w’ =1, which is a sphere of radius 1 and centre at the origin,

dx dy dz =/l du dv dw

dx oJx Ox
du ov ow
where, Jza(x’y’Z):Q Iy Iy
Jdu,v,w) [du v ow
dz dz 0z
du v ow
a 0 0
=0 b O|=abc
0 0 ¢
Therefore, dx dy dz = abc du dv dw

New form of the integral is

= J‘J.J‘\/] —u® —v* —=w? -abe du dv dw

Since in the new coordinate system u, v, w, the region of integration is a sphere,
therefore using spherical coordinates u = r sinf cos ¢, v = r sin 6 sin ¢, w = r cosf and
du dv dw = £ sin 0dr d@ d¢, the equation of the sphere u? +1* + w? = 1 reduce to # =1, r=1.

For complete sphere limits of »:7=0 to r=1(radius of sphere)
limitsof 0:0=0 to O=7
limitsof ¢:¢9=0 to ¢=2r1
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Hence, the spherical form of the given integral is

Putting » = sin 7,
When r=0,

Whenr=1,

jj== jo”j:j(; J1—r2abe-r*sin0 dr d6 do
= ach‘Oz”d(IJJ‘(:r sin 6 dej(l r*N1-rdr

dr =cost dr
t=0

==
2

b/
5 r
Soli= abc|q)|(“)7r |—cos 0‘(’)[ J(f sin’ 7-cost-cost dr

1 3 3
= abc (27[)(2)-53(5, 5)
g
2.12
g
LPZ
2: 12
2

=2mabc

=2mabc

_ n*abc
4

9.137

Example 11

Evaluate m x*y?z2dxdydz over the region bounded by the surfaces

xy=4,xy=9,yz=1,yz =4, zx =25, zx = 49.

Solution

Evaluation of integral becomes easier by changing the variables. Under the trans-
formation xy = u, yz = v, zx = w, the surfaces get transformed to u =4, u = 9,
v=1,v=4,w=25 w=49.
These equations represent the planes parallel to vw, wu and uv planes in the new

coordinate system.

It is easier to find partial derivatives of u, v, w w.r.t. x, y and z.

ou, v, w) Q & @
a(x, y,2) lox dy 9dz

TR
ox dy 0z

ow oJdw Jdw

axga_z
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y x 0
=0 z y
z 0 x
= y(zx—0)—x(0-yz)
=2xyz
dudvdw = I|dxdydz = 2xyzdxdydz

dxdydz = du dv dw

2xyz

1 )
2\/L“)Tdudvdw [ x"y°z° =uww]
Limitsof u: u=4 to u=9
Limitsof v:v=1 to v=4
Limitsof w:w=25 to w=49
Hence, the new form of the integral is

I= J.J’J' xzyzzzdx dydz

j J. J. uvw - dudvdw
w=25Jy=1Ju=4 LlVW

1 1 1

1 49 = 4. = %9 =
=——_[ wzde. vzdv.[ u?du
7 J2s I 4

W | =

g |;

25
4

=—(343-125)8-1)(27-8
27( )8 —1)( )

115976
27

EXERCISE 9.7

(I) Evaluate the following integrals:

1. j(: de; dyJ}2 x*yzdz

2. j:gz jox '[Ony e ¥ *dzdy dx
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T Lacos6 pat—r?
3. 2" rdzdrde {Ans._a_z(z_z)—
3 (2 3)]
m pa(1+cos6) ph r
4. J.O JO J; 2[1—m:| rdzdrdé .
[Ans ma‘h
2
4 02z pVazx )
5. J'Oj'o JO dydxdz
[Ans.:87]
6. J‘fj:smﬂz%rdzdrde
Ans 'E
64
7. J-:J‘;/ _[:;(x + vy +2z)dzdxdy
[Ans.:16]
8. J-aj\"akxzj\imxyzdzdydx. at
odo [Ans.-_}
48

(I) Evaluate the following integrals over the given region of integration:

1. ”J(x +y + z)dxdy dz over the tetrahedron bounded by the planes

o

dxdydz
2. jjj-(iyJ over the tetrahedron bounded by the planes x = 0,

x=0,y=0,z=0and x+y+z=1.

1+Xx+y+2)

y=0,z=0and x+y+z=1. 1 5
[Ans. : —(log 2- —H

2 8

3. ”J‘ xyzdxdy dz over the positive octant of the sphere x* + y2 + z2 = a?.
) "
Ans.:—
L 48«

4, ”J xyz(x* +y* + z*)dx dy dz over the positive octant of the sphere

X2 +y2+z2=q? - o]
Ans.: —
K 64_
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5. j‘”(yzzZ +z2x* + x*y?)dx dy dz over the sphere of radius a and centre

10.

11.

12.

’ J”Zizd’(dydl over the sphere x? + y? + z2 = 2.

at the origin.

Re
Ans.: 47
35

2

xX+yt+z

lAns.: 8”9\/2

”_[ _ dxdydz + over the region bounded by the spheres x* + y* + 22 = @

(x> +y? +27%)?
a
Ans. :4rlog| —
[ns nog(bﬂ

and X2 +y*+z*=b*, a>b >0.
m z*dxdy dz over the region common to the spheres x2 + y2 + z2 = g2

5
Ans.: &
15

J"”‘(x2 +y*)dxdy dz over the region bounded by the paraboloid X2 + y? = 2z
and the plane z = 2.
l: 167r:|
Ans.:—
3

J.szyzdx dy dz over the tetrahedron bounded by the planes x = 0,

y=0,z=0and i+1+£=1.
a b

C 32,2
Ans.:abc
2520

”_[xyz dxdy dz over the positive octant of the ellipsoid

and cylinder x? + y? = ax.

XZ yZ ZZ

2 T 1
at b c? |: azbzcz:|
Ans.:
48
”J'J—+ y? +— dx dydz over the region bounded by the ellipsoid
LS S
1 4 9

[Ans.:87]
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9.7 AREABY DOUBLE INTEGRALS

9.7.1 Areain Cartesian Coordinates

(1) The area A bounded by the curves y =y,(x)
and y = y,(x) intersecting at the points
P(a,b)and Q (c,d) is

A= J‘NJ‘ mdydx

»n(x)

(ii) If equation of the curves are represented
as x = x,(y) and x = x,(y) then

A= '[HJ.‘ mdrdy

x(y)

y

Note: Consider the symmetricity of the region
while calculating area.

Fig. 9.139

<V

Example 1 ,

Find the area bounded by the ellipse x_2 + Z—z =
a

Solution

1. The region is symmetric about y-axis. Total
area = 2 (area bounded by the ellipse in the
first quadrant)

2. Draw a vertical strip AB in the region
which lies in the first quadrant. AB starts
from the x-axis and terminates on the

5

2

Q (0, b)

1, above x-axis.

x
|\>| N
+
%%
l

)

ellipse L, + L, =1.
a b’

Limitsof y: y=0 to y=5b/1-—

Limitsof x:x=0 to x=a
a rb 'l
A= 2J- j\ @ dyd\'
zzj(;’|y|0\’ “ dx

a x:
=2["b -
] :mdx

dx

Fig. 9.140

AR
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2b(a2 . )
=—|—sin"'1
al\ 2

217((17 71')
2 2
mab

)

Example 2

Find the area bounded by the parabola y* = 4x and the line 2x -3y + 4 = 0.

Solution

1. The points of intersection of the parabola y* = 4x and the line 2x — 3y + 4 = 0 are

obtained as

(2x+4)' il
3

(x+2)*=9x

% =5x+4=0
x=14
sy=2,4

B Q (4, 4)

2x=3y+4=0/"p(1, 2

The points of intersection are P (1,2) and Q (4, 4).

2. Draw a vertical strip AB which starts from the
line 2x — 3y + 4 = 0 and terminates on the pa-
rabola y* = 4x.

. 2x+4
Limitsof y: y= x3 to y=2\/;

Limits of x : x=1 to x=4
A= 2j jif.} dydx

_j |y|n+4 dx

J- ( \/——_2x+4)

}
x2 X’ 4x
3 3 3
1 4
=—@8-1)--=-(16-1)—-—(4-1
( )3( )3( )

Wl— W

Q
x ¥

«— y?=4x

Fig. 9.141
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Example 3
Find the area enclosed by the curves'y = x*> and y = x.

Solution

1. The points of intersection of the parabola 4%
y = x? and the line y = x are obtained as

x=x’ y=x P(1,1)

x=0,1

o y=0,1 B y=x

The points of intersection are O (0, 0) and

P(,1). A

2. Draw a vertical strip AB which starts from

the parabola y = x* and terminates on the

line y = x.
Limitsof y: y=x* to y=x Fig. 9.142
Limitsofx:x=0 to x=1
I px
4= J‘O I\': dy d~\'
1 X
= J‘() |)}|‘w d.x
=J.O](x—x2)cL\’
2 3!
| E F
2 3
11
2 3
-
6
Example 4

Find the area enclosed by the parabola y* = 4ax and the lines
x +y =3a,y=0in the first quadrant.

Solution

1. The points of intersection of the parabola y* = 4ax and the line x + y = 3a are
obtained as
v =4a(Ba-y)
v +4day-12a*=0
y=2a,—6a
x=a,%
The point of intersection is Q (a, 2a) which lies in the first quadrant.
2. Area enclosed in the first quadrant is OPQ.
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Draw a horizontal strip AB which starts from the parabola y* = 4ax and terminates
on the line x + y = 3a.

5

Y

)
Limitsof x:x=— to x=3a-y

a
Limitsof y: y=0 to y=2a

2a 3a-y

x| El dy o)

0 Fig. 9.143

Note: In case of vertical strip, two vertical strips are required to cover the entire region.
Therefore one horizontal strip is preferred over vertical strip.

Example 5
Find the area bounded by the parabolas y* = 4ax and x* = 4ay.

Solution

1. The points of intersection of the parabolas y* = 4ax and x*> = 4ay are obtained as

”

Y
(a) - "

x*=16a? (4ax) y? = dax

x(x*=64a*) =0 B P(4a4a)
x=0, x=4a
soy=0, y=4a 2
. . . =4
The points of intersection are O (0, 0) and il i
P (4a, 4a). Io) ;

2. Draw a vertical strip AB which starts
from the parabola x* = 4ay and termi-
nates on the parabola y* = 4ax.

Limitsof y:y= :—_ to y= 2Vax
a

Limitsof x: x=0 to x=4a Fig. 9.144
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—
4a p2Vax

A= 2 dydx
0 ia
ZY\:.ra,\'dx

5
4a
- j:"(z\/Z— :—a)dx

y

23 1 x
=2Va-Sx? ——. =
‘ Ve 37 4a 3
4 2 1
==a(4a)? —— (4ay’
JVaay - ——(4a)
32, 16 ,
=—a ——a
3 3
16 ,
=—ua
3
Example 6
Find the area enclosed by the curvesy = 2 —x and y* = 2(2 — x).
Solution
1. The points of intersection of the line y = 2 — x and the parabola y* = 2(2 — x) are
obtained as Ya

2-x?=22-x)
2-x2-x-2)=0
2-x)(=x)=0
x=2,0
y=0,2
The points of intersection are P (2, 0) and
0 (0, 2).
2. Draw a vertical strip AB which starts
from the line y = 2 — x and terminates

on the parabola y* =2 (2 — x). A
Limitsof y: y=2-xto = 2(2-x)
Limitsof x :x=0 to x=2 Fig. 9.145
V2(2-x)
- -[() J.Z—\’ dydx
9 J2(2-x)




9.146 Chapter 9 Multiple Integrals

[SSHR )

o+§)—2(2—0)+l
3 2

(4-0)

Example 7

Find the area bounded between the parabolas x*

X} =—4a (y - 2a).

Solution

1. The parabola x> = 4ay has vertex (0, 0) and the parabola x?

(0, 2a). Both the parabolas are
symmetric about the y-axis.

2. The points of intersection of
x?=4ay and x* = — 4a(y — 2a) are
obtained as

4ay = —4a(y —2a)

8ay = 8a’

y

(-2a, a)

4ay and

4a(y — 2a) has vertex

Q (0, 2a)
B x2 = 4ay

P (2a, a)
X% =—4a (y-2a)

y=a
Lox=%2a

The points of intersection are
P (2a, a) and R (2a, a).

. The region is symmetric about
y-axis.

Total area = 2 (Area in the first quadrant)

%

\

Fig. 9.146

. Draw a vertical strip AB in the region which lies in the first quadrant. AB starts from

the parabola x> = 4ay and terminates on the parabola x> = —4a(y — 2a).

2 2

xr x5
Limitof y: y=— to y=2a——
Y- 4a : 4a

Limitsof x: x=0 to x=2a

A=3[* j_T dy dx

4a

2
2a 2a——

=2|, bl *dr

4a

(>

2a
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=2 ‘Zax .
6a 0
= 2(4(12 _4 a’ )
3
16 ,
=—a
3
Example 8
Find smaller of the area enclosed by the curves y = 2 — x and x* + y* = 4.
Solution
1. The points of intersection of the line y = 2 — x and the circle x* + y* = 4 are obtained as
x2+(2—x)2=4 yA
X+4-dx+x*=4
2x2=4x
x=2,0
wy=0,2
The points of intersection are P (2, 0)
and Q (0, 2).

2. Draw a vertical strip AB which starts
from the line y = 2 — x and terminates
on the circle x* + y> = 4.

Limitsof y: y=2-xto y=+4-x’

Limitsof x : x=0 to x=2

A= J: | 4 dy dx Fig. 9.147
2 \.’14*.\':
— J‘() |y|2_v‘. dx
= [[[Va-¥ -@-v]ar
%\/4—,\'2 + %sin'I %— 2x+%

=2sin"'1-2
=n-2

2

0

Example 9
Find the area of the loop of the curve x(x* + y*) = a (x> — y?).
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Solution

. . a—x
The equation of the curve can be rewritten as y* = x” ( )
a+x

1. The points of intersection of the curve with x-axis (y = 0) are obtained as
xX(a-x)=0

x=0,x=a.

The loop of the curve lies between the &

points O (0, 0) and P (a, 0).
2. The region is symmetric about x-axis

Total area = 2 (Area above x-axis) B

3. Draw a vertical strip AB in the region

above x-axis. AB starts from x-axis and (o)
a— x] X=—a —»

a+x

terminates on the curve y? = x’ [

a—Xx

Limitsof y: y=0 to y=x

a+x

Limitsof x: x=0 to x=a Fig. 9.148

A=2 J.:_[(:‘%dydr

a X E
- 2 y (JV(H—.\' dx
0
=2 “x,fa_xdx
" Ya+x
Putting x=acosO,dx=—-asin6do
When x=0,0= g
When x=a,0=0

A= 2J2 acos@ fw(—a sin@)do
3 a+acos@
0

T
=24’ j02 cos@sinf -

r 9 sin—
2 _ .
=2a° Lf cosB-2sin—cos—-

COS —

V(4
=24* jofcose(l—cose)de
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T
= 2(12-[02 (cos@— l+c0529]d9

4 o

=24° HsinE—sinO)—1(2—0)—l(sinn—sin0)}
2 22 4
=2a2(l—£)
4

Example 10
Find the area included between the curve y*(2a — x) = x* and its
asymptote. [Summer 2017]
Solution
The equation of the curve can be rewritten as
2 x3 y
Y 2a—x

: :?:<—Asymptote

1. The point of intersection of the curve
with x-axis (y =0)is x = 0.

2. The region is symmetric about
X-axis.
Total area = 2 (Area above x-axis)

3. Draw a vertical strip AB in the re-
gion above x-axis. AB starts from

x-axis and terminates on the curve

3
2 X

2a—x Fig. 9.149

y

Limitsof y: y=0 to y=x
a—x

Limitsof x: x=0 to x=2a

A=l B v
BIIE L

=[x [
0 2a—x
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Putting x = 2a sin’6,
dx =2a (2 sinb cosO d6)
When x=0, 6=0
/2

When x=2a, 0=E

2asin’ 6

T
A= 2J.02 2asin’ 0 ,[———— -4asinO cosO dO

2acos> 0

sin @

V1
=2j22asin29-
0 cos@

T
- 16a2j02 sin* 0 do

-4asin6 cos@ dO

Example 11

Find the area between the rectangular hyperbola 3xy = 2 and the line

12x +y =6.
Solution

1. The points of intersection of the rectangular hyperbola 3xy = 2 and the line

12x + y = 6 are obtained as
3x(6-12x)=2
18x* =9x+1=0

X =

N N —

1
3’
Sy=2,

The points of intersection are

P(%, 2) and Q(é,4).

2. Draw a vertical strip AB in the region
which starts from the rectangular hyper-
bola 3xy = 2 and terminates on the line
12x+y=6.

i 2
Limits of y : y=3— toy=6-12x
X

Limits of x : x:l toxzl
6 3

Y

Fig. 9.150
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a=] ,i [> " dvdx
6 3x
- [ibE o
—j ( —le——)dx

, 2 3
=|6x—6x" —Elogx

9.151

Example 12

W N
+
VR
Sl S
N
W
Il
—

Find the area bounded by the hypocycloid (f)
a

Solution

1. The hypocycloid is symmetric in all the ¥
quadrants.
Total area = 4 (area in the first quadrant)

2. Draw a vertical strip AB parallel to y-axis

in the region which lies in the first quad-
rant. AB starts from x-axis and terminates

2 o) o) A

on the curve (£)3 +(£)3 =,
a b

Limitsof y: y=0 to y:bll—(f)S]

a

Limitsof x: x=0 to x=a Fig. 9.151

A=4" j(:’l'_(i)? I dydx

3

o /»{1- o :‘]—
:4J‘0 |y|0 (") dx
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Putting x=a cos’ t, dx = 3a cos? t (=sin t) dt
When x=0,z= Z

2
When x=a,t=0

3
A= 4J§b(l —cos®1)2(=3acos’ tsint)dt

= 12abJ‘fsin4 tcos’tde

= 12(11)13 é, i
22

=6ab——==
[4
3L it
2202722
3!
==nmab

EXERCISE 9.8

1. Find the area bounded by y-axis, the line y = 2x and the line y = 4.
[Ans.: 4]

2. Find the area bounded by the linesy =2 + x, y=2 - x and x = 5.
[Ans.: 25]
3. Find the area bounded by the parabola y?* + x = 0, and the liney = x + 2.

o]

4. Find the area bounded by the parabola x = y — y? and the line x + y = 0.

st

5. Find the area bounded by the curves y? = 4x and 2x - 3y + 4 = 0.

]



10.

11.

12.

13.

14.

15.

9.7 Area by Double Integrals 9.153

Find the area bounded by the parabola y = X2 — 3x and the line y = 2x.

[Ans. : 125
6 |

Find the area bounded by the parabolas y? = x, x* = -8y.
{Ans. : 5
3]

2
Find the area bounded by the parabolasy = ax* and y =1— x?’ where

{Ans.:i Za :l
3Va® +1

Find the area of the loop of the curve y? = x* (ﬂ)
a-x

a> 0.

Find the area of one of the loops of x* + y* = 2a’xy. -
{ na’
Ans.: —
4

Find the area enclosed by the curve 9xy = 4 and the line 2x + y = 2.

Ans.:l—ilogZ
3 9 ]

Find the area of the smaller region bounded by the circle x2 + y> =9

and a straight line x =3 - y. -
Ans. : 4 I ﬁ
3 2

Find the area bounded by the x-axis, circle x* + y* = 16 and the line y = x.

[Ans.: 27]

Find the area bounded between the curves y = 3x2 — x — 3 and y = — 2x?
+4x + 7. 457
[Ans. S

2 |

2 2 2
Find the area bounded by the asteroid (x)* +(v)* = (a)3.

[Ans. : 3zra2
8
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9.7.2 Areain Polar Coordinates
The area A bounded by the curves r = r, (0), r = r,

(0) and the lines 8 = 6, and 6 = 6, is

- j: ‘['E(a'rdrdf)

1(6)

Note: Consider the symmetricity of the region
while calculating the area.

o

Fig. 9.152

Example 1

Find the area between the circles r = 2 sin0 and r = 4 sin0.

Solution

1. The region is symmetric about the line 6 = T

Total area = 2 (area in the first quadrant)

2. Draw an elementary radius vector OAB
from the origin in the region which lies
in the first quadrant. OAB enters in the
region from the circle r = 2sinf and
terminates on at the circle r = 4 sin6.

Limits of r:r=2sin@ to r=4sinO

Limits of 6:60=0 to 0:%

A= 2jf [ rdrae

4sin 6

Ag=LX

r=4sin@

"

de

2sin@

2sin@
Z
=2
0

= jof(msin2 60— 4sin> 0)dO

il
2

= jo?lzsin2 0de

= jo‘ 6(1—cos20)d@

_sm262d6

50

0
:6(£_sinn—sin0)
2 2

=3r

Fig. 9.153



9.7 Area by Double Integrals 9.155

Example 2

Use double integral in polar form to find the area enclosed by the three
petalled rose r = sin 30. [Winter 2015]
Solution

1. This curve consists of three similar loops.
Total area = 3 (area of the loop in the first quadrant)

2. Whenr=0,sin 30 =0
30=0, &, 2m, 3, ...

0=0, —,—,m,...
. . 3
Since, in the first quadrant,

r=0at =0, r
3

Fig. 9.154

loop exists between 8 =0 and 6 = %

3. Draw an elementary radius vector OA from the origin in the loop which lies in the
first quadrant. OA starts from the origin and terminates on the curve = sin 6.
Limitsof r: r=0 to r=sin360

Limitsof 6: =0 to 9:%
I sin36

A=3j03j; rdrde

r

=3'[03

3 r
=—j3 sin%30d6
290

Vs
:éjg 1—cos60 40
270 2

2
3

sin360

2
1 ae
2

0

sin 60
6 |y

(550
)

-

3
4
3
4
3
4
T
4
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Example 3

Find the area of the crescent bounded by the circles r=3 and
r = 2cosé.

Solution
1. The points of intersection of 7 =+/3 A6= E”
and r = 2cos@ are obtained as r=+3 o=~
6
V3 =2co0s6
= r=2cosé
3
cosf=— 2
2
6
Hence, 6= = at P.
6 9=_€”

2. The region is symmetric about the
initial line, 8 = 0. Fig. 9.155
Area of the crescent = 2 (area above the initial line, 8 = 0)

3. Draw an elementary radius vector OAB from the origin in the region above the
initial line. OAB enters in the region from the circle r = V3 and terminates on at
the circle r = 2 cos®0.

Limits of r:r = \/g to r=2cos6

Limitsof 8:0=0 to 9:%
a=2[[""rarde
o

= Jj(4c0520—3)d9

2cos6

de

2

[
2

V3

= J(f[2(1+cos20)—3]d0

2sin29_9g
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Example 4

Find the area which lies inside the circle r = 3a cosO and outside the
cardioid r = a (1 + cos0).

Solution

1. The points of intersection of the circle h r=Sa.cosd
r = 3a cos 0 and the cardioid
r=a (1 + cos 0) are obtained as B

3acosO=a(l+cosB) A

Wy

Hence, 9=§ at R. 6=—

. The region is symmetric about the ini-
tial line 8= 0.

Total area = 2 (area above the initial line)

Fig. 9.156

. Draw an elementary radius vector OAB from the origin in the region above the ini-
tial line. OAB enters in the region from the cardioid = a (1 + cos6) and terminates
on the circle r = 3a cos0.

Limits of r:r=a (1 +cos@) to r=3acosbO

.. T
Limits of 6:0=0 to 9=§
3acosO
A=2 j j
(1(l+u)\6)
3acosf
deé
a(l+cos@)

J.HI:9(1 cos? 0—a’ (14+cosB)” ]

§C

= ?[Sa cos> 0 —a* —2a? cosB]dG
0

4
j?[4(1+cosze)—1—2cose]d9
T

3
—2sinf
0

4sin26

30 +

2
=da
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= |2 1o 2E o X
3 3

3
=na’
Example 5
Find the area lying inside the circle r = a sin 0 and outside the cardioid
r=a(l—cos 6). [Summer 2016

Solution
1. The points of intersection of circle » = a sinf and the cardioid r = a (1 — cos6) are
obtained as

a sin@ = a(1 — cosb) g=F
2
2] ?] , 0 P
2sin—cos— = 2sin” — B —avl]
5 ) 5 A ;:%/r asin @
0 : = a(1 - cos 6)
sin—=0, tan—=1
2 ) 6=0
0_, 0. %
2 2 4
T
0=0, 9=3 Fig. 9.157

Hence, 6 =0 at origin and @ =% at P.

2. Draw an elementary radius vector OAB from origin in the region. OAB enters
in the region from the cardioid » = a(l — cos 6) and terminates on the circle

r=asinb.
Limit of : r=a(l —cos 6) to r=a sin 6

Limit of 6: 6=0 to e:%

asin@
A=
a(l- cose)
asin@
V2

K
:Jz_
0

_ %jog[cﬂ sin” 0 - a* (1 - cos 6)° 46

do

a(l-cos@)

2 V4
_9 (2len2o_(1— 2
5 jo [sm 60— (1-2cosB+cos 0)]d0
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j%[sinz 0 —cos® 0 +2cosH— l]de

T P T
_[2 (—c0s26)d0O + 2_[02 cos0do — -[02 de}

T
2 ; > z z
[_ Sin20 12 4 2 sin6 |2 —| 62
0

Example 6

Find the area common to the cardioids r = a(1 + cos0) and
r=a(l —cos 0).

Solution

1. The points of intersection of the

cardioids o= %
r=a(l+cosf)and r = a(l —cosO)
are obtained as r=all ~eos) [r8U+008d)
a(l+cosB) = a(l—cosB)
cosf=0
G o =0
2
Hence, 6= % at P.
2. The region is symmetric in all the
quadrants
Total area = 4 (area in the first Fig. 9.158
quadrant)

3. Draw an elementary radius vector OA from the origin in the region which lies
in the first quadrant. OA starts from the origin and terminates on the cardioid
r=a(l —cos 0).
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Limitsof r:r=0 to r=a(l—cosb)

Limits of 6:0=0 to e:%

A= 4](? jo"”_”se)r drde
n
o

(9
= 2[02 a*(1-cos0)*de

a(l-cos6)

de

2

L
2

0

V(1
= 2azj02 (1-2cos 0 +cos® 8)d6

T

= 2:12‘[05(1—2c059+

l+00326]d9

=27 sin26|2

é6—25in9+
2

= 2a2(3—”—2)
4

0

Example 7

Find the area inside the cardioid r=3(1+cos@) and outside the

3

parabola r = \
1+ cos 6

Solution

1. The points of intersection of the b o= g
cardioid »=3(l1+cosf) and the

3
parabola 7= are ob- B
1+cos6

tained as A

3

r=3(1+ cosé)

3(1+cosf) = —
ey (1+cos6) -

(14cosB) =1
cosf0=0 3

0==

ST

T
Hence, 9=E at P. Fig. 9.159
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2. The region is symmetric about the initial line 6= 0.
Total area = 2 (area above the initial line)
3. Draw an elementary radius vector OAB from the origin in the region above the
3

1+cos@

and

initial line 6 = 0. OAB enters in the region from the parabola » =
terminates on the cardioid r = 3(1+ cos8).

Limits of r:r=

to r=3(+cos0)

I+cosf
.. n
Limits of 6:60=0 to 9:5
-2 g 3(1+cos6) g
A= IO-I 3 rdrdé
I+cos6
n r2 3(1+cosB)
=2|2]—
=2/ |, e
1+cos@
. 2 I
=[29] (1+c0s0)’ -————— |do
0 (1+cos @)
rr ~
=92 rigespiit @il L g
0 2 0\
(2cos2—j
L 2
=9J.2 —+2 9+C08226——(1+tan2 )sec'—}dO
ar
:9J2 E+2°039+COS23—lseczQ—Ltan?‘g(lseczg) dé
012 2 4 2 2 2\2 2
7
tam® 2 |?
=9£+25in9+sze—lﬂtang—l—2
2 4 2 2 3
0
n+l
Y ’ f(e) ’
- [lror rene=O1
n+1

=9 3—ﬂ+2sin£+—smn —ltanz—ltan3 r
2 -+ 6
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Example 8
Find the area common to both the circles r = cos 6 and r = sin 6.
[Winter 2013]
Solution
V3
1. So the point of intersection of the circles 0=% _
r=cos B and r = sin 6 is obtained as r=sin ¢
-z
cos 6 =sin 6 g/ %=1
tan 0 =1 B
0 = i A r=cos 6
4
< 6=0
Hence, 6= % is the point of intersection
2. The point of intersection divides the region

into two subregions OAP and OBP. Fig. 9.160
3. Draw an elementary radius in each subre-
gion.
(1) In subregion OAP, radius vector OA starts from the origin and terminates on
the circle r = sin 6.
Limitof r: r=0to r=sin 8

Limit of 6: =0 to e:%

(i1) In the subregion OBP, the radius vector OB starts from the origin and terminates
on the circle r = cos 6.
Limitof r: r=0to r=cos 6

Limitof 6: 6=~ t0 0= =
4 2

z sin@ z cosO
A= [ rardo+[>[" rarde
0 J0 0 J0

T 2sinB T 20036
=J4r_ d0+'[2r— d6
0|2 T2
0 4 0
1 ez z
=~ [#sin0do+ [ cos> 6 do
0 T
4

Vs T
_1 J‘4 1—cos 260 d9+J‘2 1+cos26 40
21Jo 2 % 2

—
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T T
= | [ *(1-cos20)d0+ 2 1+ cos20)do
4

Ul
Jr’0+sin20 2
z
4
r.rm 1
2 4 2

Find the area common to the circles r =cos0 and r = x/§ sin 6.

1. The point of intersection of the circles » =cos6 and r = J3sin6 is obtained as

1
41Jo
_1 ‘e_sin29
4
1{(m 1
=—||——=|+
153
=1(£_1j
4\ 2
_r 1
8 4
Example 9
Solution
ﬁsin@zcos@
1
tanf = —
NE)
g="
6

Hence, 9=% at P.

2. Divide the region OAPBO into two
subregions OAP and OBP. Draw
an elementary radius vector in each
subregion.

(i) In subregion OAP, radius vec-
tor OA starts from the origin
and terminates on the circle
Fis x./§ sin 6.

Limits of 7: =0 to r:x/gsinO

Limitsof 8:6=0 to 0:%

AB:%

r=\3sin 6
r=cos 6

o 0=0

Fig. 9.161
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(i1) In the subregion OBP, the radius vector OB starts from the origin and termi-
nates on the circle r = cos 6.
Limitsof r:r=0 to r=cos6

Limitsof 6:0=2 0 6=2
6 2

. J()% -[O\Esmer‘ dr d0+J.§J.:059r drdé
6

. rz J3sin6 m| o |cosO
£ 2y
=[5> do+[2|= deo
0 x
0 6 0

:ljg3sin29d9+lj%c0§29d9
0o 2z
6

2
n V4
= 1—cos (1 <
=§‘[6 cos26 d6+lJ‘”2 +c0926)d0
2)o 2 292" 2
) z ) %
:ée_sm29 6 +le+sm20 2
4 2 |, 4 x
3(r 1.\ I(n m 1. 1. n)
== S ——gin= |[+—| ===+ —sinr——sin—
4{6 2 3 4\2 6 2 2 3
s1_\3
24 4

Example 10
Find the area common to the circle r = a and the cardioid
r=a(l + cos 0).

Solution

1. The points of intersection of the circle » = a and the cardioid » = a (1 + cos 0) are
obtained as
a=a(l+cos0)
cosf =0
T

=12
)

Hence, 6= % at Q.
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2. The region is symmetric about the initial line 8 = 0.
Total area = 2 (area above the initial line)

3. Divide the region OPQO above the initial line into two subregions OPQ and OBQ.

Draw an elementary radius vector in each subregion.
(i) In the subregion OPQ the radius vector OA starts from the origin and termi-

nates on the circle r = a.
Limits of r:r=0 to

r=a

r=a(1+cos 0)

Fig. 9.162

- T
Limitsof 6:0=0 to 9=5
(i1) In the subregion OBQ, radius vector OB starts from the origin and terminates

on the cardioid r = a (1 + cos 0).
Limitsof r:r=0 to r=a(l+cos0)

Limits of 9:9:% to O=1

A=2 J%J-:r drdo+ |z j(;’””"“e’r dr d9]

a(l+cos0)

de

)

0

T
= Joz azd9+J.£a2(l +c0s9)2d9
2
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z T 1+cos26
=d? |9|(§ +a2J.,,(1+2cose+TJd6
2

sin26|"

T

7 T
= —+a
2

,13
—9+25in0+
2

2 2
& 3 ra
=7ri+i(lr—§]+2a2 (sinﬂ—sin§)+%(sin2n—sin7[)

2 2
=a’ [5—7[ — 2)
4

Example 11
Find the area between the curve -
r=a(secO+ cosO)andits asymptote z
r=asec 6.
Solution r=aj(sec @+cos 6)
1. The region is symmetric about the ini- 2

tial line 6=0 A

Total area = 2(area above the initial line)
2. Draw an elementary radius vector OAB o 6=0

in the region above the initial line.

OAB enters in the region from the line

r = a sec 6 and terminates on the curve

r=a (secO+ cos0).

Limitsof r: r=asec 0 to

r=a (sec 68+ cos 0) Fig. 9.163

ig. 9.

Limitsof 8: =0 to 9=.’25

s 2'[ Ja(ﬁeu(ﬂcmﬂ) i

asecO
~2f3ls

= ,[og[az(sec9+cos 0)* —a’ sec” 6]d6

a(scc@ﬂ.osﬂ)

de

asect

T
215 2
—a jo~ (cos? 0+2)d0
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=a?|1p(2,1 |29|
2 \2"3

2 155 27'[

2| 1l2la 27

2 |2 2

Example 12
Find the area of the loop of the curve x* + y4 = 8xy.
Solution

1. The equation of the curve in polar form is 7*(cos’ 8 +sin* ) = 87* cosOsin 6

e, 8cosBsinb ‘ 92%

cos*@+sin* @ o=

s

2. Draw an elementary radius vector
OA from the origin in the region ‘:2\_ 8 cos #sin @
which lies in the first quadrant. OA cos* 6+sin* @
starts from the origin and terminates
8cosOsinO

cos*O+sin* 6’

o 6=0
on the curve * =

Limits of

8cosBOsinO
rir=0 to r=l—f———
cos” O+sin” 0

Limits of 6:6=0 to 9:%

Fig. 9.164

8cosBsinf
gl
cos” B+sin” 0 rdrdé

8cosBsinf
cos* O+sin* 0
de

—__[ ( 8cosBsin O )d@

cos* O+sin* @

_4J~ (tan@sec O)de
1+tan* 0
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Putting tan® 6 =1, 2tan @sec’ 6 dO = dt
When 0=0,t=0
When 9:§,t—>oo

et
0 1442

A=2

EXERCISE 9.9

1. Find the area common to the circles r = a and r = 2acos 0.

(54

2. Find the area of the crescent bounded by the circles
r=+/2 andr =2cosé.

[Ans. :1]
3. Find the area which lies inside the cardioid r = 2a (1 + cos 6) and
outside the parabolar = 2a ;
1+cosf

2.
{Ans. :3ma* + 1630 }

4. Find the area bounded between the circles r = 2a sin 6, r = 2b sin 6 (b > a).
[Ans. s m(b? - az)]

5. Find the area outside the circle r = a and inside the cardioid r = a(1 + cos 6).

{Ans. : %(rw 8)]
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Points to Remember

Double Integrals
The double integral of a function f(x, y) over the region R is denoted by

” f(x, y)dxdy.
R

Double Integrals over Rectangles and General Regions
Method-I: When the region R is bounded by the curves y = y,(x), y = y,(x) and
x=a,x=>b,

[[reeyavay=]" [ 7 e _\')d_y}dx
R A

Method-11: When the region R is bounded by the curves x = x,(y), x = x,(y) and
y=c,y=d,

I e pasay =[] [0 s ey
R v

If all the four limits are constant and f(x, y) is explicit, then the f(x, y) can be
integrated w.r.t. any variable first and also can be written as product of two single
integrals.

Change of Order of Integration
Sometimes evaluation of double integral becomes easier by changing the order of
integration. To change the order of integration,

1. Draw the region of integration with the help of the given limits.

2. Draw vertical or horizontal strip as per the required order of integra-
tion

3. Find the limits of integration

[ N[

Double Integrals in Polar Coordinates
Putting x =7 cos 6, y =rsin 6,

“f(x, y)dydx = ”f(rcos@,rsinG)|J|drdG

where Jacobian, J=r
Hence, H f(x, y)dydx = H f(rcosO,rsin@)rdrdf
Triple Integrals

The triple integral of a continuous function f(x, y, z) over a region V is denoted by

[[] £x.y, dxdydz.
v
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Triple Integrals in Cartesian Coordinates

If the region V is bounded below by a surface z = z, (x, y) and above by a surface z
= 7, (x, ) and if the projection of region V in xy-plane is R which is bounded by the
curves y =y, (x),y =y, (x) and x = a, x = b then

” f(x,y,z)dxdydz = -[:[J.\‘,((\\)){-[.7((\‘\\>)f (x, y, z)dz}dyjldx
o : (%)

Triple Integrals in Cylindrical Coordinates

Putting x = rcos 6,y = rsin 6, z = z,
J.J.J- f(x, y,2)dxdydz = _[” f(rcos@,rsin®, z)
where Jacobian, J=r

Hence, ” f(x,y,2)dxdydz = ”Jf(rcos 6, rsin@, z)rdzdrdf

J|dzdrde

Triple Integrals in Spherical Coordinates

Putting x = rsin 8 cos ¢, y = r sin @sin ¢, z = r cos 6,
”J f(x, y,z)dxdydz = J‘”‘f(r sin@cos @, rsinfsin @, rcos6)|J|drd0d¢
where  Jacobian,J = r? sin 6

Hence, [[[ £(x, y, 2)dxdydz
:J.H f(rsin@cos @, rsin@sin g, rcosh)- r* sin O dr do do

Area by Double Integrals

Area in Cartesian Coordinates

(i) The area bounded by the curves y = y,(x) and y = y,(x) intersecting at the points
P (a,b)and Q (c,d) is

¢ py(x)
A= 7 dydx
J.u Ji\',(,\') \
(i1) The area bounded by the curves x = x,(y) and x = x,(y) and intersecting at the
points P (a, b) and Q (c, d) is

»n(x)
Area in Polar Coordinates

The area bounded by the curves r = r,(0), r = r,(0) and the lines 8 = 6, and 6 = 0,
is

6, rnrn(0)
A=["[" "rdrdo
6, Jn(0)
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Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

2

1. To evaluate J: J: xe 7 dx dy by change of order of integration, the lower limit

for the variable x is equal to

(@ (b) 0 (c) oo d) y
4 03 02

N
(@ 9 (b) 24 () 1 ) 0

2 pe*
3. By changing the order of integration, the integral jo _[1 dydx is equivalent to
the double integral

@ Ji[, o o J77
© le .l-zlogydxdy (d) JTZ J,zlogydxdy

4. By changing to spherical polar co-ordinates, ”J‘ dydxdz, where R is the region
R

of hemisphere X+ y2 +z22=d%is equivalent to triple integral
2+ L 5 .
(@) J-o njoz J-o r?sin drd6dg (b) J-o HJ:J.O r*sin6 drd@d¢

T T T o
(© JZ]Z[ rsinodrdodg (@) [2[2] '+ coso drdode

5. _[(;1 J.(j Jg xyz dzdydx =

6 6 4 4
a a a a
a) — b) — c) — d =
()24 ()48 ()48 ()24
6. In evaluating ijy(x+ y)dxdy over the region between y = x? and y = x, the
limits are
(@ x=0tol,xy=0to 1 (b) x=0tol,y=0tox
(¢) x=0tol,y=0tox? (d x=0tol,y=x’tox
a V“zfvz 2 2 2
7 [T @ - -y dedy=
na* na’ 4

ra ,
(a) = (b) e (©) - (d) ma
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0o poo 2 2
8. After transforming to polar co-ordinates Jo _[0 e dxdy =
T 1 2 r 1 2
(@ [2[ e dras ) J2[ e rdrae
T 2 e 2
©) joz jo e rdrde () joz jo e rdrde

9. [T 0 sin6 drd6 =

(@) é (b) ? © é (d) %
10. joljozxyz dydx =

@ 3 ) 5 © 2 @ 2
11 '[Og'[ogsin(x+y)dxdyis

@ 0 ) 7 © % d) 2

12. The value of the integral jjxy dxdy over the region bounded by the x-axis,
ordinate at x = 2a and the parabola x> = 4ay is

at a* at at
(a) EY (b) 5 (c) = (d ry

13. The triple integral ”de dy dz gives
R

(a) volume (b) area (c) surface area (d) density

1el pl-x )
14. The value of J.ijz Jo xdzdxdy is

4 3 8 6
- b) — > d —
@ 35 ® 55 © 35 @35
T
15. The value of the integral J-OMJ‘()? J-Ol r* sin@dr d6 do is

T /4 2r 4
a) — b) — c) = d —
(@) 3 (b) 5 (© 3 (d) 1

. 2 21+ .

16. The value of the integral .[0 -[0 e x dxdy is
/2 T i1 T
z b = z H =
(@) 5 (b) 3 (© 1 (d) o



17.

18.

19.

20.

21.

22,

23.

24,
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Changing the order of integration in the double integral J- _[ Sf(x,y)dydx leads
to J J. f(x,y)dxdy , then g is

(a) 4y (b) 16y? (©) x (d) 8

The limits of integration of JJ(X2 +y>)dxdy over the domain bounded by
y=x?and y’> = x are

(@ x=0tol,y=x>to Vx (b) x=0to1,y=0to 1
(¢) x=y*to \/;,y=0t01 (d) )c=0t0y,y=\/;t0)c2
Il

V1=

1 2 5 5

- b) = = a2
(@) . (b) 3 (© 6 (d) 3

Ijr3 dr d@ over the region included between the circles r = 2 sinf and

r=4sin@is
4sin6 z 4sin6 3
@ [T drde b J2[ " drde
(C) J J4sm9r3 drde (d) J J~4sm9r3 drde
-
On converting into polar co-ordinates j J (x +y %) dydx =
/4 il
@ [ ardo ®) Jfzr arae
T L3
© [+ dra0 @ ["[+r* drae

In spherical co-ordinates, dx dy dz is equal to
(a) rdodedr (d) rsinf0d@dedr (¢c) r*sin0dOd¢dr(d) »dOde¢dr

The value of the integral j; J; J.; x?+ y2 +z°)dz dydx is

1 2
(@ 1 (b) 3 (©) 3 (d) 3

2_2 222
The value of -[o dx_[(;/ dy J(;/ ! dz is

(a) 4na (b) fg_ (c) 4na® d =
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25.

26.

27.

28.

29.

30.

31.

32.

33.

The transformations x + y = u, y = uv transform the area element dydx into
|J |dudv, where |J | isequal to
(@ 1 (®) u () -1 (d)
The value of ”x y dxdy, where R is region enclosed by the elhpse — + Z—z =1
R a’
in the first quadrant is
»a b3 4 ba b2 2
a b c) — d
(a) 7 (b) () 24 (d)
By changing the order of integration, JIJX F(x,y)dy dx =
0Jo
0y 01
@ [ reeydedy () J [ fleydedy
1y 11
© J ] feryydedy @ ] feyrdy
2 L g, )
'[0 dOIOe dr is equal to
(a) -1 (b) %(62 -1 (c) me*~1) (d) 27m(e* - 1)
The value of _U x2y3 dxdy, where R is the region bounded by the rectangle
R
0<x<land0<y<3 is
27 27 29 29
a) — b) — c) — d —
(a) 2 (b) 3 () 2 (d)
The value of Jj3y dxdy over the triangle with vertices (-1, 1), (0, 0) and (1, 1)
is [Winter 2015]
(@ o0 (b) 1 (c) 2 (d) 3
The area of the curve y = x*> + 1 bounded by the x-axis and the line x = 1 and
x=21s [Summer 2014]
3 10 1
a) — b) — c) 6 d —
(a) 10 (b) 3 () (d) 5
The equation of a cylindrical surface x> + y* = 9 becomes when converted
to cylindrical polar coordinates. [Summer 2016]
(a r=9 (b) ”=9 (c) r=%3 dr=3
2 x2 2z
Jo Jo e* dydx is equal to [Summer 2016]

(a) -1 (b) & (c) e¢+1 (d) e?
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2021
3. [7] —dudy= [Winter 2016]
1 lxy
(@ 0 (b) (log 2)* (© 1 (d) log2
406
35. The region of L .[2 dxdy represents [Winter 2016]
(a) rectangle (b) square (c) circle (d) triangle
202
36. The region jl L dxdy represents [Summer 2017]
(a) rectangle (b) square (c) circle (d) triangle
37. The value of J; jol(gxz —2y)dxdy is [Summer 2017]
1
(@ 0 (b) 1 (c) -1 (d) 3
Answers

1.(d 2.(b) 3.(b) 4.(@@ 50 6 7. 8 9. (b
10.(d) 11.(d) 12.(a) 13.(a) 14.(a) 15.(a) 16.(c) 17.(a) 18.(a)
19.(a) 20.(a) 21.(b) 22.(c) 23.(a) 24.(b) 25.(b) 26.(a) 27.(d)
28.(c) 29.(a) 30.(c) 31.(b) 32.(d) 33.(a) 34.(b) 35.(a) 36.(a)
37. (d)
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CHAPTERl O

Matrices

Chapter Outline

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
10.9
10.10
10.11
10.12
10.13
10.14
10.15
10.16

Introduction

Matrix

Some Definitions Associated with Matrices
Elementary Row Operations in Matrix

Row Echelon and Reduced Row Echelon Form of a Matrix
Rank of a Matrix

Inverse of a Matrix by Gauss—Jordan Method

System of Non-homogeneous Linear Equations
System of Homogeneous Linear Equations
Eigenvalues and Eigenvectors

Properties of Eigenvalues

Linear Dependence and Independence of Eigenvectors
Properties of Eigenvectors

Cayley-Hamilton Theorem

Similarity Transformation

Diagonalization of a Matrix

10.1

INTRODUCTION

A matrix is a rectangular table of elements which may be numbers or any abstract
quantities that can be added and multiplied. Matrices are used to describe linear
equations, keep track of the coefficients of linear transformation and record data that
depend on multiple parameters. There are many applications of matrices in mathematics,
viz. graph theory, probability theory, statistics, computer graphics, geometrical optics,

etc.
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10.2 MATRIX

A set of mn elements (real or complex) arranged in a rectangular array of m rows and
n columns is called a matrix of order m by n, written as m x n.

An m x n matrix is usually written as

al 1 al2 A alu
4y ay @y
A=
_aml alnl 2 amn J mxn

The matrix can also be expressed in the form 4=[q,],,,, where a; is the element
in the i"™ row and j™ column, written as (i, /)™ element of the matrix.

10.3 SOME DEFINITIONS ASSOCIATED WITH MATRICES

1. Row Matrix

A matrix having only one row and any number of columns, is called a row matrix or

row vector, e.g.
[2 5-34]

2. Column Matrix

A matrix, having only one column and any number of rows, is called a column matrix
or column vector, e.g.

3. Zero or Null Matrix

A matrix, whose all the elements are zero, is called zero or null matrix and is denoted

by 0, e.g.
0 0
0 0f

o O O
oS O O
oS o O

4. Square Matrix

A matrix, in which the number of rows is equal to the number of columns, is called a
square matrix, e.g.
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5. Diagonal Matrix

A square matrix, whose all non-diagonal elements are zero and at least one diagonal
element is non-zero, is called a diagonal matrix. e.g.

1 00
2 0
,|0 4 0
0 4
0 0 8

6. Unit or Identity Matrix

A diagonal matrix, whose all diagonal elements are unity, is called a unit or identity
matrix and is denoted by 7, e.g.

1 0

0 1f

A square matrix, whose all diagonal elements are equal, is called a scalar matrix, e.g.

S O -
S —= O
—_ O O

7. Scalar Matrix

2 00

30
,10 2 0
0 3

00 2

8. Upper Triangular Matrix

A square matrix, in which all the elements below the diagonal are zero, is called an
upper triangular matrix, e.g.

3 2
0 4 -5
0 0 8

9. Lower Triangular Matrix

A square matrix, in which all the elements above the diagonal are zero, is called a
lower triangular matrix, e.g.
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10. Trace of a Matrix

The sum of all the diagonal elements of a square matrix is called the trace of a matrix,

2 -1 0
e.g. A=14 6 =2
-1 0 3

Traceof A=2+6+3=11

11. Transpose of a Matrix

A matrix obtained by interchanging rows and columns of a matrix is called transpose
of a matrix and is denoted by A4’ or 4”, e.g.

1 -1 3 1 0 4
If A= 0 2 6| then A =|-1 2 1
-4 15 36 5

i.e.if 4 =[a;],,, then AT = la;]

nxm
12. Symmetric Matrix

A square matrix 4 = [l xm is called symmetric if a;=a; foralliand j, i.e, 4 = AT,
e.g.

1 i =3
2 4 )
i 2 4
4 3 .
-3i 4 3

13. Skew-Symmetric Matrix

A square matrix 4 = [a;] is called skew-symmetric if a;=—a; forall i and j, i.e.,

mxm

A =-A". Thus, the diagonal elements of a skew-symmetric matrix are all zero, e.g.

0 -3i -4
3i 0 8
4 8 0

14. Conjugate of a Matrix

A matrix obtained from any given matrix 4, on replacing its elements by the
corresponding conjugate complex numbers is called the conjugate of 4 and is denoted
by 4,e.g.

1+3i 2+5 8 - [1-3i 2-5 8§
A= 5 A=
—i 6 9-i i 6 9+i
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15. Transposed Conjugate of a Matrix

The conjugate of the transpose of a matrix 4 is called the conjugate transpose or
transposed conjugate of 4 and is denoted by 4%, e.g.

A = (A =(4")

[1-2i 243 3+4i] 1-2i 4-5 8
For example, If 4=|4-5i 5+6i 6-7i|, A" =|2+3i 5+6i 7+8i
8 7+8 7 3+4i 6-T7i 7

(1+2i 445 8
Then, A"=2-3i 5-6i 7-8i
13-4i 6+7i 7

16. Hermitian Matrix

A square matrix 4 = [a;] is called Hermitian if @, = a_/, foralliandj,ie., A=A’ eg.

1 243 3-4i
2=3i 0 2=71
3+4i 2+7i 2

17. Skew-Hermitian Matrix
A square matrix 4 = [a;] is called skew-Hermitian if q; =- a—ﬂ for all i and j, i.e.,

A=- A°. Hence, diagonal elements of a skew-Hermitian matrix must be either purely

i 2+3i
-2+3i 0

A square matrix 4 is called orthogonal if A4 =1.

imaginary or zero, €.g.

18. Orthogonal Matrix

19. Unitary Matrix
A square matrix 4 is called unitary if 44° =1.
20. Determinant of a Matrix

If A4 is a square matrix, determinant of 4 is represented as |4 |.

2 31 2 3 1
If A=|1 2 3|, then |4|=|1 2 3
1 10 110
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21. Singular and Non-Singular Matrices

A square matrix 4 is called singular if | 4| =0 and non-singular if | 4 |# 0.

22. Minor of an Element of a Determinant
T PR T

If |Al=|a,, a,, a,|, minor of an element of a determinant is a determinant
a3 Gy Gy

obtained by leaving the row and column passing through that element, e.g.,

ay Ay

minor of element g, = , minor of element a, =

. a
minor of element a,; =
4 4y

23. Cofactor of an Element of a Determinant

Cofactor of an element a;; of a determinant is the minor multiplied by D" eg.,

a,, a
Cofactor of the element a,, = (-1)""' 2 "5

a, a4y

a, a
Cofactor of the element a,, = (_])1+2 21 G

4y Ay

a, a
Cofactor of the element a,;, = (—1)'" 21 "2

a3 Ay
24. Inverse of a Matrix
If 4 is a square matrix and |4| 20,

AA_] = 1 = A_lA

where, 47" is called inverse of the matrix A.

10.4 ELEMENTARY ROW OPERATIONS IN MATRIX

Elementary transformation is any one of the following operations on a matrix.
(i) The interchange of any two rows (or columns)
(ii)) The multiplication of the elements of any row (or column) by any non-zero
number
(iii) The addition or subtraction of k items the elements of a row (or column) to the
corresponding elements of another row (or column), where k # 0

Symbols to be used for elementary transformation:

(i) R;: Interchange of i"™ and j row
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(i1) kR;: Multiplication of i M row by a non zero number k
(i) R;+kR;: Addition of k times the j M row to the i™ row

The corresponding column transformations are denoted by C

i» kC; and C; + kC;
respectively.

10.4.1 Elementary Matrices

A matrix obtained from a unit matrix by subjecting it to any row or column
transformation is called an elementary matrix.

10.4.2 Equivalence of Matrices

If B be an m x n matrix obtained from an m X n matrix by elementary transformation
of A, then A is called the equivalent to B. Symbolically, we can write A ~ B.

10.5 ROW ECHELON AND REDUCED ROW ECHELON FORMS
OF A MATRIX

A matrix A is said to be in row echelon form if it satisfies the following properties:
(1) Every zero row of the matrix A occurs below a non-zero row.
(ii) The first non-zero number from the left of a non-zero row is a 1. This is called
a leading 1.
(iii) For each non-zero row, the leading 1 appears to the right and below any lead-
ing 1 in the preceding rows.

The following matrices are in row echelon form.
1 1 0 12 -131f013 50
0 1L 0,0 1 5 6|0 0 I -1 0
00 0)0O O 1 4/]0 0 0 0 1
A matrix A is said to be in reduced row echelon form if each column that contains

a leading 1 in row echelon form of the matrix A has zeros everywhere else in that
column.

The following matrices are in reduced row echelon form.

01 -4 0 1
1 00 1 00
0 0 00 01 4
, (0 1 0],]0 I 0 5],
0 0 00 000
0 0 1 00 1 -1
00 000

Example 1

In each part determine whether the matrix is in row echelon form,
reduced row echelon form, both or neither.
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1
0
® 1o
10
cee —1
(111) 0
Solution

Chapter 10 Matrices

(ii)

S O O N
S O = O
S O = W
S = O O

6 4 3 .
1 3 2 (av)

[S—y

S O O O o

—_— O

oS O O O

S O = O O =~ ©

5
2
7
0 0
2 -3
I 0
0 0

(i) The given matrix is in reduced row echelon form and row echelon form since
it satisfies properties (i), (ii), (iii) and columns containing leading 1 have zero
everywhere else.
(i) The given matrix is neither in row echelon form nor in reduced row echelon
form since it does not satisfy the property (iii).
(iii) The given matrix is in row echelon form since it satisfies properties (i), (ii) and

(iif).

(iv) The given matrix is neither in row echelon form nor in reduced row echelon
form since it does not satisfy the property (i).

Example 2
Find a row echelon form of the following matrix:

Solution

0 -1
2. 3
1 3
3 2
o -~
2 3
1
3
Rl3
1 3
2 3
“lo -1
2 3

3

—_— N W W
—_— DN

— W W N
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1 3

1
0
0

S O = W

-1
=2

R, +3R,, R, +7R,

2
-3
-8

10.9
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1 ~1 2
01 2 -3
“lo £
-
0 0 1
Example 3
Find a row echelon form of the following matrix:
1 2 -3 1
-1 0 3 4
01 2 -1
2 3 0 3
Solution ) )
12 -3
-1 0 3 4
01 2 -1
[ 2 3 0 -3]
R,+R, R,—2R,
(1 2 -3 1]
0 2 0 5
o1 2 4
[0 -1 6 -5]
R23
[1 2 -3 1]
0 2 -1
o 2 0 s
[0 -1 6 -5]
R,-2R,, R,+R,
[1 2 -3 1
01 2 -1
“lo 0o -4 7
0 0 8 —6
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n
3>
(1 2 -3 1]
01 2 -1
“loo 1 -2
4
0 0 8 —6]
R, -8R,
(1 2 =3 1]
o1 2 -1
“loo 1 -2
4
0 0 0 8]
|
g)’“
1 2 3 1
o1 2 -l
“loo 1 -
4
00 0 1
Example 4
Find the reduced row echelon form of the following matrix:
0O -1 2 3
2 3 4 5
1 3 -1 2
3 2 41



10.12 Chapter 10 Matrices

Solution

The row echelon form of the matrix is

1 3 -1 2
0 2 -3
0 0 1 2

7
00 O 1

Beginning with the last non-zero row and working upward, we add suitable multiples
of each row to the rows above to introduce zeros above the leading 1°s.

R,—-=R,, R,+3R,, R -2R,

(=

S O = W
8

_ 0 O O

R, +2R,, R +R,

1 30

- o o O

0
1
0

S - O O
_ 0 O O

Example 5
Find the reduced row echelon form of the following matrix:

1 2. =3 1
-1 0 3 4
0 1 2 =l
2 3 0 -8
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Solution

The row echelon form of the matrix is

1 2 3 1
01 2 -1
0 0 1 i

4
0 0 0 1

Beginning with the last non-zero row and working upward, we add suitable multiples
of each row to the rows above to introduce zeros above the leading 1’s.

R+1R, R +R, R—R,

1

S O O =
|

S —= N W

- O O O

r

R,, R +3R,

1

O O O =
O O~ N N OO —~ N,

O - O O
—_ O O

r
L

R -2R,

S O O -
S O = O
S - O O
-_ 0 O O

10.6 RANK OF A MATRIX

The positive integer r is said to be the rank of a matrix A if it possesses the following
properties:

(1) There is at least one minor of order r which is nonzero.

(i1) Every minor of order greater than r is zero.

Rank of matrix A is denoted by p(A).

Note (1): The rank of a matrix remains unchanged by elementary transformations.
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Note (2): The rank of the transpose of a matrix is same as that of the original matrix.
Note (3): The rank of the product of two matrices cannot exceed the rank of either
matrix.

P(AB)<p(A) or p(AB)<p(B)

10.6.1 Rank of a Matrix by Echelon Form

The rank of a matrix in echelon form is equal to the number of nonzero rows of the
matrix,
e.g., & =i
A= 1 4
0 0

S O =

The matrix A is in echelon form and the number of nonzero rows is two. Hence, rank
of the matrix is two,

ie., p(4)=2
Example 1
Find the rank of the following matrix by reducing it to echelon form:
5 3 14 4
0 1 2 1
1 -1 2 0
Solution
5 3 14 4
Let A=|0 1 2 1
1 -1 2 0

Ri3

(1 -1 2 0
~l0 1 2 1
(5 3 14 4
Ry —5R,

(1 -1 2 0
~l0 1 2 1
0 8 4 4
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R; —8R,
1 -1 2 0
~fo 1 2 1
0 0 -12 -4
1
-—|R
12)3
[1 -1 2 0
~lo 1 2 1
0 0 1 1
i 3

The equivalent matrix is in echelon form.
Number of nonzero rows =3

pA)=3
Example 2
Find the rank of the following matrix by reducing it to echelon form:
[ 1 2 3 -1
-2 -1 -3 -1
I 0 1 1
| 0 1T 1 -1
Solution
1 2 3 -1
-2 =1 -3 -l
Let A=
1 0 1 1
L0 1 1 -1

Reducing the matrix 4 to echelon form,

Ry + 2R, B3 — Ry
: 2 8 =l
0 3 3 -3

“l0 2 -2 2
0 1 1 -l
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Ry

1 2 3 -1
o114

0o -2 2 2

0 3 3 3

Ry+2Ry, Ry —3R,

1 2 3 -1
o114

0 0 0 O

0O 0 0 O

The equivalent matrix is in echelon form.
Number of nonzero rows = 2

p(A)=2
Example 3
Find the rank of the following matrix by reducing it to echelon form:
32 0 -1
0o 2 2 1
1 =2 -3 2
0 1 2 1
Solution
3y =2 ~1]
0 2 2 1
Let A=
1 -2 -3 2
o 1 2 1]
Reducing the matrix 4 to echelon form,
Ri3
[1 -2 -3 2
o 2 2 1
3 =2 0 -l
o 1 2 1
Ry =3Ry, Ry
[1 2 -3 2
Joo1 o2
0o 4 9 -7
0 2 2 1
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Ry —4R;, Ry — 2R,

[1 2 -3 2
o 1 o2 1
0 0 1 —II
[0 0 <2 <
Ry+2R;

0 0 23|
1
(_23)&‘
1 -2 =3 2
o121
0 0 1 -11
0 0 0 |

The equivalent matrix is in echelon form.

Number of nonzero rows = 4
pA)=4

EXERCISE 10.2

1. Find the ranks of the following matrices by reducing them to echelon forms:

11 -1 1 4 2 3
@ |1 -1 2 -1 )| 8 4 6
3 1 0 1 g <4 4.5
1 2 <2 3 0 1 -3 -1
(ifi) £ 2 -4 6 (iv) ag 13
4 -3 2 -2 31 0 2
2 4 1 6 11 2 0
3 2 0 A -7 i > 44
(v) ¢ 2 2 1= vi)y| 2 4 35
{ <F ~F < 1
1 -2 6

[Ans.: (i) 2 (i) 1 (iii) 4 (iv)2 (v)4 (vi)2]
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10.7 INVERSE OF A MATRIX BY GAUSS-JORDAN METHOD

Let A be any non-singular matrix. Then A = JA. Applying suitable elementary row
transformation to A on the L.H.S and to 7 on the R.H.S, of a matrix A reduces to I and
I reduces to any matrix B.

Hence, [ = BA
B=4"

Example 1

Find the inverse of the following matrix by elementary transformations
(Gauss—Jordan method):

[am—

2 3
4 3
1 2

N

Solution

Let A=|:
I
1 00

2 3 4
4 3 1|=|10 1 04
1 2 4 0 0 1

Reducing the matrix A to reduced row echelon form,

Rl.’x

1 2 4] [0 0 1
4 3 1|=|l0 1 0|4
2 34| 100
R,—4R, R,-2R,

1 2 4] [0 0 1
0 -5 —15|=|0 1 4|4
0 -1 -4] [1 0 =2
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10.7 Inverse of a Matrix by Gauss-Jordan Method

<

~

r 1
2|0 | 01
I |

<t |n | v —|n

r 1
| M_S O |

<t | n | —|n

r

1
wv O |n
| M_S |
|

<t | < |n —|n

* 0 7,9 T LY 7T
L ] % _Ar
Il 1] 1l 1l
— — - -
il |
S o & o o - ~
R o
oy O o @ ™ O .
|
- o O b - o O
I = =)
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Example 2

Find the inverse of the following matrix by elementary transformations
(Gauss—Jordan method):

1 -1 0 2
0 I 1 -1
2 1 2 1
3 -2 1 6
Solution
1 -1 0 2
Let s 0o 1 1 -1
2 1 2 1
13 2 1 6
A=14
1 =10 2] [t 000
0 1 1 -1 0100
> 12 1|7 |oo 1ol
3 -2 1 6/ [0 0 0 1
Reducing the matrix A to reduced row echelon form,
R, -2R,R,-3R
1 -1 0 2l [ 1000
0 1 1 -1 0100
0 32 3 |20 1 0|
0 1 1 0f |[-3 00 1
R,—3R,,R,—R,
1 -1 0 2] [ 0 0 0
0 1 1 -1] [0 0 0 4
0 0 -1 0 -2 -3 10
0 0 0 ] [-3 -1 0 1
(=DR,
1 -1 0 2 1 0 0 0
0 1 1 -1f 10 1 00 y
0o 0 1 0 2 3 -10
0o 0 0 1 -3 -1 0 1
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R, +R,, R 2R,
[1 -1 0 0] 7 2 0 2]
0 110[3 0 0 1A
0 0 10 2 3 -1 0
o0 00 1] [-3 -1 0 1]
Rz_R3
[1 -1 0 0] 7 2 0 =2
0 100{531 p
0 0 10 2 3 -1 0
0 00 1] [-3 -1 0 1]
R +R,
1 00 0 2 -1 1 -1
0100[531 p
0010 2 3~ 0
000 1| |-3 -1 0
I, =A"4
2 1 1 =1
P I R
i TR
-3 -1 0

EXERCISE 10.3

1. Using elementary row transformations, find the inverses of the following
matrices:

8 4 3 5 1 5 3 -3 4
@ |2 11 Gy | o 2 o qi) |2 =3 4
(12 1 5 3 15 0 -1 1
R 12 3 24 3 2
i) | 2 2 -3 v |2 30 wiy |36 2 2
1 -4 9 01 2 25 23
4 5 14 14
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0122 1 -3 3
wip |1 123 (viii) t-10
2223 5 2 3
2 333 1 1 0 1
2 6 -2 -3 2 0 0 -4
. 13 -4 -7 2 1
0 5 13 ) 6 0 -16
14 1 2 1 0 3 -5
0 1 o0 2 0 0 10
[ Ans ]
J1 -2 -0 4 9 1 -1 0
(| 15 2 (gl 15 <4 -14| G2 3 -
312 0 5 1 6 ) 3
23 9 818
5 5
e s o e 10 -2 2 7
M| -21 8 5lm -4 2 6 (vi) 56 g
10 3 4 2 1 - 1 2 2 £
5 5
, 5 3
i 5 5
3 3 3 2 0 2 1 3 2 1 0 1
3 4 4 2 1 1 22 10 2 -1
(vii) (viii) (ix)
3 4 5 3 2 1 4 1 3 1
2 2 3 2 11 2 6 10 2 2
500 2
110 2
(x)
00 2 1
| |1 00 1 |

10.8 SYSTEM OF NON-HOMOGENEOUS LINEAR EQUATIONS

A system of m non-homogeneous linear equations in n variables x|, x,, ..., x,, or simply
a linear system, is a set of m linear equations, each in n variables. A linear system is
represented by
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4%, +a,%, ++--+a,x, =b
Ay X, + Xy ++ ay, X, = b

X, ta,,x,++a,x, =b

ml” mn~"n m

a

Writing these equations in matrix form,

Ax=B
a4y Gy e 4y,
aZI al: aZn . . .
where A= is called coefficient matrix of order m X n,
_aml aml AT anuz
X
x| .
X= is any vector of order n x 1.
EA
b,
b, | .
B=| 7| isany vector of order m x 1.
bNI

10.8.1 Solutions of System of Linear Equations:
Gauss Elimination and Gauss-Jordan Methods

For a system of m linear equations in n variables, there are three possibilities of the
solutions to the system:
(i) The system has unique solution.
(i) The system has infinite solutions.
(iii) The system has no solution.
When the system of linear equations has one or more solutions, the system is said to
be consistent, otherwise it is inconsistent.

I
a, a; a, : bl
a a siv @ 1D
. 21 22 m 1 Y2
The matrix |4:.B]= T
g s . 1
b E P
I
aml amZ ins anm : b

is called the augmented matrix of the given system of linear equations.

To solve a system of linear equations, elementary transformations are used to reduce
the augmented matrix to either row echelon form or reduced row echelon form.
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Reducing the augmented matrix to row echelon form is called Gauss elimination
method. Reducing the augmented matrix to reduced row echelon form is called
Gauss—Jordan method.

The Gauss elimination method for solving the linear system is as follows:

Step 1: Write the augmented matrix.

Step 2: Obtain the row echelon form of the augmented matrix by using elementary
row operations.

Step 3: Write the corresponding linear system of equations from row echelon form.

Step 4: Solve the corresponding linear system of equations by back substitution.

The Gauss—Jordan method for solving the linear system is as follows:

Step 1: Write the augmented matrix.

Step 2: Obtain the reduced row echelon form of the augmented matrix by using
elementary row operations.

Step 3: For each non-zero row of the matrix, solve the corresponding system of equations
for the variables associated with the leading one in that row.

Note: The linear system has a unique solution if det(A) # 0

Example 1
Solve the following system by Gauss elimination method:

x+ y+2z=9

2x+4y—-3z=1
3x+6y—-5z=0
Solution
The matrix form of the system is
2] [x 9
4 3| |y|=
5]z 0

The augmented matrix of the system is

219

I

301

36 510
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Reducing the augmented matrix to row echelon form,
R, -2R,, R,-3R

11 9
|0 2 J!1-17
0 3 —I11-27
(3)r
5 )%
11 21 9]
|
|
g 1 2412
2: 2
|0 3 =11 -27]
R, -3R,
(1 1 2! 9]
1
o 1 A
2: 2
00 113
L 20 2]
(-2)R,
(1 1 2, 9]
|
|
o 1 22117
2: 2
0 0 1} 3]

The corresponding system of equations is
x+y+ 2z=9

7 17
y——z=——
2 2
z=3
Solving these equations,
x=1,y=2

Hence, x =1, y = 2, z = 3 is the solution of the system.
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Example 2
Solve the following system by Gauss elimination method:

4x-2y+6z= 8
x+ y—-3z=-1
15x-3y+9z=21

Solution

The matrix form of the system is

I
|
11 3141
15 -3 9121

Reducing the augmented matrix to row echelon form,

RIZ

[ 1 1 -31-1
~l4 2 6! 8
15 -3 9121

R, 4R, R,~15R,
1 1 -3,-1
~lo -6 18112
0 -18 54136
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The corresponding system of equations is
x+y-3z=-1
y—3z=-2
The leading ones are in columns 1 and 2. Hence, the variables x and y are called

leading variables whereas the variable z is called a free variable. Assigning the free
variable z an arbitrary value 7,

y=3t-2
x=—-1-3t+2+3t=1

Hence, x = 1, y = 3t — 2, z =t is the solution of the system where  is a parameter.

Example 3

Solve the following system by Gauss elimination method:
3x+ y-— 3z=13
2x— 3y+ Tz= 5§
2x+19y—-47z=32

Solution

The matrix form of the system is
3 1 =3]||= 13
2. =3 71 {y|=| 5
2 19 47|z 32

The augmented matrix of the system is

3 1L 3i13
2 3 715
2 19 —47132

Reducing the augmented matrix to row echelon form,

LB
3 |
~l2 -3 715
2 19 -47.32
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Rs—~2R;, Bs—2R

From the last row of the augmented matrix,

0 — 45

1
|
|
I
9! ——
I
|
I

Ox+0y+0z=5

Hence, the system is inconsistent and has no solution.

Example 4

Solve the following system for x, y and
1 3 4
xX y z
3 2 1
iy + s ——
X y z
2 1 2
—_——— + J—
X y z

Z.

30

9

10
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Solution

The matrix form of the system is

1
J

1
1 & 4||%*| [30
32—1l=9
2 -1 2|7 o
1
[ -]

The augmented matrix of the system is

1 3 4130
]

3 2 -1'9

2 -1 2110

Reducing the augmented matrix to row echelon form,

(_1)R|

1 -3 -4!-30
<13 2 -11 9
2 -1 21 10
R, -3R, R,—2R,
[1 -3 —4]-30
~lo 11 111 99
0 5 10! 70

| |
i) (5)
[1 -3 -4 -30]
~lo 1 11 9
0 1 21! 14]
R, —R,

1 -3 —4!-30]
~lo 1 11 o9
0 0 1! 5]
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The corresponding system of equations is

1 3 4
————— =-30
X y z
1 1
—+—-=9
y Z
1
—=5
Solving these equations,
1 1 1
VT TS
1 1 1. .
Hence, x = 5 y= Z, Z= g is the solution of the system.
Example 5

Solve the following system of non-linear equations for the unknown
angles o, Band ¥, where 0 < 0 <2m, 0< B <2mand 0Ly < .
2sink— cosfB+3tany =3
4sinoe+2cosff—2tany =2
6sinax—3cos B+ tany =9
Solution
The matrix form of the system is
2 -1 3| |sincx 3
4 2 2| |cosB|=]|2
6 -3 1| |tany 9

The augmented matrix of the system is

3 -1 33
I

4 2 212

6 -3 119

Reducing the augmented matrix to row echelon form,

3
[ 1 343
[, e g i
2 212
& B 849
I
6 -3 1.9
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R,—4R, R,—6R,

L 313

B 212
~lo 4 814
0 0 -8! 0
(o) (-5)m
4) *\ g}
L o313

2 212
~ 1 211

0 1! 0

The corresponding system of equations is

sina—lcosﬂ+§tan =
2 2 Y

N | W

cosfB—2tany = —1
tany =0

Solving these equations,
=0
cosf=-1 = B=n=x

sina—lcosﬁ—étan +E
2 2 5 2
1 3 3
=—(-1 ——0+—:l
2( ) 2( ) 5

T
o=—
2

Hence, o = %, B=m, =0 is the solution of the system.

Example 6
Investigate for what values of A and U the equations
x+2y+ z= 8
2x+2y+2z=13
3x+4y+Az=pu

have (i) no solution, (ii) a unique solution, and (iii) many solutions.



10.32 Chapter 10 Matrices

Solution

The matrix form of the system is

1
2
3

FNO SR )
> N =
<
Il
(o8]

The augmented matrix of the system is

1 2 18

I
2 2 213
34/liu

Reducing the augmented matrix to row echelon form,

R,-2R, R,-3R

1 2 1 | 8
|
~lo 2 0o ! 3
[0 2 A-3u—24
1
i
5 R
1 2 1| 8
1
o1 o3
2
0 2 A-3!u-24
Ry +2R,
[1 2 1 | 8
~lo1 o | 2
1 2

(i) If A=3 and u # 21, the system is inconsistent and has no solution.
(ii) If A # 3 and u has any value, the system is consistent and has a unique
solution.
(iii) If A=3 and g =21, the system is consistent and has infinite (many) solutions.

Example 7

Determine the values of A for which the following equations are
consistent. Also, solve the system for these values of A.
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x+2y+ z=73
x+ y+ z=4

3x+ y+3z=A

Solution
The matrix form of the system is
1 2 1] | 3
11 1||yl=] 2
31 3|z A’
The augmented matrix of the system is
1 2 13
11102
31 3147

Reducing the augmented matrix to row echelon form,

R, R, R, 3R,
(1 2 1} 3 ]
=0 =1 0] %=3
0 =5 013°—9
(=DR,

[1 2 1) 8 ]
=0 1 D) 3<%
0 =5 01A°=9
R, +5R,

121, 3
~lo 1 0! 3-2
0 0 01A°=54+6

The equations will be consistent if A —52+6=0,ie. A=3o0rA=2.
CaseI: When A =3,
X+2y+z=

y =0
Assigning the free variable z any arbitrary value ¢,

x=3-2(0)—t=3—¢

Hence, x =3 —1, y =0, z =t is the solution of the system where ¢ is a parameter.

10.33
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CaseIl: When A =2,
xX+2y+z=3
y =1

Assigning the free variable z any arbitrary value ¢,

x=3-2()—t=1-¢

Hence, x=1-1¢,y=1, z=tis the solution of the system where ¢ is a parameter.

Example 8
Show that the system of equations
3x+4y+5z=a

4x+5y+6z=J
Sx+6y+Tz=vy

is consistent only if o, B and A are in arithmetic progression (A.P.).

Solution

The matrix form of the system is

wn B~ W
N W B
8]
r
=

The augmented matrix of the system is

3 45
4 5 6
56

Reducing the augmented matrix to row echelon form,
R: - RI > R3 il Rl

4 5

|
1
|
|
3
1
1
1

W

|
2 2 2
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R,-3R, R,-2R

1 1T 1] -
I
~10 1 2} 4a-3p
00 0l a—28+y
The system of equations is consistent if,
a-2B+y=0
_a+y
F==
i.e. o, Band y are in arithmetic progression (A.P.)
Example 9
Show that if A # 0, the system of equations
25¥ p =a
x+Ay— z=b
y+2z=c

has a unique solution for every value of a, b, c. If A = 0, determine the
relation satisfied by a, b, ¢ such that the system is consistent. Find the
solution by taking A=0,a=1,b=1,c =-1.

Solution

The matrix form of the system is
2 1 0ff«x
1 A —1| |y
0 1 2||¢z é

The system has a unique solution if det(A) # 0

det(4)=22A+1) -1 (2+0)=0
41 #0
A#0

Hence, the system of equations has a unique solution if A # O for any value of
a, b, c.

If A =0, the system is either inconsistent or has an infinite number of solutions.
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For A = 0, the augmented matrix of the system is

21 0la

I
10 —-1'b
01 2ic

Reducing the augmented matrix to row echelon form,

R12
[1 0 -1}b
<21 0la
01 2i¢c
z_le
(1 0 -1} b
~lo 1 21a-2p
01 21 ¢
R, —R,
[1 0 -1, b
~lo 1 2 a-2
0 0 0 lc—a+2b
The system is consistent if ¢ —a + 2b = 0.
The corresponding system of equations is
x— z=b
y+2z=a-2b

Assigning the free variable z any arbitrary value ¢,
y=a-2b-2t
x=b+t

Hence, x = b + t, y = a — 2b — 2t, z = t is the solution of the system where ¢ is a
parameter.

Whena=1,b=1,c=-1
x=1+t¢
y=-1-2¢

z=t
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Example 10
Solve the following system by Gauss—Jordan method.:

X+ x,+2x;= 8
—X% —2X%; +3x;= 1
3x,—7x, +4x; =10
Solution
The matrix form of the system is
| 1 2||x

-1 2 3|[x|=| 1
3 -7 4]|x| |10

The augmented matrix of the system is

1 1 2!8
o -2 3l 1
3 -7 4110

1

Reducing the augmented matrix to reduced row echelon form,

R +R,R -3R
1 1 21 8]
~fo -1 51 9
[0 -10 —21-14]
(=DR,
1 1 2, 8]
~lo 1 =51 29
0 -10 —21-14]
R, +10R,
[1 1 2} 8
<loo1 =5t
0 0 —521-104
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_L)Rz
52
(11 2! 8
~lo 1 =519
00 112

R, +5R,, R —2R,
(1 1 0!4

~lo 1 01
0 0 112

Rl _Rz
0
1
0

l
(e e
—_ O O
S

The corresponding system of equations is

x =3
x, =1
X, =2

Hence, x, =3, x, =1, x; =2 is the solution of the system.

Example 11
Solve the following system by Gauss—Jordan method.:
2x+2x,+2x;,= 0
—2x,+5x, +2x;= 1
8x,+ x, +4x;=-1
Solution

The matrix form of the system is
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The augmented matrix of the system is

22200

|
25 20 1
8§ 1 41-1

Reducing the augmented matrix to reduced row echelon form,

1110

I
~l=2 5 211
8§ 1 41-1

B AR R—BR,

(1 1 110
I

~l0 7 411

S = O

o 2l-= o

o Nlbh ~

o N|= |~

o Nk 9w
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The corresponding system of equations is
x + 5 X3 = ——
e g

Xp+—=X3=—
2T 5B =g

Since leading ones are in columns 1 and 2, x; and x, are called leading variables,
whereas x; is a free variable. Assigning the free variable x; any arbitrary value ¢,

X, =———=t
7
|
X, =———t
-7
1 3 . . .

Hence, x, ——;—71,)‘7 = 7 t,x; =t is the solution of the system where ¢ is a
parameter.
Example 12

Solve the following system by Gauss—Jordan method.:
x— y+2z— w=-1
2%+ y—=2z—-2w=-2
-x+2y—-4z+ w= 1
3x— 3w=-3
Solution

The matrix form of the system is

|

|
2 1 2 212
4 2 =4 1 1
5 0 o -3i-3
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Reducing the augmented matrix to reduced row echelon form,

R,—2R,R,+R,R,-3R,

i =1 B =fid
0 3 6 0! 0
“lo 12 010
0 3 -6 010
[3)%
[1 -1 2 -1]-1]
0 1 =2 0! 0
“lo 122 o010
0 3 6 01 0]
R,—R,, R, —3R,
[1 & 2 —~1i-1]
0 1 =2 0! 0
o 0o 0 00
0 0 0 01 0]
R +R,
10 0 <t}
01 =2 0!0
oo 0o o0!o0
0 0 01 0
The corresponding system of equations is
xX— w=-—1
y-2z =0

The leading ones are in columns 1 and 2. Hence, the variables x and y are called
leading variables whereas the variables z and w are called free variables. Assigning the
free variables z and w any arbitrary values ¢, and ¢, respectively,

x=-1+t,

and y=21

Hence, x=-1+1¢,, y=2t,z=t,w=1{, is the solution of the system where ¢, and ¢,
are parameters.
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Example 13
Solve the following system by Gauss—Jordan method.:

-2y+3z= 1
3x+6y-3z=-2
6x+6y+3z= 5

Solution
The matrix form of the system is

0 -2 3||«x 1

0 =2 3! 1
3 6 —31-2
6 6 315

R12
3 6 3|2
I
~ -2 3! 1
6 6 315
1
(52
3
I
1 2 —1:—g
13
~ -2 3 1
6 6 3! 5
1_6Rl
1
1 2—11—3
13
~l0 =2 31 1
0 -6 9' 9
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1 2 _1:_3
13
I
~10 ]_E:_l
()
0 -6 9. 9
R, +6R,
= 1
1 2 —11—3
13
1
~l0 1 _E}_l
21 2
00 01 6

From the last row of the augmented matrix,
Ox+0y+0z=6

Hence, the system is inconsistent and has no solution.

Example 14

Solve the following system by Gauss—Jordan method.:
X —2x — %3+3x,=1
2x,—4x,+ x5 =5
X —2x,+2x,-3x,=4
Solution

The matrix form of the system is

1 =2 -1 3] 1
X,

2 -4 1 ofl =5
Xa

1L =2 2 3| 4
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The augmented matrix of the system is

i 5 <4 341
I

2 -4 1 0!5

1 2 2 -3i4

Reducing the augmented matrix to reduced row echelon form,
R, —2R; R, —R,
1 -2 -1 311}
I
~l0 0 3 —-6,3
0 0 3 —6!3]

R, ~R;
[1 -2 -1 i 1]
|
~l10 0 3 —-6.3
[0 0 0 o0}0]
1]&
3 )
(1 2 -1 31
|
~ 1 =211
| 0 010
R +R,
(1 2 0 1,2
|
~[0 0 1 =2}1
0 00 010
The corresponding system of equations is
X —2%+ x,=2
x,—2x, =1

The leading ones are in columns 1 and 3. Hence, the variables x; and x; are called
leading variables whereas the variables x, and x, are called free variables. Assigning
the free variables x, and x, any arbitrary values ¢, and ¢, respectively,

X =2+2t ¢,

x, =1+2t,
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Hence, x, =2+2t, —t,,x, =t, x, =1+2t,, x, =t, is the solution of the system where
t,; and t, are the parameters.

Example 15

Solve the following system by Gauss—Jordan method:
2x—y+ z=9
Ix—y+ z=6
dx—y+2z=17

-x+y— z=4

Solution
The matrix form of the system is
2. =1 1 9
X
3 -1 6
y =
4 -1 2 7
z
-1 1 -1 4
The augmented matrix of the system is
2 -1 1,9
I
3 =1 176
4 -1 217
-1 1 -Li4

R14
101 -1!4
3 -1 116
14 -1 217
2 -1 119
(_I)Rl
1 -1 1!-4
3. =4 11 B
T4 -1 2107
2 -1 11 9
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I <0 0=
0 2 2118
“lo 3 2123
0 1 -1117
Ry,
1 -1 1!-4
0 1 117
“lo 3 2123
0 2 2118

1 -1 1!

0 1 -1 17
o o 11-28

0 0 01-16

From the last row of the augmented matrix,
0x+0y+0z=-16

Hence, the system is inconsistent and has no solution.

EXERCISE 10.3

1. Solve the following systems of equations by Gauss elimination method:

(i) 2x-3y- z= 3 (i) x+2y— z =1
X+2y— z= 4 X+ y+2z =9
5x -4y -3z=-2 2Xx+ y—z =2

(i) 6x+ y+ z =-4 (iv) 2x— y—- z=2
2x-3y- z= 0 X+2y+ z=2
-x-7y-2z = 7 4x -7y —-5z=2

V) 2x,+ X, +2x,+ Xx, = 6
6x,—6x, +6x, +12x, =36
4x,+3x, +3x, - 3x, = 1
2x,+2x,— x;+ x, =10
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Ans.: ]
(i) inconistent (ii) consistent
x=2,y=1z=3
(iii) consistent (iv) consistent
X=-ly=-2,z=-4 x=ﬂ,y=2_3t,z=t
5 5
(v) consistent
X, =2,x=1,x,=-1,x,=3 |
2. Solve the following system of equations by Gauss-Jordan method:
i +2y+ z=-1
(]) 6X Tz 4 (i) x+ y+ z=6
X+ y+ z=-
y X-2y+2z=5
2x-3y—- z= 0
2v— 27 7 3x+ y+ z=28
_X - —_ =
y 2x-2y+3z=7
X—y =
(iii) 2x,+ x,+ 5x,=4
3x,-2x, +2x; =2
5x,-8x, —4x;, =1
Ans.:
(i) consistent (ii) consistent
x=-lLy=-2,z=4 x=-Ly=-2,z=3

(iii) inconsistent

3. Investigate for what values of A and u, the system of simultaneous
equations

X+ y+ z= 6
x+2y+3z=10
X+2y+Az=pu

has (i) no solution, (ii) a unique solution, and (iii) infinite number of
solutions.

Ans.:
{ () A=3, u#10 (i) A#3,anyvalueof u (ii)A=3, u =10}



10.48 Chapter 10 Matrices

4. Investigate for what values of k the equations
xX+y+ z=1
2x+y+ 4z=k
4x+y+10z=Kk*
have infinite number of solutions.
[Ans.: k=1, 2]
5. Determine the values of A for which the following system of equations.
3x- y+Az= 0
2x+ y+ z= 2
X-2y—Az =-1
will fail to have a unique solution. For this value of A, are the equations
consistent? 7
[Ans.z A= ~5 no solution]

6. Find for what values A, the set of equations
2x-3y+6z-5t=3
y-4z+ t=1
4x -5y +8z-9t =1
has (i) no solution, and (ii) infinite number of solutions and find the
solutions of the equations when they are consistent.
Ans.: (YA =7,
(i) A=7,x=3k +k, +3,
y =4k -k, +1,z=k,,
t=k

10.9 SYSTEM OF HOMOGENEOUS LINEAR EQUATIONS

, X, or simply

A system of m homogeneous linear equations in n variables x;, x,, ...
a linear system, is a set of m linear equations each in n variables. A linear system is

represented by
ay X +ayx, +---+a,x, =0

Ay Xy + X, +-+a,,x, =0

am]'xl + amlx?. e anm xn = 0



10.9 System of Homogeneous Linear Equations 10.49

Writing these equations in matrix form,
Ax=0

where A is any matrix of order m x n, X is a vector of order n x 1 and 0 is a null vector
of order m x 1. The matrix A is called coefficient matrix of the system of equations.

10.9.1 Solutions of a System of Linear Equations

For a system of m linear equations in n variables, there are two possibilities of the
solutions to the system.
(i) The system has exactly one solution, i.e. x; =0, x, =0 ..., x,, = 0. This solution
is called the trivial solution.
(i) The system has infinite solutions.

Note: The system of equations has a non-trivial solution if det(A) = 0.

Example 1
Solve the following system of equations by the Gauss—Jordan method.
Ix-y-—z=0
x+y+2z=0
Sx+y+3z=0
Solution
The matrix form of the system is
3 -1 -1}|=x 0
11 2{y|=]o0
5 1 3|z 0

3 -1 <1l0
|

1 1 210

5 1 310

Reducing the augmented matrix to reduced row echelon form,

RIZ

11 210
<3 -1 -110

5 1 310
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R, =3R,, R, -5R,
1 1 2,0
I
~l0 -4 =710
0 -4 -710
(3)e ()
4) ~ 4) -
(11 210
|
‘7I
~[0 1 =10
4)
I
01 Llo
B 41
R, —R,
(1 1 20]
1
|
~lo 1 1o
4
10 0 0;0]
Ri—R,
- .
1o Lo
4|
I
~lo 1 Zio
4
10 0 0:0]
The corresponding system of equations is
1
x+—z=40
7
+—z=0
a
Solving for the leading variables, {
xX=——z
4
- O
¥=3

Assigning the free variable z an arbitrary value ¢,

x=——t
4

)= ——
Y=y
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| 7 . .. . .
Hence, x=-—1, y=—Zt is the non-trivial solution of the system where 7 is a

parameter.

Example 2

Solve the following system of equations by the Gauss—Jordan method.
x+y— z+ w=0
x=y+2z-w=0
3x+y +w=0

Solution

The matrix form of the system is

10
1 -1 2 -1}0

31 0 110
Reducing the augmented matrix to the reduced row echelon form,
-3R,
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Rs_Rz
(1 1 -1 1,0]
I
I
~[0 1 2 110
2
[0 0 0 0,0]
R -R,
- e
i S 00
2
I
~lo 1 22 110
2
[0 0 0 00
The corresponding system of equations is
x+lz =0
3
——z+w=0
¥ 2
Solving for the leading variables,
1
X=—=z
2
;—27—14)
0% %

Assigning the free variables z and w arbitrary values ¢, and ¢, respectively,

xX=—-=1

2

3
Yi= EZI )

1 3 . i, .
Hence, x= _Et' , Y= Et' —t,,z=1,w=t,is the non-trivial solution of the system

where #, and ¢, are parameters.



10.9 System of Homogeneous Linear Equations 10.53

Example 3
Solve the following system of equations by the Gauss—Jordan method.

25+ x, +3x;, =0
x +2x, =0
X+ x3 =0
Solution

The matrix form of the system is

S = N

1 3 0
2 0fx,|=|0
I 1 0

The augmented matrix of the system is

2 1
1 2
0 1

Ri»
1 2 010
~[2 1 350
01 10
R, 2R,

[5)r
12 00
{o 1 —110
01 110
Rs_Rz
12 0.0
~[o 1 -110
00 210
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Hence, the system has a trivial solution, i.e. x =0,y =0, z=0.

Example 4
Show that the following non-linear system has 18 solutions if
0<a<2r,0<B<2w and 0Ly <2m.
sinax+2cos B+3tany =0
2sinot+5cos B+3tany =0
—sin—5cos B+5tany =0

Solution
The matrix form of the system is

1 2 3f|sinax 0
2 5 3||cosB|=]|0
-1 -5 S5||tany 0
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The augmented matrix of the system is

Reducing the augmented matrix to reduced row echelon form,

R, —2R, R, +R,
1 2 30
~lo 1 310
0 -3 810
R, +3R,
[1 2 310]
~lo 1 310
0 0 -110]
(-DR,
s ale
~lo 1 310
0 0 110]

R, +3R,, R - 3R,

(1 2 0!0]
I

~l0 1 0'0

The corresponding system of equations is

sinor =0
cosff=0
tany =0

10.55
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From these equations,
o=0,m, 21
B= %, 37” [, B and ¥ lie between 0 and 27]
y=0,x%,2n

Hence, there are 3-2-3 = 18 possible solutions which satisfy the system of
equations.

Example 5

For what value of A does the following system of equations possess a
non-trivial solution? Obtain the solution for real values of A.

X+2y+3z=Ax
3x+ y+2z=A4y
2x+3y+ z = Az

Solution

The system of equations is
1-A)x+2y+3z=0
3x+(1-A)y+2z=0
2x+3y+(1-A)z=0

The matrix form of the system is

-4 2 3 X% 0
3 1-4 2
2 3 1-A4

y|=10
Z 0

The system will possess a non-trivial solution if det(A) = 0.

1% 2 3
3 1-A 2 |=0

2 3 1-A
(1-)[A=-A) —6]-2(3-34—4)+3(9-2+21)=0
1=)(A* =24 =5)+2+6A+21+6A=0
AP =2A-5-A+2A7 +5A+124+23=0
A’ +3A% +154+18=0

A=6, A=-15%20.866i
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For real value of A, i.e. A = 6, the augmented matrix of the system is

5 2 30
3 5 210
2 3 510

Reducing the augmented matrix to reduced row echelon form,

Rz_Rx
5 2 310
~[1 8 710
2 3 =510
Rll
(1 -8 710
|8 3 310
2 3 510

R,+5R, R, —2R,

1 -8 710
~lo 38 3810
0 19 -1910
1 1
(-5 5)
(1 -8 7.0]
~lo 1 -1l0
0 1 -110]
R, —R,
[1 -8 710]
~fo 1 =110
0 0 0!0]
R, +8R,
(1 0 -1}0
~{o 1 <110
00 010

10.57
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The corresponding system of equations is

x—z=0
y—z=0
Solving for the leading variables,
xX=z
y=z

Assigning the free variable z an arbitrary value ¢,
x=t
y=t

Hence, x=t,y=t,z=¢ 1is the non-trivial solution of the system where ¢ is a
parameter.

Example 6

If the following system has a non-trivial solution, then prove that
a+ b+ c=0o0ra=>b=cand hence find the solution in each case.

ax+by+cz=0
bx+cy+az=0
ex+ay+bz=0

Solution

The matrix form of the system is
a b cl||x 0
b ¢ aflyl=|0
c a bz 0

The system has a non-trivial solution if det (A) = 0.

a c
b =0

L o o

a
b
a(bc—a*)—b(b* —ac)+c(ab—c*)=0

-a’+b +c* —3abc=0

—(a+b+c)a’ +b’ +c* —ab—bc—ca)=0

[



10.9 System of Homogeneous Linear Equations 10.59

a+b+c=0

or a*+b*+c?—ab—bc—ca=0
%[(a—b)z +(b-c)’ +(c—a)’]=0
a-b=0,b—c=0,c—a=0

a=b,b=c,c=a

a=b=c

Hence, the system has a non-trivial solution if a+b+c=0 or a=b=c.

The augmented matrix of the system is

a b ¢|0

|

b ¢ a0

c a b!O

R,+R +R,

a b ¢ 10
I
~ b c a 1 0
a+b+c a+b+c a+b+ci0

The corresponding system of equations is
ax+ by + cz=0
bx + cy + az=0
(a+b+c)x+(a+b+c)y + (a+b+c)z=0

(1) When a+b+c=0, we have only two equations.

ax+by+cz=0
bx+cy+az=0

x _y _ .z .y
b ¢ a ¢l l|la b
c a b a |b c
X y z
2 - 2 = 7 =k
ab—c a —bc ac-b

Hence, x=(ab-c’)t,y=(bc—a’)t,z=(ac—b*)t is the solution of the
system where 7 is a parameter.

(i) When a = b = ¢, we have only one equation.

x+y+z=0
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Let
Then X=—t—t,

Hence, x=—t,—t,, y=1,z=1, is the solution of the system where f; and t, are
parameters.

Example 7
Discuss for all values of k, the system of equations
224 3ky +(Bk+4)z=0
x+ (k+4)y+@k+2)z=0
x+2(k+D)y+Q@Bk+4)z=0

Solution

The matrix form of the system is

2 3k 3k+4][x
1 k+4 4k+2||y|=|0
|1 2k+2 3k+4]|z 0

3k 3k+4|ly|=|0
2k+2 3k+4][z]| |0

R

1 k+4 4k+2][x] [0
2

1

2_2R15R3 R1
1 k+4 4k+2][x] [0
0 k-8 =5k ||yl|=|o0
0 k-2 —k+2]z] [0
1 k+4 4k+2
det(4)=|0 k-8 -5k
0 k-2 —k+2

=(k—-8)(—k+2)+5k(k-2)
= (k-2)(—k+8+5k)
=4(k-2)(k+2)
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(1) When k #+ 2, det(A4)#0, the system has a trivial solution, i.e. x =0, y =0,
z=0.
(it) When k =12, det (A) = 0, the system has non-trivial solutions.

Case I: When k = 2, the augmented matrix of the system is

1 6 1010

I
0 -6 -10'0
0 0 010

(2

<R

1 6 10 0]
1

~lo 1 1%
6 1

00 00

R —6R,

(1 0 0 |0]
|
|

-lo 1 2y
6 |
00 010

x=0
10
y+—z=0
6
Solving for the leading variables,
x=10
10
y=——2z
. 6

Assigning the free variable z any arbitrary value ¢,

10 5

6 3

5 . . .
Hence, x=0, y= _Et’ z =t is the solution of the system where 7 is a parameter.
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Case II: When k = -2, the augmented matrix of the system is

1 3 =60
0 -10 1010
0 -4 410

Reducing the augmented matrix to reduced row echelon form,

(o) (-3

12 =610
I
~lo 1 -110
01 -110
R3 _Rz
[1 2 —60]
|
~lo 1 -110
0 0 010
R -2R,
(10 —410]
I
~lo 1 110
0 0 010

The corresponding system of equations is

x—4z=0
y— z=0
Solving for the leading variables,
x=4z
Y=z

Assigning the free variable z any arbitrary value ¢,
x=4¢
y= !

Hence, x=4¢, y =t,z=t is the solution of the system where ¢ is a parameter.
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EXERCISE 10.4

1. Solve the following equations:
(i) x—y+2z=0
X424+ Z2=0
2X+ y+3z=0

(i) x-2y+3z=0
2x+5y+6z=0

(i) 2x-2y+5z+3w =0

iv) 2x-— 3z=0
4x-y+ z+w=0 (V) 2~ iz

2 =
3x-2y+3z+4w =0 3x+4y+52_8
X-3y+7z+6w =0 X—yvaz=

(v) 7x+ y-2z=0 (vi) 3x+4y—- z—- 9w =0
xX+5y—-4z=0 2x+3y+ 2z— 3w =0
3x-2y+ z=0 2x+ y—-14z-12w =0
2x-7y+5z=0 x+3y+13z+ 3w=0
(vii) X, +2x, +3x;+ x, =0 (viii) 2x,— X, +3x;=0
X+ X,— X;— x,=0 3, +2x,+ X, =0
3x,— X, +2x,+3x,=0 X, —4x,+5x, =0
[Ans.: () x=0,y=0,z=0 (i) x=-3t,y=0,z=t |

(iii) x=¥t,y=4t,z=%t, w=t

: 3 13
=-t,y=t,z=t =—t,y=—t,z=t
(iv) x y z (v) x 17 y 7 z

(Vi) x=11t,y=-8t,z=t,w=0

” 1 2 2
(vii) x, =—§t, X, =§t, X, =—§t, x, =t

viii) X, =—x, =—x, =t
1 2 3

2. For what value of A does the following system of equations possess a non-
trivial solution? Obtain the solution for real values of A.

(i) 3x+ y-Az=0 (i) (1=2A)x, + 2x, + 3x,=0

4x-2y- 3z=0 3, +(1=)x, + 2x, =0

2Ax+4y — Az=0 2x, + 3x,+(1-A)x, =0
[Ans.: ]

(i) Non-trivial solution A =1,-9
ForA=1,x=-t,y=-t,z=-2t
ForA=-9,x=-3t,y=-9,z=2t

[(iDA=6,x=y=2z=t
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3. Show that the system of equations 2x -2y +z=Ax,2x-3y+2z= Ay,
—X + 2y = Az can posses a non-trivial solution only if A = 1, A = -3. Obtain
the general solution in each case.

Ans.: ForA=1,x=2t,-t,y=t,, z=t¢,
[ For /1=—3,x=—t,y=—2t,z=t}

10.10 EIGENVALUES AND EIGENVECTORS

Eigenvalues and eigenvectors are important concepts in linear algebra. They are derived
from the German word ‘eigen’ which means proper or characteristic. Eigenvectors are
nonzero vectors that get mapped into scalar multiples of themselves under a linear
operator.

Any nonzero vector X is said to be a characteristic vector or eigenvector of a matrix A
if there exists a number A such that

Ax = Ax

. . 2 .
where A=[a is an n—rowed square matrix and x=| ." | is a non-zero column

ij ]n><n

X

n

vector.
Also, A is said to be characteristic root or characteristic value or eigenvalue of the
matrix A.

Depending on the sign and the magnitude of the eigenvalue A corresponding to x, the
linear operator AX = Ax compresses or stretches the eigenvector x by a factor A. If 1 is
negative, the direction of the eigenvector reverses. (Fig. 10.1).

Now

Ax = Ax = AKx
(A-ADx=0
()o<a<Ht (i) A >1 (ii)—1<A<0 (iv) 4 <1
Fig. 6.1

The matrix A — A/ is called the characteristic matrix of A where I is the unit matrix of
order n.
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det(d-AD)=| ™

a —A

n2 nn

a a

nl

which is an ordinary polynomial in A of degree n, is called the characteristic polynomial
of A.

The equation det(A — A1) = 0 is called the characteristic equation of A and the roots of
this equation are called the eigenvalues of the matrix A. The set of all eigenvectors is
called the eigenspace of A corresponding to A. The set of all eigenvalues of A is called
the spectrum of A.

Note: (1) The characteristic equation of the matrix 4 of order 2 can be obtained from
A= 85, 2+8,=0
where S, = sum of principal diagonal elements and
S, = determinant A

(2) The characteristic equation of the matrix 4 of order 3 can be obtained from
A= § P +8,A—8,=0
where S, = sum of principal diagonal elements,
S, = sum of minors of principal diagonal elements and
S5 = determinant A

(3) The sum of the eigenvalues of a matrix is the sum of its principal diagonal elements.
(4) The product of the eigenvalues of a matrix is the determinant of the matrix.

10.11 PROPERTIES OF EIGENVALUES

Property 1: If Ais an eigenvalue of the matrix A then A is also an eigenvalue of A’
Proof: Let A be an eigenvalue of the matrix A.

The characteristic equation of A is det(A — AI) = 0.

The characteristic equation of ATis det (AT— A =0.

The determinant value does not change by the interchange of rows and columns.
det(4—Al)=det(A" — AI)
The characteristic equations are same for both A and AT,

Hence, A is also an eigenvalue of AT,

1
Property 2: If A is an eigenvalue of the non-singular matrix A then — is an
eigenvalue of Al A

Proof: Let A be an eigenvalue of the non-singular matrix A.

Ax = Ax ...(10.1)
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Premultiplying both sides of Eq. (10.1) by A,

A'Ax = A" Ax
Ix=214""x
x=214""x
A'x = lX
A

Hence, % is an eigenvalue of Al

Property 3: If A is an eigenvalue of the matrix A then AFis an eigenvalue of A*,
Proof: Let A be an eigenvalue of the matrix A.

Ax = Ax ...(10.2)

Premultiplying both sides of Eq. (10.2) by A,

AAx = AAx

A*x = A(Ax)
= A(Ax)
= A’x

Similarly, A’x = A’x
In general, A*x = Ax
Hence, A* is an eigenvalue of AF,

Property 4: If Ais an eigenvalue of the matrix A then A + k is an eigenvalue of A + kI.
Proof: Let A be an eigenvalue of the matrix A.

Ax = Ax ...(10.3)
Adding kIx on both sides of Eq. (10.3),

Ax + kIx = Ax + kIx
(A+kD)x=Ax+kx
=(A+k)x
Similarly, (4—KI)x = (A —k)x
In general, (A+kl)x=(Axk)x
Hence, A * k is an eigenvalue of A + kI.
Property 5: If Ais an eigenvalue of the matrix A then kA is an eigenvalue of kA.
Proof: Let A be an eigenvalue of the matrix A.
Ax = Ax ...(10.4)

Multiplying both sides of Eq. (10.4) by the scalar k,
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kAx =kAx

Hence, kA is an eigenvalue of kA.

10.67

Property 6: The cigenvalues of a triangular matrix are the diagonal elements of the

matrix.
ay a4y 4y,
0 a, - a,
Proof: Let A=|--- -+ --- ---|Dbe atriangular matrix of order n.
0 0 - a,)

The characteristic equation is
det(A—-A1)=0

a,—A  a, Ay,
0 Ay —A - a4,
=0
| 0 0 a, = A
(@, =A)Nay, = 4)...(a,, —A)=0
A=a,,dy,..., 4,
Hence, the eigenvalues of A are a,;, a,,, ... , a,, which are the diagonal elements of

the matrix.

Property 7: The cigenvalues of a real symmetric matrix are real.

Proof: Let A be an eigenvalue of the real symmetric matrix.
Ax = Ax

Premultiplying both sides of Eq. (10.5) by X',

X Ax = AX"x
Taking complex conjugate on both sides of Eq. (10.6),

X' AX = Ax'X

x AX = Ax'X (. A = A for real matrix)
Taking transpose on both sides of Eq. (10.7),

X'A"x=2x"x

X Ax = Ax"x (' A" = A for symmetric matrix) ...

From Egs (10.6) and (10.8), 3
AxTx=2xTx

A-DxTx=0

.. (10.5)

.. (10.6)

..(10.7)

(10.8)
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X'x isa 1 x 1 matrix, i.e., a single element which is positive,
A-A1=0
i.e., Ais real.

Hence, the eigenvalues of a real symmetric matrix are real.

Example 1
2 3
Find the sum and product of the eigenvalues of the matrix A= |:4 2:|.
Solution
Sum of the eigenvalues of A = Sum of principal diagonal elements of A
=2-2
=0
Product of the eigenvalues of A = Determinant of A
2 -3
4 =2
=—4+12
=38
Example 2
1 25
Find the sum and product of the eigenvalues of the matrix A=|2 3 4.
3 6 7
Solution
Sum of the eigenvalues of A = Sum of principal diagonal elements of A
=1+3+7
=11
Product of the eigenvalues of A = Determinant of A
1 25
=2 3 4
3 6 7
=1(21-24)-2(14-12)+5(12-9)
=-3-4+15

=8
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Example 3 6 2 2
The product of two eigenvalues of the matrix A=|-2 3 —1] is 16.
2 -1 3
Find the third eigenvalue.
Solution
Let A, A, and 4, be the eigenvalues of the matrix A.
AA,=16
Product of the eigenvalues of A = Determinant of A
6 -2 2
ALA =1-2 3 -1
2 -1 3
164, = 6(9 = 1)+ 2(—6+2) +2(2 - 6)
=48-8-8
A, =2
Example 4 9
Two eigenvalues of the matrix A=|1 3 1| are equal and are 3 times
1 2 2
to the third. Find the eigenvalues.
Solution
Let A,, A, and 1, be the eigenvalues of the matrix A.
A=A,
1
)’1 = g /’L3
1
A, = 5/13

Sum of the eigenvalues of A = Sum of principal diagonal elements of A
/11 +/lz +/13 =2+3+2

1 1
“L+-A+A3=7
5 3 5 3 3

7

Ly =7

5 3

1325
.'.).412/1221

Hence, the eigenvalues of A are 1, 1, 5.
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Example 5
2 2 2

If 2 is an eigenvalue of the matrix A=1 1 1|, find the other two
I 3 -1

eigen values.

Solution
Let A,, A, and 1, be the eigenvalues of the matrix A.
=2
Sum of the eigenvalues of A = Sum of principal diagonal elements of A

244, +A;=2+1-1

Ay +A5=0 (D)
Product of the eigenvalues of A = Determinant of A
2 2 2
2,4, =1 1 1
1 3 -1
=2(-1-3)+2(-1-D+2(33-1)
=-8-4+4
=-8
MAy=—4 ...(2)
Solving Egs (1) and (2),
Ay=2,A3=-2

Hence, the other two eigenvalues are 2, —2.

Example 6

For a given matrix A of order 3, |Al = 32 and two of its eigenvalues are
8 and 2. Find the sum of the eigenvalues.

Solution

Let A,, A,and /13 be the eigenvalues of the matrix A.
M=8,1,=2
Product of the eigenvalues of A = Determinant of A
Ay = Al

8x2xA;=32
Ay=2

Hence, the sum of the eigenvalues =8 +2 +2 =12
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Example 7

For a singular matrix of order three, 2 and 3 are the eigenvalues. Find
its third eigenvalue.

Solution

Let A;, A, and A, be the eigenvalues of the matrix A.
M=2,4,=3
For a singular matrix, |Al=0
Product of the eigenvalues of A = Determinant of A
AdAs=|Al
2x3%xA;=0
Ay=0
Hence, the third eigenvalue = 0

Example 8

2 01
If 2, 3 are the eigenvalues of | 0 2 0|, find the value of a.
Solution a 02

Let A;, A, and A, be the eigenvalues of the matrix A.
M=2,4,=3
Sum of the eigenvalues of A = Sum of principal diagonal elements of A
2+3+A3=24+2+2

Product of the eigenvalues of A = Determinant of A

LA, A, =4
2 01

2x3x1=10 2 0
a 0 2

6=2(4-0)-0(0-0)+1(0-2qa)
=8-2a
2a=2

a=1
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Example 9
8 -6 2

If 3 and 15 are the two eigenvalues of A=|—-6 7 —4|, find |Al
2 -4 3

without expanding the determinant.

Solution

Let A, 4, and A5 be the eigenvalues of the matrix A.
M=3,4,=15
Sum of the eigenvalues of A = Sum of principal diagonal elements of A
34+4154+A;=8+7+3
A3=0
Product of the eigenvalues of A = Determinant of A
3x15x0=|A]
lal =0

Example 10
4
Find a and b such that A= |:Cll b:| has 3 and -2 as eigenvalues.

Solution

Let A, and A, be the eigenvalues of the matrix A.

}1/1 = 3, 2/2 = —2
Sum of the eigenvalues of A = Sum of principal diagonal elements of A
3-2=a+b
a+b=1 ..(D)

Product of the eigenvalues of A = Determinant of A

A, =4
a
(3)(—2)=1 b‘
=ab-4
ab=-2 .(2)

From Eq. (1), a=1-b
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Substituting in Eq. (2),

(1-b)b=-2
b-b"=-2
b*—b-2=0

b=2 or b=-1

sa=-1 or a=2

Example 11
2 21
Two eigenvalues of the matrix A=(1 3 1| are 1 and 1. Find the
eigenvalues of A 1 2 2
Solution
Let 4,, 4, and A5 be the eigenvalues of the matrix A.

Sum of the eigenvalues of A = Sum of principal diagonal elements of A

1+1+A;=2+3+2
13:5

Hence, the eigenvalues of A are 1, 1, 5.

. _ 111 . 1
The eigenvalues of A ! are -,-,—, Le., 1,1,—.
1'1°5 5

Example 12
3 -1 1
Two of the eigenvalues of the matrix A=|—-1 5 —1| are 3 and 6.
Find the eigenvalues ofAf1 and A°>. -1 3
Solution

Let A, A, and A5 be the eigenvalues of the matrix A.
2,1 = 3, /12 = 6

Sum of the eigenvalues of A = Sum of the principal diagonal elements of A

3+6+A;=3+5+3
Ay=2

The eigenvalues of A are 3, 6, 2.
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111

Hence, the eigenvalues of A" are 5, g, 5 , and the eigenvalues of A are 33, 63, 23, ie.,
27,216, 8.
Example 13
Form the matrix whose eigenvalues are o— 5, f— 5, y— 5 where o, f,

-1 -2 3
y are the eigenvalues of A=| 4 5 —6].

7 -8 9

Solution

If ;, A, and A5 are eigenvalues of the matrix A then A, —k, A1, — k and A5 — k are the
eigenvalues of A — kI

-1 -2 3 1 00

Required matrix = 4-5/=| 4 5 —-6(-5/0 1 O
7 -8 9 0 0 1

-6 -2 3

=l 4 0 -6

7 -8 4

Example 14

-1
If o and B are the eigenvalues of |: { 5:|, form a matrix whose
eigenvalues are o> and ,6’3. B

Solution

If A, and A, are the eigenvalues of the matrix A then A and A} are the eigenvalues
of AX,

3 -1
Let A=
-1 5
5 3 1) 3 -1 10 -8
A°=AA= =
-1 5{-1 5 -8 26

10 =8| 3 -1 38 =50
Required matrix = A’ = 4°4 = =
-8 26{-1 5 -50 138
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Example 15
3 -1 1

If A=|-1 5 —1|, find the eigenvalues for the following matrices:
1 -1 3

(i) A (i) AT (iii) A7 (iv) 4470 (v) A (i) A2=2A+1 (vii) A+21

Solution

3 -1 1

A=[-1 5 -1

1 -1 3

The characteristic equation is
det(A-AI)=0
3-4 -1 1

-1 5-1 -1|=0

1 -1 3-2

A =SA+8,A-8,=0
where S| = Sum of the principal diagonal elements of A=3+5+3=11

S, = Sum of the minors of principal diagonal elements of A

s -1l 31 |3 -
:‘—1 T M
= (15-1)+(9-1)+(15-1)
=14+8+14
=36
3 -1 1
S, =det(A)=|-1 5 -I
-1 3
=3(15-1)+1(=3+1)+1(1-5)
—42-2-4
=36

Hence, the characteristic equation is
P —1112+364-36=0
2

1=2,3,6

(i) Eigenvalues of A=A : 2,3,6
(ii) Eigenvalues of AT=2 : 2,3,6
(iii) Eigenvaluesof 47" = A" l, l, 1
2°'3°6
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(iv) Eigenvalues of 447" = 41" D2, %, %

(v) Eigenvalues of A=) . 4,9,36
(vi) Eigenvalues of A> =24 +I=A*-2A+1 : 1,4,25
(vii) Eigenvalues of A>+2I=2A%+2 10,29, 218

10.12 LINEAR DEPENDENCE AND INDEPENDENCE OF
EIGENVECTORS

10.12.1 Linear Dependence

A set of r eigenvectors X, X,, ... X, is said to be linearly dependent if there exist r
scalars (numbers) k|, k,, ... k, not all zero, such that

kx +kx,+--+kx =0

10.12.2 Linear Independence

A set of r eigenvectors X[, X,, ... X, is said to be linearly independent if there exist
r scalars (numbers) &, k,, ... k, such that if

kx, +kx,+-+kx, =0

thenklzkzz...:k :0

r

Note: (1) If a set of eigenvectors is linearly dependent then at least one eigenvector
of the set can be expressed as a linear combination of the remaining
eigenvectors.

(2) If a set of eigenvectors is linearly independent then no eigenvector
of the set can be expressed as a linear combination of the remaining
eigenvectors.

10.13 PROPERTIES OF EIGENVECTORS

Property 1: If x is an eigenvector of a matrix A corresponding to the eigenvalue A
then kx is also an eigenvector of A corresponding to the same eigenvalue A, where k
is a nonzero scalar.

Proof: Let x be an eigenvector of a matrix A corresponding to the eigenvalue A.

Ax = Ax
and x#0
If k is any nonzero scalar then kx # 0.
Also, A(kx) = k(AX) = k(Ax) = A(kX)

Hence, kx is an eigenvector of A corresponding to the eigenvalue A. Thus,
corresponding to an eigenvalue A, there is more than one eigenvectors.
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Property 2: If x is an eigenvector of a matrix A then x cannot correspond to more
than one eigenvalue of A.

Proof: Let x be an eigenvector of a matrix A corresponding to two eigenvalues A, and A,.

Ax=Ax
and Ax = AX
Ax=2,x
(A, =2,)x=0
A=A,=0 (-x#0)
A=A,

Hence, x cannot correspond to more than one eigenvalue of A.

Property 3: The eigenvectors corresponding to distinct eigenvalues of a matrix are
linearly independent.

Proof: Let x,, X,, ..., X,, be the eigenvectors of a matrix A corresponding to distinct

eigenvalues A, A,, ..., 4,

Ax, =AX,i=12,...,m

(A

Let the eigenvectors X, X,, ..., X,, be linearly dependent. Choose r such that the
eigenvectors X, X,, ..., X, are linearly independent but x;, X,, ..., X,, X, | are linearly
dependent, where 1 < r < m.

Then kx, +hkx,++kx +k,x, =0 ... (10.9)
where k|, ks, ..., k,, k. | are scalars not all zero.

Akx, +k,x, +-+kXx, +k, Xx,)=0
k(Ax) +k, (Ax,))+ -+ k (Ax, )+ k., (4x,,,)=0
k(Ax)+k,(Ax,)++k(Ax)+k, (A X.,)=0 ... (10.10)
Multiplying Eq. (10.9) by A, . ; and subtracting from Eq. (10.10),

k(A = A, )% +ky(Ay = A, )X, + 4k, (A, = A, )X, =0 .. (10.11)

r+l

Since X, X,, ..., X, are linearly independent,

Ay =) =0, kyAs = A, D=0, ... k(A -2, ,)=0

Buti,, A,, ..., 4,, A, are distinct.

Sk =0,ky=0,...,k.=0
Putting in Eq. (10.9),

k1X,41 =0
Thus, for Eq. (10.9), k=0 10 % 20]
k;=0,k=0,k.=0,k,,,=0

which contradicts our assumption that k|, k,, ..., k,, k., | are not all zero.
Thus, x;, X,, ..., X, ; are linearly independent and hence x,, X,, ..., X,, are linearly
independent.
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Note: If two or more eigenvalues are equal then the corresponding eigenvectors may
or may not be linearly independent.

Property 4: The eigenvectors corresponding to distinct eigenvalues of a real
symmetric matrix are orthogonal.

Proof: Let A, and 4, be the two distinct eigenvalues of a real symmetric matrix A and
X, and x, be the corresponding eigenvectors respectively.

Ax, = X, ...(10.12)
and AX, = ArX, ...(10.13)
Premultiplying both sides of Eq. (10.12) by x.,

X, Ax, = A,x}x,
Taking the transpose on both sides,

X, Ax, =Ax/x, (A" =A4) ...(10.14)
Premultiplying both sides of Eq. (10.13) by x/,

x| Ax, = A,x] x, ...(10.15)
From Eqgs (10.14) and (10.15),

AxXIx, = A,x X,

A =2A,)x/x,=0
XX, =0 (A #1,)

Hence, the eigenvectors X, and x, are orthogonal.
Working Rule for Finding the Eigenvalues and Eigenvectors
(i) Write characteristic equation det (A — A7) = 0 for the given square matrix.

(i1) Find the eigenvalues of the matrix by solving characteristic equation.

(iii) Find eigenvectors corresponding to each eigenvalues from the equation
[A-AIlx=0.

Example 1 [5 4]

Find the eigenvalues and eigenvectors of the matrix

, 1 2]
Solution
5 4]
Let A=
1 2]
The characteristic equation is
det(4-AI) =0
5-4 4 | 0
1 2-4

A =S A+8,=0
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where S| = Sum of the principal diagonal elements of A=5+2=7

S, =det(4) = ‘1 )
=10-4
=6
Hence, the characteristic equation is
=TV +6=0
A=6,1
(a) For A=6, [A-Al]x=0
0
R HEH
-x+4y=0
Let y=t
x =4t

X 4¢ 4
X= |: :| = |: ; :| = t[l] =¢x, where X, is an eigenvector corresponding to A1 = 6.
y

(b) For A=1, [A-Alx=0
4 4 0
B RN
x+y=0
Let y=t
xX=-—t
X —t -1 . . .
X = [y] = [ t:| = t[ 1] =tx, where X, is an eigenvector corresponding to A=1.
Example 2
4 6 6
Find the eigenvalues and eigenvectors of the matrix | 1 3 21
-1 -4 -3
Solution
4 6 6
Let A= 1 3 2
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The characteristic equation is
det(4-A1)=0
4-1 6 6
1 3-2 2 |=0
-1 -4 -3-1
A =SA+S,A-5,=0
where S, = Sum of the principal diagonal elements of A=4+3-3=4
S, = Sum of the minors of principal diagonal elements of A
3 204 6 |4 6
=‘—4 I A 3‘
=(-9+8)+(-12+6)+(12-6)

=—1-6+6
=1

4 6 6
S,=det(d)=| 1 3 2
-1 -4 -3
= 4(=9+8) = 6(=3+2)+ 6(—4+3)
=—4+46-6
=—4

Hence, the characteristic equation is
P-4 -A+4=0

A=-1,1,4
(a) For A=-1, [A-Allx=0
5 6 6| «x 0
1 4 2fy|=|0
-1 -4 =2||z 0
5x+6y+6z=0
x+4y+2z=0
By Cramer’s rule,
x _y oz _
6 6 |5 6 |5 6
4 2 1 2 |1 4
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T
-12 -4 14
X z
R
—6¢ -6
x=|y|=| -2t |=1¢| -2 |=tx, where x, is an eigenvector corresponding to A =-1.
z 7t 7
(b) For A=1, [A-AIx=0
3 6 6flx 0
1 2 2||y|=|0
-1 -4 -4z 0
x+2y+2z=0
-x—4y—-4z=0
By Cramer’s rule,
X Yy z _,
2 2 1 2 1 2
B e
x_y_z_,
0 2 =2
X z
i
0 0
x=|y|=| t|=¢| 1|=ux, wherex, is an eigenvector corresponding to A = 1.
z —t -1
(c) For A=4, [A-Alx=0
0 6 6]«x 0
I -1 2fly[=|0
-1 -4 7|z 0
0x+6y+6z=0
x— y+2z=0
x—-4y-T7z=0

By Cramer’s rule,
x __ vy __z _,
6 6 0 6 10 6
MR R
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xX_ry_z._,
18 6 -6
x_y_z_,
31 -1
3¢ 3
x=|y|=| t|=t| 1|=1x, where X, is an eigenvector corresponding to A = 4.
z —t -1
Example 3
I 0 -1
Find the eigenvalues and eigenvectors of the matrix |1 2 1
2 2 3
Solution
1 0 -1
Let A=|1 2 1
2 2 3
The characteristic equation is
det(4-AI)=0
1-2 0 -1

2 2 3-1
A =SA+S,A-S,=0
where §; = Sum of the principal diagonal elements of A=1+2+3=6

S, = Sum of the minors of principal diagonal elements of A

2 1 |1 - |1 o
=k 372 3T 2
= (6-2)+(3+2)+(2-0)
=4+5+2
=11

10 -1
S,=det(4)=|1 2 1
22 3

=1(6-2)-0-1(2-4)
=6
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Hence, the characteristic equation is
A =6 +111-6=0
A=1,2,3

(a) ForA=1, [A-Allx=0
0 0 —1|fx 0

11 1|y
2 2 2=

0
0
Ox+0y-z=0
x+ y+z=0

By Cramer’s rule,

z 0 0

(b) For A=2, [A-Allx=0
-1 0 1| x

—_
(=
L
<
Il
S O O

2 2 1|z
x+0y+z=0
2x+2y+z=0

By Cramer’s rule,

z 2t 2
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(¢) For A=3, [A-Allx=0
-2 0 -1ffx 0
I -1 1|[y|=]0
2 2 0]z 0
—2x+0y — z=0
x—y+ z=0
2x+2y+0z=0
By Cramer’s rule,
x y o__z _,
0 -1 -2 -1 -2 o
-1 1 1 1 1 -1
R
-1 1 2
X —t -1
x=|y|=| t|=t| l|=1x, where x;is an eigenvector corresponding to 1= 3.
z 2t 2
Example 4
8§ =6 2
Find the eigenvalues and eigenvectors of the matrix | -6 7 —4/|.
2 4 3
Solution
8 -6 2
Let A=|-6 T -4
2 -4 3
The characteristic equation is
det(A-A1)=0

8—-1 -6 -2
-6 7-1 —-4|=0
2 -4 3-2
A =SA+8,A-8,=0
where S| = Sum of the principal diagonal elements of A=8 +7 +3 =18

S, = Sum of the minors of principal diagonal elements of A
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7 -4 8 2 |8 -6
z‘—4 3Hz 3‘+—6 7‘
= (21-16)+ (24— 4)+ (56 — 36)
=5+20+20
=45

8§ -6 2
S, =det(4)=|-6 7 -4
2 4 3
=8(21-16)+ 6(~18+8)+2(24— 14)
=40-60+20
=0

Hence, the characteristic equation is
A - 1822 +451=0
1=0,3,15

(a) For A=0, [4-AIlx=0

8x—6y+2z=0
—6x+7y—4z=0
2x—4y+3z=0

By Cramer’s rule,

X t 1

x=|y|=|2¢f|=t|2|=1x, where x, is an eigenvector corresponding to 1 =0.
z 2t 2
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(b) For A=3, [A-Allx=

S5x—-6y+2z=0
—6x+4y—-4z=0
2x—4y+0z=0
By Cramer’s rule,

X __ y _ z —;
-6 2 5 2 5 -6
‘4 —4‘ ‘—6 —4‘ -6 4‘
X z
TRt
x z
PR
2t 2
x=|y|= t|=t| 1|=1tx, where x, is an eigenvector corresponding to A = 3.
z =2t -2
(¢) ForA=15, [A-Al]x=0
-7 -6 2| x 0
-6 -8 -4 y]=|:0
2 -4 -12||z 0
-Tx—6y + 2z=0

—6x—-8y — 4z=0
2x—4y -12z=0

By Cramer’s rule,

X _ y _ z .y

-6 2 -7 2 -7 -6

LA
x _y z
40 40 20
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X 2t 2
x=|y|=|-2t|=¢| -2 |=tx, where x; is an eigenvector corresponding to A = 15.
z t 1

Note: The eigenvectors corresponding to distinct eigenvalues of a real symmetric
matrix are orthogonal which can be verified with this example.

2
X', =[1 2 2]| 1|=[0]=0
-2

2
xX'x,=[2 1 =2]|-2|=[0]=0
1

1
xix, =[2 -2 1]{2|=[0]=0
2

Thus, x,, X, and x; are orthogonal to each other.

Example 5 4 9
Find the eigenvalues and eigenvectors of the matrix | =5 3 2|.
. -2 4 1
Solution
4 2 2
Let A=|-5 3 2
-2 4 1
The characteristic equation is
det(4—A1)=0

4-2 2 =2
-5 3-1 2|=0
2 4 1-2
A =SA+S8,A-5,=0

where S| = Sum of the principal diagonal elements of A=4+3+1=38
S, = Sum of the minors of principal diagonal elements of A

32014 2] |4 2
= + +

4 1 =2 1 |-5 3
=(3-8)+(4-4)+(12+10)
=-5+0+22

=17
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4 2 =2
S,=det(4)=|-5 3 2
-2 4 1
=4(3-8)—2(-5+4)-2(-20+6)
=-20+2+28

=10
Hence, the characteristic equation is
A =817 +174-10=0
A=1,25
(a) ForA=1, [A-Allx=0
3 2 2||x 0
-5 2 2|l»y|=|0
-2 4 0|z 0
3x+2y—-2z=0
—Sx+2y+2z=0
—2x+2y+0z=0

By Cramer’s rule,

X

u] |2 2

x=|y|=| t|=t|1|=tx, where vector X, is an eigenvector corresponding
z 4¢ 4

toA=1.

(b) For A=2, [A-Alx=0
2 2 2|« 0
=5 1 2|y |:0
-2 4 -1l z 0
2x+2y—-2z=0
—5S5x+ y+2z=0
—2x+2y— z=0
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By Cramer’s rule,

x __ vy __z _,
2 2 2 -2 2 2
P ETET
X_Y_Z_,
6 6 12
X z
1T
x|| ¢ 1
x=|y|| t|=t|1|=x, where vector X, is an eigenvector corresponding to A =2.
z || 2¢ 2
(¢c) For A=35, [A-Al]x=0
-1 2 2][«x 0
-5 =2 2|y|=|0
-2 4 -4z 0
—x+2y-2z=0
—5x-2y+2z=0
By Cramer’s rule,
x .y __z _,
2 2 -1 =2 |-1 2
B I D
Xy oz
0 12 12
x z
511"
X 0 0
x=|y|=| t|=¢| 1|=1tx, where x5 is an eigenvector corresponding to A =5.
z t 1
Example 6 2 3
Find the eigenvalues and eigenvectors of the matrix | 2 1 —6/|.
-1 -2 0
Solution
-2 2 3
Let A= 2 1 -6
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The characteristic equation is

det(A—AI)=0
—2-2 2 -3
2 1-1 -6/=0
-1 =2 -2

A =S +8,A-8,=0
where S| = Sum of the principal diagonal elements of A =-2+1+0=-1

S, = Sum of the minors of principal diagonal elements of A

1 =6 |2 -3 |2 2
=‘—2 of |1 on 1‘
= (0-12)+(0—3)+(-2-4)
=—12-3-6
=21

2 2 3
S,=det()=| 2 1 -6
120
= (=2)(0-12)=2(0— 6) - 3(=4+1)
=24+12+9
=45

Hence, the characteristic equation is
P +A-21A-45=0

A=5,-3,-3
(a) For A=35, [A-Allx=0
-7 2 3 x 0
2 -4 -6|y|=|0
-1 -2 5]z 0
—Tx+2y-3z=0
2x—4y—-6z=0
—x—-2y-5z=0
By Cramer’s rule,
X _ y _ z —y
2 3 -7 =3 -7 2
e I I P
X v z
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x t 1
x=|y|=|2t|=t| 2|=1x, wherex, is an eigenvector corresponding to A =5.

z —t -1

(b) For A=-3, [A=Alx=0
1 2 3if«x 0

2 4 —6fly|=|0

-1 2 3|z 0

x+2y-3z=0

Let y=tjandz=1,
x=-2t;+3t,

x] [-26+3,7] [-24] [3t, -2 3
x=|yl|= t, =| 4 [+] 0 |=4| 1|+4|0|=1tx,+5,x,
z 1, 0 1, 0 1

where X, and X, are linearly independent eigenvectors corresponding to A = 3.

Example 7
P 0 1 1
Find the eigenvalues and eigenvectors of the matrix |1 0 1.
. 1 1 0
Solution
0 1 1
Let A=|1 0 1
1 1 0
The characteristic equation is
det (A—A1)=0
-1 1 1
1 -2 11=0
1 1 -2

=82+ 8,0-8,=0

where §; = Sum of the principal diagonal elements of A=0+0+0=0

S, = Sum of the minors of principal diagonal elements of A
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0 1 |0 1] (0 1
= + +
1 0 (1 0 (I O

=0-D+O-D+(0-1)

=-3
01 1
S, =det(4)=|1 0 1
1 10
=0-1(0-D)+1(1-0)
=2
Hence, the characteristic equation is
A -31-2=0
A=2,-1,-1
(a) For A=2, [A-Alx=0
-2 1 1f[x 0
1 -2 1||y|=|0
1 1 2|z 0
—2x+ y+ z=0
x=2y+ z=0
x+ y—-2z=0
By Cramer’s rule,
x Y z -
11 =2 1 -2 1
‘—21‘ ‘11“1—2
X z
3753
X z
i1

x t 1
x=|y|=|t|=t|1]|=1x, where x, is an eigenvector corresponding to A = 2.

z t 1
(b) For A=-1, [A-Alx=0
I 1 1ff«x 0
111 y]liO
11 1)z 0
x+y+z=0
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Let y=tiandz=t,
X=—1—1,
x| [-4-6| [-4] [ -1 -1
x=|y|=| ¢4 =| t[+] O|=¢| Ll|+4| O0|=¢x,+5X,
z t, 0 t, 0 1

10.93

where X, and X, are linearly independent eigenvectors corresponding to A =—1.

Example 8 9 4 4
Find the eigenvalues and eigenvectors of the matrix | —8 3 4/|.
. -16 8 7

Solution

9 4 4
Let A=| -8 3 4

-16 8 7
The characteristic equation is

det(A—AI)=0

9-1 4 4

-8 3-14 4 |=0
-16 8 7-1
A =SA+85,A-8,=0
where S| = Sum of the principal diagonal elements of A=-9+3 +7=1
S, = Sum of the minors of principal diagonal elements of A

34 |9 4 |9 4
=‘8 7H—16 178 3
= (21-32)+(~63+64) +(-27+32)
=-11+1+5
=5
9 4 4
S,=det(4)=|-8 3 4
~16 8 7
= —9(21-32) — 4(~56 + 64) + 4(~64 + 48)
—99-32-64
=3

Hence, the characteristic equation is

A =2*-51-3=0
A=-1,-13



10.94 Chapter 10 Matrices

(a) For A=-1, [A—-A11x=0
-8 4 4||x 0
-8 4 4|[»y|=]0
-16 8 8|z 0
—8x+4y+4z=0
Let y=t andz=t,
x—lt +lt
21727
LN R LN .
x] |20 T2 2T (27 2 2
X=[(y|= h =l 4 [+] 0 [=4]| 1|+t| 0 [=1x1+56X,
z 15} 0 15) 0 1

where x; and x, are linearly independent eigenvectors corresponding to A =—1.

(b) For A=3, [A-AIlx=0
-12 4 4f{[x 0
-8 0 4|ly|=|0
-16 8 4|z 0
—12x+4y+4z=0
—8x+0y+4z=0

—16x+8y+4z=0

By Cramer’s rule,

x ___y __z _,
4 4 -12 4 |-12 4
‘0 4‘ ‘ -8 4 ‘—8 0‘
x_y_=z_,
16 16 32
X z
1T
b t 1
x=|y|=| t|=t| 1|=1tx, where x; is an eigenvector corresponding to A =3.

z 2t 2
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Example 9 | 6 4
Find the eigenvalues and eigenvectors of the matrix |0 4  2|.
0 -6 -3
Solution
1 -6 —4
Let A=|10 4 2
0 -6 3
The characteristic equation is
det(A—A1)=0
1-1 -6 -4

0 4-2 2 |=0
0 -6 -3-2
A =S\ +5,2-8,=0

where S| = Sum of the principal diagonal elements of A=1+4-3=2
S, = Sum of the minors of principal diagonal elements of A
4 21 1 -4 |1 =6
= + +
-6 =31 0 3] 0 4
=(-12+12)+(-3+0)+(4+0)
=1

1 -6 -4
S, =det(4)=[0 4 2
0 -6 -3
=1(-12+12)-6(0-0)—4(0-0)
=0
Hence, the characteristic equation is
A =21 +1=0
A=0,1,1
(a) For A=0, [A-Allx=0
1 -6 -4 x 0
0 4 2fy|=|0
0 -6 -3 =z 0
x—6y—4z=0
Ox+4y+2z=0

Ox—-6y—-3z=0
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By Cramer’s rule,

X Yy __z _,
-6 —4 1 -4 |l -6
‘ 4 2‘ ‘O 2 ‘0 4
x_y_z_,
4 -2 4
X z
2o
2t 2
x=|y|=|—-t|=t|-1|=tx, where x, is an eigenvector corresponding to A = 0.
z 2t 2
(b) For A=1, [A-AI]x=0
0 -6 —4|fx 0
0 3 2iy|=|0
0 -6 —-4||:z 0
Ox+3y+2z=0
Let x=tjandz=t,
__2,
y 3h
) ‘ 0 | 0
x=|y|=[-=¢t|=|0[+ —ztz =1[0[+¢, =1X, +15,X,
z 0 0

t, t, 1

where X, and x; are linearly independent eigenvectors corresponding to A = 1.

Example 10 1 2 2
Find the eigenvalues and eigenvectors of the matrix | 0 2 1
-1 2 2
Solution 1 2 2
Let A= 0 2 1
-1 2 2

The characteristic equation is

-1 2 2-A
A —SA+8,A-5,=0
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where S| = Sum of the principal diagonal elements of A=1+2+2=35

S, = Sum of the minors of principal diagonal elements of A

‘211212‘

+ +

2 20 -1 20 |0 2
=(4-2)+(2+2)+(2-0)
=2+4+2
=8

1 2 2
S,=det(4)=| 0 2 1
-1 2 2
=1(4-2)-2(0+1)+2(0+2)
=2-2+4
=4
Hence, the characteristic equation is
A —5A7+81-4=0

A=122
(a) ForA=1, [A-AI]x=0
0 2 2fx 0
0 I 1fy|=|0
-1 2 1}z 0
Ox+ y+z=0
—x+2y+z=0
By Cramer’s rule,
X = — y = z =1
11 0 1 0 1
2 1 -1 1 |-1 2
x_y_z_,
-1 -1 1
*_Y_Z_
1 1 -1
b t 1
x=|y|=| t|=¢| 1|=tx, wherex, is an eigenvector corresponding to A = 1.
z —t -1

(b) For A=2, [A-Allx=0

10.97
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-1 2 2|fx 0
0 0 1fly|=|0
-1 2 0}l z 0
—x+2y+2z=0
Ox+0y+ z=0
—x+2y+0z=0
By Cramer’s rule,
x ___y __z _,
2 2 -1 2/ |-1 2
SR
X z
27170
X 2t 2
x=|y|=| t|=t| 1|=1x, where x, is an eigenvector corresponding to 1= 2.
z 0 0

Hence, there is only one eigenvector corresponding to repeated root A = 2.

Example 11 0 10
Find the eigenvalues and eigenvectors of the matrix [0 0 1].
. 1 -3 3
Solution o 1 0
Let A={0 0
1 -3 3
The characteristic equation is
det (A= AT)=0
-1 1 0
0 -1 1 [=0
1 -3 3-14

A =SA+8,A-8,=0
where S, = Sum of the principal diagonal elements of A=0+0+3=3
S, = Sum of the minors of principal diagonal elements of A
0 1 10 of |0 1
- ‘—3 371 3 o o‘
=(0+3)+(0)+(0)
=3

+

+ ‘
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0 10
S,=det(4)=[0 0 1

1 -3 3
=0-10-1)+0

=1
Hence, the characteristic equation is
A =3A%+31-1=0

A=1L11
For A=1, [A-AIx=0
-1 1 0Off«x 0
0 -1 1I|ly|=|0
1 -3 2|z 0

-x+ y +0z =0
Ox— y+z =0

x=3y +2z =0
By Cramer’s rule,
x ___y __z _,
10 -1 0 -1 1
PN
x z
I
t 1
x=|y|=|t|=1t[1]|=1x, where x, is an eigenvector corresponding to A = 1.
z t 1

Hence, there is only one eigenvector corresponding to repeated root A = 1.

Example 12
Find the values of L which satisfy the equation A% = ux
[2 1 -1}
where A=10 2 2]
1 1 o]
Solution
- A
A= -2 2
L 1 04
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The characteristic equation is

det(4—AI)=0
2-4 1 -1
0 —2-1 -2[=0
1 1 -2

A =SA+8,1-8,=0
where S, = Sum of the principal diagonal elements of A=2-2+0=0

S, = Sum of the minors of principal diagonal elements of A

-2 2| 2 -1 2 1
:‘1 o [1 ot -2
=(0+2)+(0+1)+(-4-0)
=-1
2 1 -1
S, =det(4)=|0 -2 -2
1 1 0
=2(0+2)—-1(0+2)-1(0+2)
=4-2-2
=0
Hence, the characteristic equation is
A=21=0
A=0,1,-1

If Ais an eigen value of A, it satisfies the equation Ax = Ax.

For equation Al = UX, [ represents eigen values of A, Eigenvalues of A100 = 4100
e, 0,1, 1.

Hence, values of prare 0, 1, 1.

Example 13
Find the characteristic roots and characteristic vectors of
cosf —sinf . o _
:|:sin 0 cos 0:| and verify that characteristic roots are of unit
modulus.
Solution

. cosf® —sin@
" |sin@ cos®
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The characteristic equation is

det(4—AI)=0
cos@—A1  —sinf B
sin@ cosO—A|

(cos@—A)* +sin*0=0
(cos@—A)* =—sin’ 6
cos@—A==xisin6
A =cosB+isinf

|A|=+cos’ B+sin* 0 =1

Hence, the characteristic roots are of unit modules.
(a) For A=cos 6+ isin 6, [A-AIx=0
—isin® —sinf || x 0
|: sin@  —isin 9:||:y:| - |:0]
—isinBx —sinfy =0
Let y=t
X =it

X it i
X= |: ] = |: ] = t[ ] = 1x, where X, is an eigenvector corresponding to
1

y t
A=cos 0+ isin 6.
(b) For A=cos 6—isin 0, [A-Alx=0
|:isin0 —sin 9]|:x:| _ |:O:|
sin@ isin@ || y 0
isinBx —sinfy =0
Let y=t

X=—it
y t

A=cos 6 —isin 6.

10.101

X —it —
x=|: ]=|: :|=t{ 1:|=z‘x2 where x, is an eigenvector corresponding to

Example 14

(@) S\
O N W

1
Find orthogonal eigenvectors for the matrix | 2
3
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Solution
1 23
Let A=[2 4 6
3609
The characteristic equation is
det(4-AD)=0
-4 2 3
2 4-12 6 |=0
3 6 9-4

A =SA+S,A-5,=0
where §; = Sum of the principal diagonal elements of A=1+4+9 =14

S, = Sum of the minors of principal diagonal elements of A

46 |13 12
=‘6 o' 3 9‘+z 4‘
= (36-36)+(9—9)+ (4 —4)
=0
123
S, =det(4)=[2 4 6
369
= 1(36-36)—2(18—18)+3(12—12)
=0

Hence, the characteristic equation is

A =1427 =0
A=0,0,14
(a) For A= 14, [A-AIx=0
-13 2 3l x 0
2 10 6| yl|=|0
3 6 5|z 0
—13x + 2y 43z=0

2x =10y +6z=0
3x + 6y —-5z=0
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By Cramer’s rule,

X __y z _,
2 3 -13 3 —-13 2
‘—10 6‘ ‘ 2 6‘ ‘ 2 —10‘
x_y_ .z _,
42 84 126
X z
17375

X t 1

x=|y|=|2¢|=¢|2|=1x, where X, is an eigenvector corresponding to A = 14.

z 3t 3
(b) For A=0, [A—AI]x=0
1 2 3| «x 0
2 4 6|ly|=|0
36 9]¢z 0
x+2y+3z=0
Let y=t;andz=t,
x=-2t; -3t
X =2t, = 3t, =2t -3, -2 -3
X=|y|= t =l ¢t |+| 0 [=¢] Ll|+4| O0|=tx,+15,X,
z t, 0 t, 0 1

where X, and x; are linearly independent eigenvectors corresponding to A = 0.

Since X, and x5 are not orthogonal, we must choose X5 such that X, X,, X; are
orthogonal.

[
Let X, =|m
n
For x, and x5 to be orthogonal, X/ X, =0
)
[1 2 3]|m|=0
n

[+2m+3n=0 ...(D)
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For x, and x; to be orthogonal, xX,x, =0
/
[-2 1 0]fm|=
n
2l+m=0 --(2)

Solving Egs (1) and (2) by Cramer’s rule,

/ . m__ n .y
23 |13 o2
1 0 -2 0 [-2 1
l m n
—_— ===
-3 -6 5
I m n
—_=—=—=1
3 6 5
/ 3t 3
x=|m|=|6t|=1¢|6|=1tx, where x5 is an eigenvector corresponding to A = 14.
n 5t 5

EXERCISE 10.5

1. Find the sum and product of the eigenvalues of the following matrices:

-1 1 1 -2 2 3
@1 -1 1 @Gyl 2 1 -6
1 1 -1 -1 -2 0
[Ans.: (i) =3, 4 (ii) -1, 45]
12 1
2. The matrix A=|2 0 -2 is singular. One of its eigenvalues is 2. Find
12 3

the other two eigenvalues.

[Ans.: 1++/5,1-+/5]

6 -2 2
3. If two of the eigenvalues of (-2 3 -1| are 2 and 8, find the third
2 -1 3

eigenvalue. [Ans.: 2]



. Find the eigenvalues of the matrix { !
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_i] Hence, form the matrix

whose eigenvalues are % and -1.

of A and A3.

. Two eigenvaluesof A= 1 3

Find the eigenvalues of AZ.

1
LIf A=|0
0

2

LI A= 1
1

(i) A+1

2
3
0

(ii) A

[Ans. : 6,1,

o5 7]

3 10 5
. If 2 and 3 are the eigenvalues of A=(-2 -3 -4, find the eigenvalues
3 5 7
111
Ans.: ()=, -, - (ii)2°2% 3
[hsso 11 wr,2.2)
4 6 6
2| are equal and are double the third.

-1 -5 -2

[Ans.: 1, 4, 4]
-3
2|, find the eigenvalues of 34>+ 5A%— 6A + 2/

-2
[Ans.: 4, 110, 10]

1
1], find the eigenvalues of the following matrices:

2
(i) A2—24+1  (iv) A-3A2+A

[Ans.: (i)2,2,126 (11)1,1,% (iif) 0, 0,16 (iv)—1,—1,55]

. Find the eigenvalues and eigenvectors for the following matrices:

(i)

9 11 -2 -1 1 2

3 G |-1 2 1 (iii) 0o -2 1

-7 |0 1 -1 | 0 0 -3
1 (2 1 1 (2 2 1
0 (v) |2 3 2 (vi) 1 3 1
1 13 3 4 |1 2 2
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10. Verify that x = [2, 3, -2, -3]" is an

11.

12.

(xvii) 1,2,2;|0],

(xix) 1,1, 15[ 1

(xiti) 8,2,2;|-1],

[ 1
(XV) 4’ 1) 1; -1 y|:

eigenvalue A = 2 of the matrix
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11 [1 1] ]
(xii) 2,3,6:] 0},[1],[-2

1| |1
1
0

0
(xiv) 12,6,6;(-2|, s
1] -1
1

1
1
1
C T
(xvi) 1,3,3; 0], 11, —2}
1

1111
1] [ 5]
(xviii) 3,2,2;| 1|,| 2
-2 |-5]
1
(xx) 2,2,2;]|0
0

eigenvector corresponding to the

1 -4 -1 -4
Az 2 0 5 -4
-1 1 -2 3
-1 4 -1 6
3 -1 1
If A=|-1 3 -1|then check whether eigenvectors of A are
1 -1 3
orthogonal.
310 5
If A=|-2 -3 —4|then verify whether eigenvectors are linearly
3 5 7

independent or not.
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10.14 CAYLEY-HAMILTON THEOREM

Statement: Every square matrix satisfies its own characteristic equation.
Proof: Let A be an n-rowed square matrix. Its characteristic equation is

|[A=All=(-)"A" +a A" +a; A" + p+ay,)
(A=2AD)adj (A—Al)=|A-Al|1 ...(10.16)
[{4 adj(4)=|4|T]
Since adj (A —A[1) has element as cofactors of elements of IA — All, the elements of adj

(A — AT) are polynomials in A of degree n — 1 or less. Hence, adj (A — AI) can be writ-
ten as a matrix polynomial in A.

adj (A-AI)=BA" '+ B A" *+ -+ B, ,A+B, _,
where B, B,,..., B, _; are matrices of order n.
(A=2AD)adj (A— A) =(A—=AD[BA" " + BA"™ + - +B, 214 +B,]
|A=AL|T =4 =AD[BA" + BA" >+ - + B,aA +B,1]

(=D"[IA" + @IV + ayIA" 2 + -+ ay_ A+ a,1 ]
= (—IBy)A" +(ABy — IB)A" ™ +(AB, — IB)A" > + ---+(AB,_» — IB,_| )A+ AB,_,
Equating corresponding coefficients,
—IBy = (-1)"I
ABy —IB = (-1)"ay1
AB, - IB, = (1) ay1

AB, > - 1B, 1 = (_l)n ap11
AB, . =(-1)"a,l
Premultiplying the above equations successively by A", A", A"?,... I and adding,

(D" [A" + @ A" +a A"+ +a,]]=0

Hence, A"+ A" v A" v a,l =0 ...(10.17)
Corollary: If A is a non-singular matrix, i.e. det (A) # 0 then premultiplying equation
(1) by A7, we get

A A" A"+ 4 a, AT =0

1
A === (A" @A+ a,n]]
a
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Example 1
1 2
Apply Cayley—Hamilton theorem to A = |:2 1:| and deduce that

A% =6251.
A—l 2
T2 -1

det(4—A1)=0
-4 2

‘2 —1—,1‘2
AP=SA+S, =0

where §; = Sum of the principal diagonal elements of A=1-1=0

Solution

The characteristic equation is

0

1 2
S2=det(A):‘2 1‘

=-1-4
=-5
Hence, the characteristic equation is
A*=5=0
By Cayley—Hamilton theorem, the matrix A satisfies its own characteristic equation.
A*=51=0
A =51
A" =251
A = 6251

Example 2

Verify Cayley—Hamilton theorem for the following matrix and hence,
find A" and A*.

2 -1 1
A=1-1 2 -1
1 -1 2
Solution P
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The characteristic equation is
det(A—AD)=0
2-4 -1 1
-1 2-1 -11=0
1 -1 2-2
A =SA+8S,A-85,=0

where S| = Sum of the principal diagonal elements of A=2+2+2=6

S, = Sum of the minors of principal diagonal elements of A

2 - 2o |2 -
:‘—1 ol ol 2
= (4=1)+(A-1)+(@4-1)
=9

2 -1 1
S, =det(A)=|-1 2 -I
-1 2
=2(4-D+1(=2+1)+1(1-2)
=6-1-1
=4

Hence, the characteristic equation is
A =617 +91-4=0

2 -1 12 -1 11 [6 -5 5
A=-1 2 -1|l-1 2 -1|=|-5 6 -5
1 -1 2| 1 -1 2 5 -5 6
6 -5 5|2 -1 11 [ 22 =21 21
A=-5 6 -5||-1 2 -1|=[-21 22 -21
| 5 -5 6f 1 -1 2| |21 =21 22
A —6A4>+94—41
[ 22 21 21 36 =30 30] [18 =9 91 [4 0 0
=|-21 22 -21|-|-30 36 -30|+|-9 18 -9|-|0 4 0
21 =21 22 30 =30 36 9 —9 18| [0 0 4

~0 ()

The matrix A satisfies its own characteristic equation. Hence, Cayley—Hamilton
theorem is verified.
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Premultiplying Eq. (1) by A™',
AN A —64> +94-41)=0
A*—6A4+91-447" =0
447" = (4> —64+91)

6 -5 5] [12 =6 6] [9 0 0
=|-5 6 -5|-|-6 12 —6|+[0 9 0
| 5 5 6 6 -6 12| |0 0 9
[ 3 1 -1
=13 1
-1 1 3
J3 1
A== 13 1
Y11 3

Multiplying Eq. (1) by A,
ultiplying Eq. (1) by AL — 64> +94—41) =0

A =64 +94> —44=0
A =64 —94> +44
[ 132 -126 126 54 —45 45 8 -4 4
=|-126 132 -126|-|-45 54 —45|+|-4 8 -4
| 126 -126 132 45 —45 54 4 -4 8

[ 86 -85 85
=|-8 86 -85
| 85 -85 86
Example 3
0 ¢ -b
Show that matrix A=|—c 0  a| satisfies Cayley—Hamilton theorem
b —a 0

and hence find A7 if it exists.

Solution
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The characteristic equation is

det(A—AD)=0
-A ¢ -b

- -A  a|=0
b —a -A

A =SA+8,1-8,=0
where S| = Sum of the principal diagonal elements of A =0

S, = Sum of the minors of principal diagonal elements of A

0 a |0 =D 0 ¢
" |-a O+‘b of | o
=0+a*)+(0+b>)+(0+c?)
=a’+b*+c’
0 ¢ -b
S,=det(4)=|-c 0 a
b —a 0
=0—-c(0—ab)—b(ac—-0)
=abc —abc
=0

Hence, the characteristic equation is
A +@+b*+cHA=0

0 ¢ -b|[ 0 ¢ -b] [-2-b ab ac
A=l-c 0 all-c 0 al= ab - -a bc
b —a 0|l b -a 0 | ac bc -b*—a’
[—c? —p? ab ac [0 ¢ -b
A = ab -’ -a be - 0 a
| ac bc -b*-a’ | b —a O
[ 0 - —cb* —ca’> b +bc* +ba’
=| & +ca® +cb? 0 —-ab® —ac’* -a’
—bc* =b’ —a’b  ac* +ab* +a’ 0
] 0 ¢ -b
=—(@+b+c’)|-c 0 a
b —a 0

=—(a’+b*+c*)4

AL +(@+b+c)A=0
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The matrix A satisfies its own characteristic equation. Hence, Cayley—Hamilton
theorem is verified.

0 ¢ -b
det(A)=|-¢ 0 al|=-c(0—ab)—b(ac—0)

b —a 0

=abc—abc=0

Hence, A~! does not exist.

Example 4 { 4
Find the characteristic roots of the matrixA=|:2 3:| and verify

Cayley—Hamilton theorem for this matrix. Find A~ and also express

A’ —4A* —7A% + 11A> = A — 101 as a linear polynomial in A.

A

Solution

The characteristic equation is

det(A—-A1)=0
‘1—,1 4‘_0
2 3-2
A =SA+8,=0

where S| = Sum of the principal diagonal elements of A=1+3=4

1
S, = det(4) = ‘2

3
=3-8
=-5
Hence, the characteristic equation is
AP —41-5=0
A=-15
) 1 411 4 9 16
A = =
2 3112 3 8 17
5 9 16 4 16 50 00
A" —44-5= - - = =0 .. (D
8 17 8 12 0 0 00

The matrix A satisfies its own characteristic equation. Hence, Cayley—Hamilton
theorem is verified.

Premultiplying Eq. (1) by A™',
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AN A*-44-5)=0
A-41-547"=0

447" = %(A —41)

13
I |

Now, A% — 44% — 74% + 1147 — A — 101 = A*(A% - 4A — 5I) — 2A(A% - 4A - 5])
+3(A%—4A-51)+A+51
= (A* =44 -51)(A> =24+ 3])+(A+5])

=0+(4+51) [Using Eq. (1]
=A+51
which is a linear polynomial in A.
Example 5
2 1 1
Find the characteristic equation of the matrix A={0 1 0| and hence
11 2

find the matrix represented by A% 547 + 7A% —3A4° + A% —5A% + 847 -
2A+ 1.

Solution
21 1
A=l0 1 0
112

The characteristic equation is

det(A—AD)=0
2-2 1 1
0 1-2 0 |=0
1 1 2-2

A =S\ +8,4-8,=0

where S| = Sum of the principal diagonal elements of A=2+1+2=35

S, = Sum of the minors of principal diagonal elements of A

o 2o 21
o2l 2 o1
=2-0)+(4-1)+(2-0)
=7

‘+

‘+
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211
S, =det(4)=l0 1 0
112
=2(2-0)-1(0-0)+1(0—1)
=4-0-1
=3
Hence, the characteristic equation is
A =51 +71-3=0
By Cayley—Hamilton theorem,
A*—5A2+7A-31=0 (D)
Now, A = 547 +74° - 34% + A* —54° + 8A% - 24 +1
= A =542 +TA-31)+ AA> = 54> +TA-31)+ (4> + A+ 1)
=P —54> +T74-31) (A + A)+ (4> + A+ 1)

=0+(A°+A4A+1) [Using Eq.(1)]
=A*+A+]
2 1 12 1 1] [5 4 4
A=|0 1 0{l0 1 0|=|0 1 0
(11 2]|t 1 2] [4 45
[5 4 4] [2 1 1] [t 0 o] [8 5]
A+A+I=[0 1 0|+[0 1 0o|+|0 1 0o|=|0 0
(4 4 5[ [1 1 2] 00 1] [55 8]
o 5
A =547 +74° =34° + A* =54’ +84> =24+1=|0 3 0

Example 6
1 00

If A=|1 0 1|, prove by induction that for every integer n > 3,
010

A"=A""?+ A® - I. Hence, find A>°.

Solution

- o O
S = O
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The characteristic equation is

det(4—AI)=0
1-2 0 0
1 -2 1]=0
0 1 -2

A =SA+8,1-8,=0
where S, = Sum of the principal diagonal elements of A=1+0+0=1

S, = Sum of the minors of principal diagonal elements of A

0 1] |1 of |1 0
%10+0 0+1J
= (0—1)+(0—0)+(0—0)
—-1

100
S, =det(4)=[1 0 1
010
=100-1)+0+0
=1

Hence, the characteristic equation is

A=A —A+1=0
By Cayley—Hamilton theorem,

A=A —A+1=0
AB=A+A-1
=47+ A1 ...

Hence, A" = A" "2+ A> — I is true for n = 3.
Assuming that Eq. (1) is true for n =k,

A=A A%
Multiplying both the sides by A

Ak+l:Ak+l+A3_A
Substituting the value of A®
Ak+1=Ak+1+(A2+A—I)—A

Ak+D=2 42y
Hence, A"=A"">+ A’ —Iistrue forn=k + 1
Thus, by mathematical induction, it is true for n > 3.
We have, Al=A""r 4 A%
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=A"+ A -D+ A -1
= A" 242 - 1)
= (A" + A =D)+2(4* 1)
=A%+ 3A%-1)

A= A"+ (AT -1)

Putting n = 50 and r = 24,
ASO — A50—2(24) +24(A2 _1)

= A +244* - 241

=254 -241
[1 0 o][1 0 O
A =1 0 1|1 0 1
[0 1 0J[0 1 0
[1 0 0
={1 1 0
1 01

EXERCISE 10.6

1. Verify4Cayley—Hamilton theorem for the matrix A and hence, find A™'
and A",

(1 2 2 1 2 3
i |-1 3 0 (i) {2 -1 4
|0 -2 1 301 -1
[ 2 -1 1 2 =2
(iii) 02 0 @iv) |-1 3 0
-1 2 0 2 1
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Ans.:
3 2 6||-55 104 24 -3 5 11| | 248 101 218
@1 1 2(|-20 -15 32 (i) % 14 -10 2{,(272 109 50
2 25 32 -42 13 5 5 5[ (104 98 204
4 0 2 41 0 -40 3 2 6||-55 104 24
(iii)% 0 3 0f,| O 16 0| (iv) |1 1 2(,|-20 -15 32
i 2 0 4)/|-40 0 4# 2 25 32 -40 -23 |
1 2 0
2. Verify that the matrix A=|2 -1 0] satisfies its characteristic equation
and hence, find A™%. 0 0 -
100
Ans.:A3+A2—5A—5I=0,1 0 10
> 0 0 1

. Use Cayley—Hamilton theorem to find 2A> — 3A* + A% — 4I, where

3 1
A= .
[_1 2] 11 138
Ans. : 1384 — 403/ =
|:ns 38 03 |:—138 127:”

1 4] 7 2
LIf A= ’ 1,ﬁndA —9A + 1.
[Ans. : 609A + 6401]
1 2] .. 2 4
(ii)A= and
3 4 1 2

-2 1
{Ans. 2 (i) L : }, 2A (ii) A" does not exist, AZ}

. Verify Cayley—Hamilton theorem for (i) A=
hence, find A~ and A3 — 542

-0.5
12 3
. Compute A? — 6A% + 1047 = 3A° + A+ 1, where A=|-1 3 1
10 2
2 23
Ans.:|-1 4 1
10 3
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1 2
7. Verify Cayley-Hamilton theorem for A= |:2 2} and evaluate

2A“5A3 —7A-6l.
2
Ans. : 363
32 52

If A and B are two square matrices of order » then B is said to be similar to 4, if there
exists a nonsingular matrix P such that

B=P'AP

10.15 SIMILARITY TRANSFORMATION

Note: (1) Similarity of matrices is an equivalence relation.

(2) Similar matrices have the same determinant.

(3) Similar matrices have the same characteristic polynomial and hence the same
eigenvalues. If x is an eigenvector of 4 corresponding to the eigenvalue
A, thenl P7'x is an eigenvector of B corresponding to the eigenvalue A where
B=P AP.

10.16 DIAGONALIZATION OF A MATRIX

A matrix 4 is said to be diagonalizable if it is similar to a diagonal matrix.

A matrix 4 is diagonalizable if there exists an invertible matrix P such that P'AP=D
where D is a diagonal matrix, also known as spectral matrix. The matrix P is then said
to diagonalize 4 or transform A to a diagonal form. P is known as the modal matrix.

Note (1) An n x n matrix is diagonalizable if and only if it possesses n linearly

independent eigenvectors.

(2) If the eigenvalues of an n x n matrix are all distinct then it is always similar to a
diagonal matrix.

(3) If A is similar to a diagonal matrix D, the diagonal elements of D are the eigenval-
ues of 4.

10.16.1 Orthogonally Similar Matrices

If A and B are two square matrices of order n then B is said to be orthogonally similar
to 4 if there exists an orthogonal matrix P such that
B=P'AP

Since P is orthogonal, pl=p"

B=P'AP=P"AP
Note: (1) Every real symmetric matrix is orthogonally similar to a diagonal matrix
with real elements.
(2) A real symmetric matrix of order #» has » mutually orthogonal real eigenvectors.
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(3) Anytwo eigenvectors corresponding to two distinct eigenvalues of a real symmetric
matrix are orthogonal.

Note: To find the orthogonal matrix P, each element of the eigenvector is divided by
its norm (length).

Working Rule for Diagonalization of Square Matrix A

(1) Find the eigenvalues of the square matrix 4.
(i) Find the eigenvectors corresponding to each eigenvalue.
(iii) Find the modal matrix P having the normalized eigenvectors as its column vectors.
(iv) Find the diagonal matrix D = P'AP. The diagonal matrix D has eigenvalues as its
diagonal elements.

Example 1 ’ 1 0
Show that the matrix |0 2 1| is not diagonalizable.
0 0 2
Solution
2 10
Let A=|0 2 1
0 0 2
The characteristic equation is
det(4—Al)=0

2-4 1 0
0 2-4 1 |=0
0 0 2-2
A =8SA+8,1-8,=0
where S| = Sum of the principal diagonal elements of 4 =2+2+2=6

S, = Sum of the minors of principal diagonal elements of 4

2 1 2 of 21
:k oA lo 2o J
= (4=0)+(4—0)+(4-0)
=12

210
S, =det(4)=0 2 1

00 2
=2(4-0)=1(0-0)+0
=8-0+0

=8
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Hence, the characteristic equation is
A =617 +124-8=0

A=2,2,2
For A =2, [A-Al]x=0

(=N =)
SO =
[N )
[T VS
Il
o o o

Ox+ y+0z=0

Ox+0y+ z=0
By Cramer’s rule, e s

x__y_z_t
1o oo o 1]
0 1 0o 1 [0 0
*_Y_Z_,
1 0 0

X t 1

x=|y|=|0|=¢|0|=1x, where x, is an eigenvector corresponding to A= 1.
z 0 0

Since the matrix 4 has only one linearly independent eigenvector which is less than
its order 3, matrix 4 is not diagonalizable.

Example 2
1 -2 0
Show that the matrix |1 2 2| is not diagonalizable.
1 2 3
Solution
1 -2 0
Let A=]|1
1
The characteristic equation is
det(4—AI)=0

-2 2 0
1 2-2 2 (=0
1 2 3-2

A =SA+8,A-8,=0

where S| = Sum of the principal diagonal elements of A =1+2+3=6
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S, = Sum of the minors of principal diagonal elements of 4

2 2 o I =2
=‘2 3 3‘+1 2‘
=(6-4)+(3-0)+(2+2)
=9

1 =2 0

S, =det(4)=[1 2 2

123

=1(6-4)+2(3-2)+0
=4

Hence, the characteristic equation is

A =617 +9A-4=0
A=1,1,4

(a) ForA=1, [A-Alx=0
0 -2 Ofl«x 0
1 1 2|»|=|0
0 2 2f:= 0
Ox— 2y+0z=0
x+ y+2z=0
x+ 2y+2z=0

X _ y _ z
‘—2 0‘_ ‘o 0_‘0 -2

By Cramer’s rule,

1 2 1 2

X 2t 2

z —t -1

(b) For A=4, [A-Allx=0
-3 =2 0fx 0

1 =2 2|y {O

1 2 -1z 0

—3x—-2y+0z=0

x—2y+2z=0
x+2y— z=0
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By Cramer’s rule,
x _y z -
-2 0 -3 0 -3 2
-2 2 1 2 1 =2
x_y_z_,
-4 6 8
X _r_z_,
-2 3 4
X —2t -2
x=|y|=| 3t|=t| 3|=tx,where x, is an eigenvector corresponding to A = 1.
z 4¢ 4

Since the matrix A4 has two linearly independent eigenvectors which is less than its

order 3, the matrix A4 is not diagonalizable.

Example 3
Determine a diagonal matrix orthogonally similar to the real symmetric
3 -1 1
matrix | =1 5 —1|. Also find the modal matrix.
1 -1 3
Solution
3 -1 1
Let A=|-1 5 -1
1 -1 3
The characteristic equation is
det(A—AI)=0
3-4 -1 1
-1 5-A -1|=0
1 -1 3-A

A =SA+S,A-5,=0
where S| = Sum of the principal diagonal elements of 4 =3 +5+3 =11
S, = Sum of the minors of principal diagonal elements of 4
5 -1 3 1 [3 -1
- ‘—1 33 s
=(15-D+0O-D)+(15-1)
=36

+ +
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3 -1 1
S, =det(d)=|-1 5 -1

1 -1 3
=3(15-1)+1(-3+1)+1(1-5)
=42-2-4

=36

Hence, the characteristic equation is

A =112 +364-36=0
A=2,3,6

(a) For A=2, [A-AIx=0

|
—_
w
|
—_
<
Il
(=)

-x+3y—-z=0
By Cramer’s rule,
x ___y __z _,
-1 1 1 1 1 -1
‘3 —1‘ ‘—l —1‘ ‘—1 3
X z
R REat
x z
ST
x —t -1
x=|y|=| 0[=¢| 0[=rx, where x, is an eigenvector corresponding to A = 2.
z t 1
(b) For A =3, [A-Allx=0
0 -1 1f«x 0
-1 2 -1i|y|=|0
1 -1 0}z 0
Ox— y+ z=0
—x+2y— z=0

x— y+0z=0
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By Cramer’s rule,

X _ y _ z o
-1 1 o 1 |o -1
2 -1 -1 -1 -1 2
-1 -1 -1
x_y_z_,
1 1 1
X t 1
x=|y|=|t|=¢[1|=1x, where x, is an eigenvector corresponding to 1 = 3.
z t 1
(c) For A=6, [A-Alx=0
=3 -1 1)fx 0
-1 -1 -1 =|0
1 -1 3|z 0
-3x-y + z=0
x+y—z=0
By Cramer’s rule, x-y =3z=0
X _ y _ V4 _;
-1 1 -3 1 -3 -
-1 -1 -1 -1 |-1 -1
Ty _z_,
2 -4 2
X y z
—=——==——y
1 2 1

X t 1
x=|y|=|-2t|=t| -2 |=tx, where x; is an eigenvector corresponding to A1 = 6.
z t 1
Since matrix 4 has three linearly independent eigenvectors which is same as its order,

the matrix 4 is diagonalizable.

Length of eigenvector X, = +/(=1)> +0% +12 =2
Length of eigenvector x, = V1> +1> +1> = /3

Length of eigenvector x; = /I’ +(=2)* +1° = J6
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The normalized eigenvectors are

1 1
1 — —
X, = 0 , X, =|— X, =|-——=
1 1 2 \/g 3 \/E
e 1 1
2 —_—
RN o B
The modal matrix P has normalized eigenvectors as its column vectors.
1L 1
V2 3 e
1 2
P=| 0 — —-—&—
36
L
[ V2 3 6
(L o L]
V2 V2
1 1 1
P'=P = = —= —=
NERENE RG]
o2 1
V6 6 Ve
(1, ] (11 1]
NN R R R
1 1 1 1 2
D=P'4P=| — — —|l-1 5 -1f|] 0 — =
RN RN I N RN
o2 b L
L V6 V6 el [ V2 3 6
(2 0 0
=0 3 0
0 0 6
Hence, the diagonal matrix D has eigenvalues as its diagonal elements.
Example 4
Determine a diagonal matrix orthogonally similar to the real symmetric
8§ -6 2

matrix | -6 7 —4|. Also find the modal matrix.
2 -4 3
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Solution
8§ -6 2
Let A=|-6 7 -4
2 -4 3
The characteristic equation is
det(A-A1)=0
8—1 -6 2
-6 7-A -4|=0
2 -4 3-2

2 =SA+85,4-8,=0

where S| = Sum of the principal diagonal elements of 4 =8+ 7 +3 =18

S, = Sum of the minors of principal diagonal elements of 4

7 -4 8 2| |8 -6
:‘—4 3+‘2 36 7
= (21-16)+ (24— 4)+ (56 - 36)
=5+20+20
=45

8§ —6 2
S, =det(A)=|-6 7 -4
2 -4 3
= 8(21-16)+6(—18+8) +2(24 —14)
= 40-60+20
=0

Hence, the characteristic equation is
A —184*+451=0

A=0,3,15

(a) For A=0, [A-Allx=0
8 -6 2|«x 0

-6 7 —4|ly|=]0

2 -4 3|z 0

8x—6y+2z=0

—-6x+7y—4z=0

2x—4y+3z=0

10.127
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By Cramer’s rule,

x ___y __z _,
-6 2| |8 2 |8 -6
7 -4 -6 -4/ |-6 7
x_y_:z_,
10 20 20
x_y_z_,
1 2 2
X t 1
x=|y|=|2t|=t|2|=tx, where x, is an eigenvector corresponding to A = 0.
z 2t 2
(b) For A=3, [A-Allx=0
5 -6 2|« 0
-6 4 —-4i|y|=|0
2 4 0|l := 0
5x—-6y+2z=0
—6x+4y—-4z=0
2x—4y+0z=0
By Cramer’s rule,
X _ y _ z —¢
-6 2 |5 2 |5 -6
4 -4 -6 -4 |-6 4
X_r_ 2
16 8 -
Yo ZE oy,
2 1 =2
2t 2
X= =| t|=¢t| 1|=1tx, where x, is an eigenvector corresponding to A =3.
z —2t -2
(c) For =15, [A-AIx=0
-7 -6 20| x
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—Tx —6y+ 2z=0
—6x -8y — 4z=0
2x =4y —-12z=0

By Cramer’s rule,

X = — Y = z =t
-6 2 =7 2 |-7 -6
‘—8 —4‘ ‘—6 —4‘ 6 —8‘

X y z

20" a0 20

x_y_z_,
2 =2 1
2t 2
x =| y|=|-2t |=¢| -2 | =x, where X, is an eigenvector corresponding to A = 15.
z t 1

Since the matrix 4 has three linearly independent eigenvectors which is same as its order,
the matrix 4 is diagonalizable.

Length of eigenvector x, =v1*+2*+2* =3
Length of eigenvector X, =/2° +1* +(=2)* =3

Length of eigenvector x, =+/2° +(-2)* +1* =3

The normalized eigenvectors are

J
1
J
1
l

o
Il
|

WIN W= W

W] — W[IN W[

W WM W —

L
r

L

The modal matrix P has normalized eigenvectors as its column vectors.

J

W] — W[IN W

WM W— W[

WIN W W —

r
L
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1

J

1 2 2
3 3 3
priopo|2 L2
3 3 3
2 2 1
3 3 3
(1 2 2] (1 2 2]
303 g 6 3 303
p=pap =|2 L _Z|ls 7 4||2 L1 _2
3 3 3 Y 4 33 3 3
2 2 1 2 2 1
3 3 3 3 3 3
[0 0 0
=10 3 0
[0 0 15

Hence, the diagonal matrix D has eigenvalues as its diagonal elements.

Example 5
Determine a diagonal matrix orthogonally similar to the real symmetric
6 2 2
matrix | =2 3 —1|. Also find the modal matrix.
2 -1 3
Solution
6 2 2
Let A=|-2 3 -1
2 -1 3
The characteristic equation is
det(A-A1)=0

A =SA+8,A—8, =0

where S| = Sum of the principal diagonal elements of 4 =6 +3 +3 =12
S, = Sum of the minors of principal diagonal elements of 4

3 -1 16 21 |6 2
= + +

-1 3 12 3 |2 3
=0O-D)+(18-4)+(18-4)
=8+14+14

=36
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6 2 2
S, =det(A)=|-2 3 -1
2 -1 3
=6(9—1)+2(—6+2)+2(2—6)
=48-8-8
=32

Hence, the characteristic equation is
A =12A7 +361-32=0

A=2,2,8
(a) For A=8, [A-Alx=0
-2 =2 2||=x 0
-2 =5 -1|ly|=|0
2 -1 5|z 0
—2x-2y+2z=0
—2x =5y —z=0
2x —y—=5z=0
By Cramer’s rule,
X _ y B z _;
-2 2 =2 2 |2 2
-5 -1 -2 -1 |2 -5
x_y_z_,
12 -6 6
x_y_z_,
2 -1 1
2t 2

x=|y|=|—-t|=¢|-1|=1tx, wherex, is an eigenvector corresponding to A = 8.

z t 1
Since matrix A has three linearly independent eigenvectors which is same as its order,
matrix A4 is diagonalizable.

(b) For A=2, [A-Allx=0
4 =2 2|[x] [o
2 1 -1|ly|=]o0
2 -1 1|lz] o

4x—-2y+2z=0
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Let y=tiandz=t,
1 1
x—ztl— tz
lt lt lt ; 1 1
2 27 2" 27 2 2
x=|y|= A =4 |+| 0 |=4] 1|+ 0[=1x, +1,x,
z t 0 t, 0 1

where x, and x; are linearly independent eigenvectors corresponding to A =2.
The orthogonal matrix P has mutually orthogonal eigenvectors. Since x, and x; are
not orthogonal, we must choose x5 such that x,, x,, x5 are orthogonal.

/
Let X, =|m
n

For orthogonality of eigenvectors,

XIT X3 = 0 and XgX3 =0

! !
[2 -1 1]|m|=0 and Blo]mz
n

2l-m+n=0 and ll+m+0n:0

By Cramer’s rule,

/ __m__n —
‘—1 1‘ 2 1 |2 -1
Lol g
2 2
/ _m_n_t
1S
2 2
I m n
—_— =—=—=
-2 1 5
/ 2t -2
x=|m|=| t |=t| 1 |=tx, where x; is an eigenvector corresponding to A = 2.
n 5t 5

Length of eigenvector x, = (2)2 +(—l)2 + (l)2 =6
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, 1Y 5
Length of eigenvector x, = (E) +1P+0° = \/;

Length of eigenvector x, = (—2)2 +(1)2 +(5)2 =30

The normalized eigenvectors are

[ 2 ] 1] 2
J6 V5 V30
S D IR B I
1 \/g 5 2 \/g 5 3 \/%
1 5
B30 R e B AT
The modal matrix P has normalized eigenvectors as its column vectors.
(2 1 2]
Jo N5 3o
1 2 1
P=|-— —
NN
! 0

2

J6

1

P'=P =| —
V5

2
30

2 1 1] 2 1 2
T
S IOV Y S e IV AN
2 LS 1, 5
| V30 B0 30 | J6 J30
(8 0 0
=0 2 O
0 0 2

Hence, the diagonal matrix D has eigenvalues as its diagonal elements.
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Example 6

For a symmetric matrix A, the eigenvectors are [1, 1, l]T, [1, -2, l]T
corresponding to A, =6 and A,=12. Find the eigenvector corresponding
to Ay = 6 and find the matrix A.

Solution
Let x; = [x3, 13, 23] be the eigenvector corresponding to A5 = 6.

x, =[1, 1,117, x=[1,-2,11"

Since 4 is real symmetric matrix, X,, X, and x; are orthogonal.

le., x/x,=0 and x)x,=0
X3 X3
[1’171] y3 :0 and [19_2:1] y3 :0
Z3 23

X3+ )3 +2z3 =0
X3+2y3 +2z3=0

By Cramer’s rule,

Y5 __ ¥ 5 —¢
11 1 1
-2 1 1 |1 =2
3 0 -3
LK 5B,
1 0 -1
X, t 1
x=|y,|=| 0|=¢| O0[=rx,where x, is an eigenvector corresponding to 4 = 8.
A —t -1
1
x,=| 0

Length of eigenvector x, =vI* +1° +1° = NE)
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Length of eigenvector x, = /I’ +(-2)’ +1* = J6
Length of eigenvector x, =+/17+0° +(=1)* = V2

The normalized eigenvectors are

T L
— — 1
R

x=—| x=-—4=| x5=| 0
LY
— — 2
R V2
IR T
NEREEN/ING)

1 2

P=l— -——= 0
NN
R S
V3 V6 2
(6 0 0

D=|0 12 0|=P"4P
0 0 6

A=1IAl
=PP"A PP"
=pPPTAP) PT
=PDP"

(11 1] (11
Bl e o ol BB
L2 o o 12 off L -2
NN o o sll6 6
1 1 1 Lo
V3 Ve 2] V2

[ 7 2 1

=l-2 10 -2

12 7

10.135
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EXERCISE 1.9

1. Show that the following matrices are not similar to diagonal matrices.

(i |o

(iii) |0

3
2
0

2
2
0

4

N O w

1
1

(if)

(iv)

2 1 1
2 2 -1
1 2

310 5
2 -3 -4
3 5 7

2. Determine diagonal matrices orthogonally similar to the following real
symmetric matrices. Also, find the modal matrix in each case.

7
@) 4
—4

3. Find A", where A=

-8
-1

—4

(if)

7
1
0 15

7 0 -2
0 5 -2
-2 -2 6
Ans. |
o .
— 0 —
9 0 O V8 3
1 1 2
@b=0 9 Of,P=| — — -=
0 0 9 Jisg V2 3
_1 12
| V18 V2 3]
(12 2]
300 3 3 3
(ii)D=|0 6 0}, p:Z 21
00 9 3 3 3
2 12
| 13 3 3] |
-1
0
-2

-1 10237 -2047
Ans.:| O 1 0
0 10245 -2048



Multiple Choice Questions 10.137

Multiple Choice Questions

Select the most appropriate response out of the various alternatives given in each
of the following questions:

1. If A is an orthogonal matrix, then A equals

(a) A (b) AT (c) A? (d) none of these
2. If A is a symmetric matrix and n € N, then A" is
(a) symmetric (b) skew symmetric
(c) diagonal matrix (d) none of these
1 -5 7
3. IfA=| 0 7 9|, then trace of the matrix A is
11 8 9
(a) 17 (b) 25 © 3 (d) 12

BB

21 22

4. All the four entries of the 2 X 2 matrix P = [ :| are non-zero, and one of

its eigenvalues is zero. Which of the following statements are true?
(@) Py Py—PpPy=1 () Py Py =Py Py =-1
(©) Py Py—P,Py=0 (d) Py Py + P, Py =0
5. The system of linear equations 4x + 2y =7, 2x + y = 6 has
(a) aunique solution
(b) no solution
(¢) an infinite number of solution
(d) exactly two distinct solutions

1 11
6. The rank of the matrix {1 -1 0] is
1 11
(@ 0 (b) 1 (02 (@3
7. The eigenvalues and the corresponding eigenvectors of a 2 X 2 matrix are given

by
eigenvalue  eigenvector

1
A =8 x1:|:1:|

1
s o]

The matrix is

6 2 4 6 2 4 4 8
b d
(a) |:2 6:| (b) [6 4} (©) [4 2] (d {8 4]
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1
2 —0.1 I .
8. LetA= andA™' = |2 . Then (a + b) is
0 3 0 b
A | 19 Ll
@ % ® % © % @ 3
1 1 1 1
, , 1 1 -1 -1 L
9. Given an orthogonal matrix A = { -1 o0 o ,[AAT ] s
0 0
- . 1 )
i 0 00 P 000
1
0 i 00 0 B 00
(a) (b) 1
1 00 — 0
0 0 0 1 00 0 L
L i i 2]
L
4
1 000 0 i 0 0
0100
() (d) 1
00 10 0O 0 — 0
000 1 4 1
0 0 0 —
L 4 ]

10. The characteristic equation of a 3 x 3 matrix P is defined as () =|Al— Pl= 2
+ 22424+ 1=0.If I denotes identity matrix, then the inverse of matrix P will be

(a) P*+P+2I (b) PP+P+1

(c) =(P*+P+1) (d) —(P*+P+2I)
3 -2 2

11. For the matrix P=|0 =2 1/, one of the eigenvalue is equal to —2. Which of

0 0 1

the following is an eigenvector?

3 -3 1 2
(a [-2 (b) | 2 (©) |2 @ |5

1 -1 3 0
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12. Consider the following system of equations in three real variables x,, x, and x;.
2x; =X, +3x3=1
3x;+2x, +5x3=2
X +4x, +x;=3
The system equation has
(a) no solution
(b) aunique solution
(¢) more than one but a finite number of solutions
(d) an infinite number of solutions

3 2
13. Eigenvalues of a matrix S = |:2 3:| are 5 and 1. What are the eigenvalues of the

matrix S>?
(@) land25 (b) 6and4 (c) Sand 1 (d) 2 and 10
14. Match the items in columns I and II
I 11

(P) Singular matrix (1) Determinant is not defined

(Q) Non-square matrix (2) Determinant is always *1

(R) Real symmetric matrix (3) Determinant is zero

(S) Orthogonal matrix (4) Eigenvalues are always real
(5) Eigenvalues are not defined

(a) P-3,Q-1,R-4,S-2 (b) P-2,Q-3,R-4, S-1

(¢) P-3,Q-2,R-5,S4 (d) P-3,Q-4,R-2, S-1

15. Ais a 3 x 4 real matrix and Ax = b is an inconsistent system of equations. The
highest possible rank of A is

(@ 1 (b) 2 (¢)3 (d) 4
1 13
16. The sum of eigenvalues of the matrix |1 5 1] is
311
(a) 5 (b) 7 © 9 (d) 18

17. Let A and B be real symmetric matrices of size n X n. Then which one of the
following is true?

(@) AA’=1 (b)A=A" (c) AB=BA (d) (AB)Y =BA
18. Among the following, the pair of vectors orthogonal to each other is
(@) [3.4,7],13,4,7] (b) [1,0,01 1, 1, 0]

(c) [1,0,2],1[0,5,0] @ 1,1, 1], [-1, -1, -1]
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2 -1 0 0
19. The eigenvalues of the matrix 3000 are
0 20
0 0 1 4
(a 2,-2,1,-1 (b) 2,3,-2,4
() 2,3,1,4 (d) none of these
111
20. The eigenvaluesof [I 1 1| are
111
(a 0,0,0 (b) 0,0, 1 () 0,0,3 @1,1,1

1 13
21. The minimum and maximum eigenvalues of the matrix [1 5 1
311

are —2 and 6 respectively. What is the other eigenvalue?

(@ 5 (b) 3 © 1 (d) -1
1 00
22. Theinverse of the matrix [0 2 O] is
00 3
(1 0 O] 1 0 0
0 l 0 0 l 0
(a) 2 (b) 3
00 1 0o o L
L 3] 2
1 0 0
2
© |01 0 (d) none of these
0 0 l
L 3]

23. Are the following vectors linearly dependent?
X, =03,2,7],X,=12,4, 1] and X5 =[1, -2, 6]
(a) Dependent (b) Independent
(c) Cannot say (d) None of these



24.

25. A

26.

27.

28.

29.

Multiple Choice Questions 10.141

1 0
IfA= L 7] , then the value of k for which A?=8A + Kkl is

(a) 5 (b) =5 (c) 7 (d) =7
a+ic —-b+id
b+id a-ic

:| is unitary matrix if and only if

(@ a+b°+c*=0 b) PP+ +d*=0
() +b+t+d =1 d) P+ +P+d*=0

Which of the following matrices is not diagonalizable?

11 10 0 -1 11
b d
O IR G o I

The sum of the eigenvalues of the matrix |:3 4} for real and negative value of
X is x 1

(a) greater than zero (b) less than zero

(c) zero (d) dependent values of x.

A is a singular matrix of order 3 with eigenvalues 2 and 3. The third eigenvalue
is

(a) 1 (b) 0 (c) 4 (d) -1

The eigenvalues and the corresponding eigenvectors of a 2X2 matrix are given

by

A =8 -|! =4 !
o] e ]

The matrix is

6 2 b46 2 4 d48
(a)26 ()64 (0)42 ()84

Answers

LLb) 2.(& 3. 4@ 50 6@ 7@ 8
9.c) 10.(d) 11.(d) 12.(b) 13.(a) 14.(a) 15.(b) 16.(b)

17.(d)  18.(c) 19.(b) 20.(b) 21.(b) 22.(a) 23.(a) 24.(d)
25.(c) 26.(d) 27.(a) 28.(b) 29.(a)
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